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Abstract

In the present investigation, we introduce two interesting general subclasses of meromorphic and bi-univalent functions. Further, we find esti-
mates on the initial coefficient |bg| and |b; | for functions belonging to these subclasses. Some other closely related results are also represented.
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1. Introduction

Let .7 be the class of functions of the form
fR)=z+Y) a.d" (1.1)
n=2

which are analytic in the open unit disk U := {z:z € C and |z] < 1}. We also denote by . the subclass of the normalized analytic function
class <7 consisting of all functions which are also univalent in U.

Since univalent function are one-to-one, they are invertible and the inverse functions need not be defined on the entire unit disk U. In fact, the
Koebe one-quarter theorem ensures that the image of U under every univalent function f € .¥ contains a disc of radius 1/4. Thus every
function f € .# has an inverse f~!, which is defined by

T (f@)=z (zeU)

and
e =w (W<rint=y).

A function f € & is said to be bi-univalent in the open unit disk U if both the function f and its inverse f~! are univalent in U. Let £
denote the class of analytic and bi-univalent functions in U given by the Taylor-Maclaurin series expansion as in (1.1). For a brief history
and interesting examples of functions in the class X, see [13]. In fact, the aforecited work of Srivastava et al. [13] essentially revived the
investigation of various subclasses of the bi-univalent function class X in very recent years

In this paper, the concept of bi-univalency is extended to the class of meromorphic functions defined on A:={z:z€ Cand 1 < |z| < eo}.
The class of functions

“ b
g)=z+Y & (1.2)
n=0 %<

1

that are meromorphic and univalent in A is denoted by o, and every univalent function g has an inverse g~ satisfy the series expansion

el =wi y B (1.3)

n?
n=0"
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where 0 < M < |w| < eo. Analogous to the bi-univalent analytic functions, a function g € ¢ given by (1.2) is said to be meromorphic and
bi-univalent if both g and g~! are meromorphic and univalent in A. The class of all meromorphic and bi-univalent functions denoted by G .
A simple calculation shows that

bi  by+boby  b3+2boby +b3by + b3 N
w W2 W3 ’

h(w) =g~ (W) =w—by— (1.4)

The history and examples of the various subclasses of meromorphic bi-univalent functions one could refer the recent works [1, 2, 3,4, 5, 6, 8,
9, 10, 11, 12, 14, 15] as well as references therein.
Recently, Sakar [9] introduced and investigated the following two subclasses with initial coefficient estimates:

Definition 1.1. [9] A function g € © 4 given by (1.2) is said to be in the class 76“’;/ if the following conditions are satisfied:
2,/ 27/
zg(z))' orn ‘ (wh(w))’ or

arg <— and |arg| — || < — (zzweA 0<a<l),

' ( s(2)]? 2 [ (w)]? 2

where the function h is given by (1.4).

Theorem 1.2. [9] Let the function g € 6, given by (1.2) be in the function class T5*,,0 < & < 1. Then

2
—-a , O<a< Q
2 3 2
‘b0| < 506 and ‘b1| <
2
3 2
Definition 1.3. [9] A function g € o, given by (1.2) is said to be in the class 5 , (1) if the following conditions are satisfied:

2YON 1 ama (Y Ly
ER([8(1)]2)>] H dcﬁ([h(w)]z)>] g (weA 0<u<l),

where the function h is given by (1.4).

Theorem 1.4. [9] Let the function g € G4 given by (1.2) be in the function class I, (1), 0 < u < 1. Then

2 2v2
bl < /2 a2

3 3
Very recently, Srivastava et al. [12] introduced and studied meromorphically strongly A-bi-pseudo-starlike functions and meromorphically
A-bi-pseudo-starlike functions in Definitions 1.5 and 1.7, respectively, which are analogous to analytically case introduced and studied by
Joshi et al. [7].

Definition 1.5. [12] A function g € 6, given by (1.2) is said to be in the class G4 3 (@) if the following conditions are satisfied:

¢ ()* on wl' (w)]* on
— — d —_— — A0 <lL,A>1
arg( e < > an arg o) < 5 (zweA 0<a<1,A>1),
where the function h is given by (1.4).
Theorem 1.6. [12] Let the function g € G, given by (1.2) be in the function class 6.4 3-(a),0 < ot < 1 and A > 1. Then
25 ,
<2 < ——0°.
|bo| <20 and |b]‘_l+la

Definition 1.7. [12] A function g € © 4 given by (1.2) is said to be in the class G- (A, B) if the following conditions are satisfied:
1 \1A / A
h
m(z[g(z)]> >B  and 9t<w[h((w))]> >B  (LweA 0<B<I,A>1),
w

where the function h is given by (1.4).

