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VEBLEN IDENTITIES AND THEIR EQUIVALENCE IN
GENERALIZED FINSLER SPACES

S.P.SINGH

ABSTRACT

The generalized Riemannian space was developed by L.P.
Eisenhart [1] . Some aspects of generalized Finsler spaces were studied by
A.C.Shamihoke [3] and S.P.Singh [5,6]. The present author and J.K.Gatoto
[7] have obtained Veblen identities in a conformal Finsler space . The
objects of the present paper is to define Veblen identities and obtain the
equivalence relation between Bianchi and Veblen identities in the
generalized Finsler space GF, .

INTRODUCTION

We consider the n-dimensional Finsler space in which the metric
tensor g, (x, x) is non-symmetric in general . The round and square

brackets will be used to denote its symmetric and skew-symmetric parts
respectively , that is

1 1
E@) :E(gij +gji) > 8] :'Z"(gij —gji)

The space endowed with this metric tensor is known as generalized Finsler
space and we denote it by GF, .

The connection parameters for the locally Minkowskian and locally
Euclidean GF, are denoted by Py and T, respectively .

Let X' be a vector field of GF, , then the two processes of differentiation
are defined as

A

(1.1) X' =0,X"+0,X'0,x"+BjX* ,

and




(1.2) X'|,=0,x"-0,X JyE - +I‘*’X" ,

where Iy =y +C,I0%", Cp =i—6g.kF2(x,5c) , 8,=0/ax,8,[oi".

The commutation formulae involving the curvature tensor fields are given as
under :

(1.3) 2X 1 =X"K} -2X Ay

and

(1.4) 2X'| (=0, X Ko F+ X"Kp = 2X'| Al
where

(1:5) Tiw = =41 > Xpg= ;(X = Xly)
and

(1.6) Kl =Kl

The unit vector [/ satisfies the relations
1 J xj J
(1.7) V== V=0

We also have

(1.8) . Fl,=0
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The curvature tensor fields 12;,‘,, and Kj':k,, satisfy the following

identities :
(1.9) =K s Ko ==K
(1.10) Ej-kh + Elihj + K;;jk = 2A[j|k|h1;1g” »

where ; denotes covariant derivative based upon the connection parameter

given by
Q;kh = P[jj;(h T (k)i
and
(1.1) Kji'kh +Klihj + Kl’;jk = 2A[j|k|/,]ig” ;

where [ denotes covariant derivative based upon the connection parameter
givenby R, =T}, .
The Bianchi identities satisfied by these curvature tensor fields are given by

(1 12) K;’kh,l + K;’hl,k + Kji‘lk,h + 2[1(;'"11: P[;‘h,i’ + Kji'th{ItI'T + Kjl'mIP[;l,:']]: 0

and

(1 13) K;‘/rlr + K;'h/lk + K;'/klh +F( g;cllémr‘;li +K(’)’;zlémr;l: +K(I)’/Ik8mrj*l:)
= 2K By + K g My + K i N

2. VEBLEN IDENTITIES AND THEIR EQUIVALENCE

Theorem 2.1 [Shamihoke [3] . In the generalized Finsler space with the
connection parameters P, and the curvature tensor field K %n » the Bianchi

identities are expressed as
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1= ri i *
(2'1) ‘“Bjkhl = Kj[lrh,l] +2K, PT] ’

3 j"llk 1

where the two indices together with bar represents the skew-symmetric part
of that tensor in two indices and the symbol [khr] gives the skew-
symmetric part of the tensor in three indices.

We consider the following lemma which is very useful in deriving
Veblen identities and proving the equivalence of Bianchi and Veblen
identities. Similar lemma was used by C.LIspas [4] for determining Veblen
identities in Finsler space .

