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Smarandache curves of Anti-Salkowski curve according to the spherical
indicatrix curve of the unit darboux vector
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Abstract

In this paper, we have defined special Smarandache curves according to Sabban frame formed by the unit Darboux vector
of Anti-Salkowski curve. Next, the Sabban frame belonging to these curves have been constituted. Last, the geodesic
curvatures of these Smarandache curves have been calculated and an example for each curve has been illustrated.
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Bu ¢alismada, Sabban ¢atisina gére anti-Salkowski egrisinin birim Darboux vektérlerinden elde edilen 6zel Smarandache
egrileri tanimlandi. Daha sonra her bir Smarandache egrisinin Sabban ¢atist olusturuldu. Son olarak bu Smarandache

egrilerinin geodezik egrilikleri hesaplandi ve her bir egriye ait grafikler ¢izildi.
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1. Introduction , a”
T =a', N, =——, B =T AN

[24 o ” (24 o o
(24

In 1909, Erich Salkowski defined curve families
with non—cpnstant 7 and constant curvature K in Tg: =K, Na’ N; =K, Ta +7, Ba’ Ba! =-7, Na‘
(Salkowski, 1909). Later J. Monterde constructed a

method for closed curves and the properties of
Salkowski and anti-Salkowski curve used in
(Monterde, 2008). In 1990, the geodesic curve of a

spherical curve is calculated by J. Koenderink with , , ”
the Sabban frame of the spherical indicatrix curves 7% N T AB. B =Y%1¢
in (Koenderink, 1990). “ ”a' e “ @ e

If the Frenet vectors are computed as arbitrary
parameter, we can write

>

||a’ ra'

Then the Smarandache curves obtained from

Sabban frame are defined and geodesic curvatures ”0{’ N det (a', a”, 05"’)
of these curves are given in (Giir and Senyurt,2010; K, = 5 o la T ; 2 5
Senyurt and Oztiirk, 2018a,b; Uzun and Senyurt, ”a ||a N
2020).

(Sabuncuoglu, 2006). The Frenet—Serret axis
In this study, Smarandache curves are defined system, moving with the point, has an angular
according to the Sabban frames belonging to the velocity. Dividing this by the (signed) point speed,
spherical indicatrix curves of each of the that is, taking the derivative of the angular position

{ T,N, B} , Frenet vectors of the anti-Salkowski of the axis system with respect to the path position,

. gives the Darboux vector, W which is given in
curve. The geodesic curvatures of these curves are

then calculated. value by
2. Materials and methods W,=tT +k,B,.
Let @ :1 — E’ be a unit speed curve, we defined The unit Darboux vector is

the quantities of the Frenet apparatus and Frenet
formulae, respectively (Sabuncuoglu, 2006),

C, =sin(0)T, +cos(6)B, , cos(e)zK—“ sin(@)zr—“ )

Jx 1 Ji, 2+
where X (B, W) = @ (Fenchel, 1951).

Let :1 — S° be a unit speed spherical curve. We denote § as the arc-length parameter of y . Let us denote
by

y(9)=7(s), 1(s)=y'(s), d(s)=y(s)rt(s) )

{7(s),1(s),d(s)} frame is called the Sabban frame of » on S”. Then we have the following spherical Frenet
formulae of y

Y'()=1(s), 1'()=—y(s)+x,(s)d(s), d'(s)=—r,(s)(s) )
where x, is called the geodesic curvature of the curve  on § * which is

K] (s)=(t'(s),d(s)) (Koenderink,1990).
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. . 1 . m
Definition 2.1 (Anti-Salkowski curve) Forany m#+—,0 with n=——,m « IR, letus define the
V3 N1+m®

space curve

m(n(l—maz +3cos(2nt))cos(t)+(2712 +1)sin(l)sin(2nt)),
B, (1)= m(n(l—mf +3cos(2nt))sin(t)—(2n2 +1)cos(t)sin(2nt)), )

n® —1 5 (2

- ( nt +sin ( nt))

(Salkowski,1909). Frenet apparatus are
T= —(cos(t)sin(nt) —nsin (t)cos(nt), sin (t)sin(nt) +ncos (t) cos(nt),ﬁcos(nt)j

m m

©)

B= (—cos(t)cos(nt) -n sin(t)sin(nt),—sin(t)cos(nt) + ncos(t)sin(nt),%sin(nt)j

_ cos(nt)

B, (1)

K:tan(nt), =1,

1+ m?