Theorem 1.8. [12] Let the function g € o, given by (1.2) be in the function class 6z (A,3),0<B < 1and A > 1. Then
2(1—B)\/4B2—-8B+5

bo| <2(1— d bi| < .

bl <21-B)  and il < ek

Remark 1.9. For A = 1, we get the classes 631+ (@t) = 6,(at) and 6.z (1,B) = 6,(B) introduced and studied by Halim et al. [3].

In the present investigation, two general subclasses of meromorphic bi-univalent functions are defined and general estimates for the
coefficients |bg| and |b;| of functions in the newly introduced two subclasses are obtained.

Definition 1.10. Througout this paper, we assume that the functions ¢,y : A — C be analytic functions and

o 6 B Vi V2 W
¢'(Z) + Z 22 23 W(Z) z 22 23

such that

min{R(¢(2)), R(y(2))} >0 (z€4).
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Definition 1.11. A function g € o4 given by (1.2) is said to be in the class T, (9, V) if the following conditions are satisfied:

¢ (2)
[2(2)]?

where the function h is given by (1.4).

w2i (w)
[A(w)]?

€ ¢(A) and e y(A) (z,w € A),

Definition 1.12. A function g € 0,4 given by (1.2) is said to be in the class Gy ; (¢, W) if the following conditions are satisfied:
¢ ()*
8(2)

where the function h is given by (1.4).

Wi (w)*
h(w)

€ ¢(A) and € y(A) (z,weA, A >1),

There are many choices of ¢ and y which would provide interesting subclasses of classes 75 , (¢, ¥) and 64 5 (¢, ), we illustrate as
examples:

Example 1.13. If we take

1 o
1+ - 2 3
200 2 200
0(2) =w(z) = i :1+7+Z—2+Z—3+--~ (0<a<l1,zeA) (1.5)
1—=
z

in Definition 1.11 and Definition 1.12, then we get the classes

To,(9:¥)=T5,  and  Gz,(9,¥) = Oz (@)
defined in Definition 1.1 and Definition 1.5, respectively. It is clear that the functions ¢ and y satisfy the condition of Definition 1.10.
Example 1.14. If we take

14122

- - 4+ (0<B<1,z€EA) (1.6)
1—=

in Definition 1.11 and Definition 1.12, then we get the classes

T64(9:¥)=T5,(1=B)  and  G5,(0,¥) =0z (1,B)
defined in Definition 1.3 and Definition 1.7, respectively. It is clear that the functions ¢ and y satisfy the condition of Definition 1.10.
2. Coefficient bounds for the function class 75 , (¢, y)

In the following theorem, we obtain the initial coefficient estimates for functions belonging to the meromorphically bi-univalent function

class 7, (6, ).
Theorem 2.1. Let g € 6 4 given by (1.2) be in the function class I ,(9,¥). Then

2 6
and
2 2 4
o < mind ([P 0l Jonl v

18 16 6

Proof. From Definition 1.11, we have

2,/ W2 ! (w
) R o
Let us set
2,/
-3 e
and
w2h (w
voo =Tl we).

Now expressing in terms of power series, we have

2by  3b%—3b
lg(2)]? z 22
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and
W2H! () _»14_%94_31)54-31;1_+
hw)> 2 2 ’
¢ (2) w2 (w)
respectively. Upon equating the coefficients of PO with those of ¢(z) and coefficients of W with those of y(w), we get
8\ w
~2by = ¢, 22)
—3by +3b3 = ¢, (2.3)
2bo = 1, 24
3by +3b3 = ys. 2.5)
From (2.2) and (2.4), we obtain
¢1=—v1, (2.6)
9w
=2 -7 2.
h=-5 =% @7
and
4bg = 7 + 7. 2.8)
Adding (2.3) and (2.5), we have
6b3 = ¢ + . (2.9)
It follows from the equations (2.6) and (2.7)-(2.9) that
_ ol _ v
‘b0| Ty T o
2
o2 — 191
|bol 2
and
ot < 241

respectively. So, we get the desired estimate on the coefficient |by| as asserted in (2.1). Next, in order to find the bound on the coefficient
|b1|, we subtract (2.3) from (2.5), thus we have

6b1 = l[/27¢2. (210)
By squaring and adding (2.3) and (2.5), using (2.8) in the computation leads to

2 w2
ﬁ:%;%fﬁ @.11)

If we set the values of by from the equalities (2.7)-(2.9) in (2.11), we find that

SUFL

18 16°
o B ol
! 18 4
and
b2 — By (tw)
! 18 36

Therefore, we obtain from the above equations that
1021” +[val” | |on]*

by <

”% 8 16

and

|92] + w2l
=

b1] <

This evidently completes the proof of Theorem 2.1. O
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By setting ¢ and y as given in (1.5) in Theorem 2.1, we conclude the following result:
Corollary 1. Let ¢ € 0 given by (1.2) be in the function class .5*, (0 < & < 1). Then

2 2
\b0|§\/;a ad | < 2a?