Lemma Let us assume that the quantities J s Satisty the following

conditions :

(2-2) ‘7 Jkhl T _‘7 ;I;kl s
and
(2-3) ‘7[ijkh]l =0,

Now if we put

(2-4) ' B Jjhhl =3J ]
and
(2°5) | Vier & + T e + Ty + jld]h

then they satisfy the relations

l

(2-6) ijhl = ~/g-hl + By

and
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(2'7) ZE kil = 3V[khl] ’

Proof . Using the definition (2.4) in the right hand side of (2.6) , we get

~

+J, oy T +J, win TSy +J,

~

(2.8) Ek,;./ W =

K«Z

'] Itk

higl

In view of (2.3) , the equation (2.8) assumes the form

~

(2~9) kihi + Bhlkj =7 i T J Ikhj +J kljh J Wik

=

Applying (2.2) and (2.5) in the above equation , it yields (2.6) which
proves the first part of the lemma .
Now by considering the right hand side of (2.7),we have

(2 10) , st} = T T+ J”'/v +7 M+ Y Jhik
* J’f"‘” + Jk"v‘ + g + J jikn + T i+ J iy F J, ik

in view of (2.5)
By virtue of (2.3) and (2.4) , the equation (2.10) becomes

(2 11) 37, Jlknt] = BJ"’ 1t 3'][’”‘]1 +37 [t Tk -J ik
| +3T4gm = T + 3Ty = T

J
On account of (2.3) , it reduces to

(2'12) 3V Jlnt] = B Jkhl 3J jlokt] -

In view of (2.2) and (2.4) , the equation (2.12) yields (2.7) which
establishes the second part of the lemma .
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Theorem 2.2 In the generalized Finsler space GF, , the curvature tensor

field K, satisfies the Veblen identities

(2-13) Vj;:hl = jkhl+thIk +Jlirk,j+']l:lj,h =0 ,
where

i 1 i *m i *m
(214) J jkho = K Jkht + 2( jmkP ijhP ) .

Proof. Interchanging the indices & and 4 in (2.14) , we get
(2-15) j;kh,/ = _'7;hk,l
in view of (1.9) .

Taking cyclic permutation of the indices j,k,/# and noting (1 . 10) in
(2.14) , we obtain

im

S

2 2
jkh]l [j|k|h]mlg "+ A[jlklh] m
(2.16)

1 i "n % *m
+§( [Jl"’lk]P”’ +K[k'm|h]P K |m|j]PIk )

In view of (1.9) and (2.1) , the cyclic permutation of the indices k, A, !
yields

(2~17) 3'7 ;[kh‘l] =B ;khl

On account of (2. 1), (2.15), (2.16), (2.17) and the lemma , we get (2.13)
which completes the proof .

Remark 2.1 In a generalized Finsler space GF, , the curvature tensor

K', satisfies the Veblen identities
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i i 1 i *f i *f
(2'18) thl =K il +Kly1k + Ky s + K 2[ F, +Khij

J Jjmk

i P 2 *m i *im i *m i pno_ prm
+K +Kkm1P K P KlunIP Klmk Jjh kmj hl ] 0

Imh jk hf Jmih

Theorem 2.1 In a generalized Finsler space GF, ,the Bianchi and Veblen

identities for the curvature tensor X ! s are related as under :

(2-19) If;jim B ,’km + Bhljk >
and
(2-20) ZB;khl - 3V Jlknt]

Proof. Itis evident from the lemma .

Remark 2.2  In similar way as above ,we find that the curvature tensor
K, satisfies the Veblen identities

(2.21)
lekhl - K}kh‘l + KI

il

K|, K|+ FK 0, T + K20,

m

i m m F m * m *i ‘ m *{
‘Z(K[jw RESTIN! [,,) Z{Kwka T + K0, Ly + Ki30,T,

m= jk m m

+ K(;'ll amr*l} [K_jmk ,fllh] + KI:mj Ii'kI] + K;mh ’i'k] + KkmlA[hj]]= 0

in view ofi (1.9) and (1.13) .

Remark 2.3 Theorem 2.3 also holds good in case ofithe relation between
Bianchi and Veblen identities for the curvature tensor K j.k,, in GF, .
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