(Monterde, 2008).

3. Results and discussion

If we take &~ = tan(nz) and 7 =1, from the equation (1) we can write

B

T K
Cl(t)= T+
() Jt 472 J? +72
1 T4 tan(nt)

_ B
Jan’(m)+1  Jan’(nt)+1

C(t)=cos(nt)T +sin(nt) B. (6)
(6) using the equation (5), we get

—2sin(nt)cos(nt)cos(r)+nsin(t)cos(2nt),

C(r)= ()

—2sin(nt)cos(nt)sin(t) —ncos(t)cos(2nt),—%cos(Znt) '

Let S° be a unit sphere in Euclidean 3-space and suppose that the unit speed regular curve ¢, (t) =C (t) lying

fully on 2, Differentiating the equation (6), with respect to S, we have

dag(s) ds

T = —nsin(nt)T +cos(nt)T'+ncos(nt)B+sin(nt)B
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ds

¢ n(—sin(nt)T +cos(nt)B)

ds .
where 2 n. Thus, the tangent vector of curve . is to be
t

T, =—sin(nt)T +cos(nt) B. (8)
From the equation (5), we can write

—cos(t)cos(2nt)—2nsin(nt)sin(¢)cos(nt),

= . )
—sin(z)cos(2nt)+2n cos(t)cos(nt)sin(nt),z—ncos(m‘)sin(nt)
m
Differentiating the equation (8) with respect to S, we get
, sec(nt) )
T.' =—cos(nt)T ————=N —sin(nt)B. (10)
n
Considering the equations (6)and (8), it easily seen that
CAT, =—N=—n(sm(r),—cos(t),lj (11)
m m
From the equation (10) and (1 1) , the geodesic curvature of o is
K, :<TC’,CATC>,
sec(nt) _
Kg :<—cos(nz‘)T—TN—sm(nt)B,—N> (12)
sec(nt)
g~ "

Let (t) =C (t) be a unit speed spherical curve. We denote § as the arc-length parameter of .. Let us
denote by C = C(t), 1. = C'(t), CAT,. = C(t) AT, (t) {C, 1., C/\Tc}from is called Sabban frame

of &, on unit sphere. Then equation (3) we have following spherical Sabban formulae of & curve

C'=T, T.=-C+x,(CAT,), (CAT.) =—«,T,, (13)
C'=T,, TC’=—C+SGCI§”t)(cATC), (CATC)':—%(M)TC, (14)
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C'=—sin(nt)T +cos(nt)B,

: sec(nt) ,
1. =—-cos(nt)T ————=N —sin(nt) B, (15)
n

(CAT.Y :%(tan(nt)T—B)-

Definition 3.1. Let . (t) =C (t) be an anti-Salkowski indicatrix curve and {C T, C AT, C} be the Sabban

frame of this curve. Then f, (t) -Smarandache curve is given by

ﬁl(f)=%(C+Tc)- (16)

Substituting C and 7. vectors into the equations(7) and (9) , we get the curve /3, (t ) as follow (Figure 1.):

cos(2nt)(n sin (¢) - cos (t)) —2sin(nt) cos(nt)(cos(t) +n sin(t)),
B (t)= 5 —cos(2nt)(n cos(1)+sin (t)) +2sin (nt)cos (nt)(—sin(t) +ncos (t)), (17)

%(2 sin(nt)cos(nt)- 005(2’”))

11 1 1
3°5°8° 16

Figure 1. ﬂl (t ) -Smarandache curves for 7 = , respectively.