Remark 2.2. Note that Corollary 2 is an improvement of the estimates obtained in Theorem 1.2.

By setting ¢ and y as given in (1.6) in Theorem 2.1, we conclude the following result:
Corollary 2. Let g € 04 given by (1.2) be in the function class 75 , (1 —f) (0 < < 1). Then

2(1-p) I

5 0 0sP=s 201-B)

bo| < and |by| < -5
-, §<B<1

Remark 2.3. Note that Corollary 2 is an improvement of the estimates obtained in Theorem 1.4.

3. Coefficient bounds for the function class 6 5 (¢, y)

In the following theorem, we obtain the initial coefficient estimates for functions belonging to the meromorphically bi-univalent function
class .z 3 (9, ¥).

Theorem 3.1. Let g € 6,4 given by (1.2) be in the function class 64 5 (¢, V). Then

b0|§min{¢1|; \/W} (3.1

and

01" |¢o] + 2
442 2(1+2)

9o + [y |

o
brl = min A/ =7

+ (3.2)

Proof. From Definition 1.12, we have

% €¢(A)  and % € y(4).
Let us set

ma=@§§i (z€4)

and

wm:ﬂ%%ﬁ (wea).

Now expressing in terms of power series, we have

AL@F | ko B (1A

8(2) 4 2
and
' (w))* by bi+(1+A)b
W ko ot (LEA)b
h(w) w w2
/ A / A
respectively. Upon equating the coefficients of e E? ] with those of ¢(z) and coefficients of % with those of y(w), we get
8(z w
—bo =91, (3.3)
—(L+24)by +b§ = ¢, (3.4)
bo = 1, (-5

(14+A)by +b% = yo. (3.6)
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From (3.3) and (3.5), we get

¢1=—v1, 3.7
bo=—-¢1=wy (3.8)
and

2% = ¢ + yi. (3.9)
Adding (3.4) and (3.6), we get

203 = ¢ + . (3.10)
It follows from the equations (3.7) and (3.8)-(3.10) that

[bol = 911 = |wi| (3.11)
and

bl < \%I;I%\ (3.12)

respectively. So, we get the desired estimate on the coefficient |by| as asserted in (3.1). Next, in order to find the bound on the coefficient
|b1|, we subtract (3.4) from (3.6), we thus get

21+ A)by =y — b5. (3.13)
By squaring and adding (3.4) and (3.6), using (3.9) in the computation leads to
2 2 b4
RtV b (3.14)
2(14+A)2  (1+2)2
If we set the values of b from the equalities (3.8)-(3.10), we find that
o B o
P72(14+4)2 (1+4)2
and
p2 o (92— v)°
P
Therefore, we obtain from the above equations that
o< [ 1Ll ol
- 2(1+2)2 (142)?
and
92|+ w2
b| < —7—.
bl < ST
This evidently completes the proof of Theorem 3.1. O

By setting ¢ and y as given in (1.5) in Theorem 3.1, we conclude the following result:
Corollary 3. Let g € 0,4 given by (1.2) be in the function class 6 3+ (@) (0 < <1, 2 > 1). Then

2
‘b0| S \[20& and |b]‘ S m(xz.

Remark 3.2. Note that Corollary 3 is an improvement of the estimates obtained in Theorem 1.6.

By setting ¢ and y as given in (1.6) in Theorem 3.1, we conclude the following result:
Corollary 4. Let g € 0, given by (1.2) be in the function class 6 (4,8) (0 < f <1, A >1). Then

2(1-B) . 0<p<!
’ 2(1—
lbol < and |b1|s%.
20-B) . 3<B<l
Remark 3.3. Note that Corollary 3 is an improvement of the estimates obtained in Theorem 1.8.
Letting A = 1 in Corollary 3 and Corollary 3, we obtain following two consequences, respectively.
Corollary 5. Let g € 6,4 given by (1.2) be in the function class 6,(a) (0 < & < 1). Then
lbo| <V20  and  |by| <o’
Corollary 6. Let g € 6 4 given by (1.2) be in the function class 6,(B) (0 < 8 < 1). Then
21-B) , 0<B<}
|bo| < and |b|<1-p.
210-B) , L<B<1
Remark 3.4. Corollary 3 and Corollary 3 are improvements of the estimates obtained by Halim et al. [3, Theorem 2 and Theorem 1].
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