Theorem 3.1. The geodesic curvature Kgﬁ ' according to f3, (t ) - Smarandache curve is

\/E(sec(nt) +4n’ cos(nt)+4n"* cos’ (nt)+2n’ cos’ (nt)sin (nt)+n’ sin(nt))

cos’ (111)(2;12 cos’ (nt)+ 1)\/(2;12 +sec’ (m))

A _
K/ = (18)

Proof: Differentiating the equation (16), with respect to S, we have

dpyds _ 1
ds dt 2

(C'+T),

ds —C+T.+K, (CAT,)

T, &= :
A dt \/5
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T, = (19)

L

here VP KE i derivative i tak
whnere — = : again derivative 1s taken, we get
dt 2
’é_(—C+TC+Kg(cATC))'\/2+ng—(\/2+ng) (-C+T.+K,(CAT,))
Adr 2+K} ’
V2((-2-K,2 + K K,)C-(2+K,* +3K,” + K K, )T +(2K, + K, +2K,)(C A T,))
T, = (20)
s (2+Kg2)2

Using the equations (6)and (19),we easily find

—K, T, +CAT,

21
J2+K,? 1)

From the equation (12), (20) and (21), the geodesic curvature of /3, (l‘ ) is completed.

C/\Tﬁ,1 =

Definition 3.2. Let o (t) =C (t) be an anti-Salkowski indicatrix curve and {C T Co C AT, c} be the Sabban

frame of this curve. Then Smarandache curve is given by

.15 T () +(CAT)(0) @

Substituting 7,.and T} vectors into the equations(9)and (11) we get the curve /3, (t ) as follow (Figure 2.):

—cos(t)cos(2nt)—2nsin(nt)sin (t)cos(nt) —isin(t),
m
(23)

ﬁz(t):%

—sin()cos(2nt)+2ncos(t)cos(nt)sin(nt) +£c0s(t),2—ncos(nt)sin (nt)—n
m m
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Theorem 3.2. The geodesic curvature K gﬂ > according to f3, (f ) Smarandache curve is

_ 4\/5(5605 (nt)+n*)+ \/5(2 sin (n¢) + cos’ (nt))

K 5 (24)
cos’ (nt)(n2 +2sec’ (nt))5
Proof: If we take the derivative of (22) with respect to S, we have
a7, é:L(TC' +(CAT)'),
ds dt 2
TM@:_C_Q%+ﬁJCA%)
A dt \/E ’
. =—C—K'gTC+K‘g(C/\TC) 2s)
g Ji+26
J1+2K
where ﬁ =Y % . Ifagain derivative is taken, we get
dt 2
dT, ds (—C—KgTC +5, (C/\TC))' \/1+ 2k —(\/1+2Kg2 ) (—C—K'gTC +x,(CAT, ))
ds dt 1+ 2k
- V2((2K, 4K, +2K,K,)C~(2K,* +3K,2 + K +1)T, +(2K, = K2 + K1) (C AT,)) o6
B

\2
(1+2K.)
Using the equations (6) and (25), we easily find

K (T.+CAT),
: 27
J1+2K,

From the equation (12), (26) and (27), the geodesic curvature of /3, (l‘ ) is completed.

C/\Tﬂ2 =—

Definiton 3.3. Let . (t) =C (t) be an anti-Salkowski indicatrix curve and {C, T, C AT, C} be the Sabban

frame of this curve. Then Smarandache curve is given by

1

53(f)=$(c(f)+(CATc)(f)) (28)

Substituting C and C A T vectors into the equations (7) and (11), we get the curve ,33 (l‘ ) as follow (Figure
3.):
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~2sin(nt)cos(nt)cos()+nsin(¢)cos(2nt) ~ " sin (1),
m
(29)

—2sin(nt)cos(nt)sin(¢)—ncos(t)cos(2nt) +£cos(t),—£cos(2nt) -n
m m

Theorem 3.3. The geodesic curvature K gﬂB according to f3, (t) Smarandache curve is

. \/Esec(nt) (30)
g n—sec(nt)

Proof: If we take the derivative of (28) with respect to S, we have

dpds _ 1

ds dt_\/E(C'Jr(CATC),)’

é—l_KgT
Par 2 ¢

T3
T, =T, (1)

ds 1-K

where — = ——=% If again derivative is taken, we get
NG

V2(-C+K,CAT,) o)

4 —_—

» 1-K,
Using the equations (6) and (32), we easily find

CAT, =CAT,- (33)
From the equation (12), (32) and (33), the geodesic curvature of /3, (t ) is completed.

Definiton 3.4. Let (t) =C (t) be an anti-Salkowski indicatrix curve and {C T bot, CAhT, C} be the Sabban

frame of this curve. Then Smarandache curve is given by

£.(1)=—(C()+T.()+(CAT.) (1) &
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Substituting C', T.. and C A T vectors into the equations (7), (9) and (11) we get the curve B, (t ) as follow

(Figure 4.):

cos(Znt)(n sin(f)- cos(t)) - 2sin(nt)cos(nt)(cos(t) + nsin(t)) —%sin(z‘),

B.(t)= 1 —cos(2nt)(ncos(t)+sin(t))+2sin(nt)cos(nt)(~sin(¢) + ncos(r)) +£cos(t), :
7

m

n

(2 sin(nt)cos(nt)— cos(2nt)) -n

m

a8

o

Theorem 3.4. The geodesic curvature K 5 * according to S, (t ) Smarandache curve is

\/8(2 sec’ (nt)—4nsec* (nt)+6n” sec’ (nt)—4n’ sec’ (nt ) +2n* sec(nt))
5
4(n2 -n sec(m‘) +sec’ (m‘))i

By —
K=

JE(nS tan(nt)(sec3 (nt)—sec (nt)+ sec(nt)))

5

4(n2 —nsec(nt)+sec’ (nt))2

+

Proof: If we take the derivative of (34) with respect to S, we have

dpyds _ 1

ds dt 3

(C’+TC’+(C/\TC)’),

ds 1
T, d—j:$<—C+(l—Kg)TC+Kg(C/\TC))

1
T, = —C+(1-K_ )T . (t)+ K (CAT.)(¢t
eyl S U LR RI0)
ds +2-2K,+2K]
where — =

- If again derivative is taken, we get
dt 3

1312
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iy iy (1)1 K (Ca)| E R

- 2
ds dt 2-2K, +2K,

(V2—2K, +2K; ),(—C+(1—Kg)TC +K,(CAT.))

2
2-2K, +2K,

, ds 2K§—4K§+2KgK;—K;+4Kg—2C
ﬁ —_—=
*dt

2J§(1—Kg+1<g2)3

4 3 2 ’ '
—2K!+2K; -4K! -K K. - K. +2K -2

+ 3
2

2V2(1-K,+K,?)

4 3 2 ! ’
~2K?+4K} —4K? - K K| +2K| +2K,

C

+ 3
2V2(1-K,+K,)?

!

B

4(1—Kg+Kg2)2

V3(-2K!+2K; -4K} -K K| - K| +2K, -2)

LC AT,

V3(2K -4K] +2K K| - K, +4K, -2) .

T.

+ 2
4(1—Kg+Kg2)

V3(-2K! +4K] -4K? -K K| +2K, +2K,)

CAT,

+ 2
4(1—Kg+Kg2)

Using the equations (6) and (36), we easily find

~K,T.+(1-K,)(CAT,)

V2 1-K, +K ]

C/\Tﬂ4 =

(3%)

From the equation (12), (37) and (38), the geodesic curvature of ,54 (l‘ ) is completed.
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