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ON THE STABILITY ANALYSIS OF THE TIME-FRACTIONAL
VARIABLE ORDER KLEIN-GORDON EQUATION AND SOME
NUMERICAL SIMULATIONS

SINAN DENIiZ

ABSTRACT. In this paper, the Klein - Gordon equation is generalized using the
concept of the variational order derivative. We try to construct the Crank-
Nicholson scheme for numerical solutions of the modified Klein- Gordon equa-
tion. Stability analysis of the Crank-Nicholson scheme is examined and ana-
lyzed to prove the proposed method is stable for solving the time-fractional
variable order Klein- Gordon equation. Numerical examples are also given for
illustration.

1. INTRODUCTION

In recent years, fractional calculus and especially fractional differential equations
(FDEs) have been extensively used for many different fields of mathematical physics
such as relaxation processes,control theory of dynamical systems, viscoelasticity,
diffusion and so on [1H5]. The main reason why they are so important is that a
realistic modeling of many physical phenomenon having dependence not only at
the time instant, but also the previous time history can be successfully achieved
by using fractional derivatives. Besides, quite a number of different methods have
been enhanced to analyze many different types of fractional differential equations
for showing the importance of the fractional calculus [6H11]. On the other hand,
stability analysis of fractional differential equations has attracted much attention
over the past decade. Atangana has analyzed the stability of numerical solutions for
many different types of FDEs such as groundwater flow equation [12], Schrodinger
equation [13] and telegraph equation [14]. In [15], Zhang et. al. have examined
the stability of FDEs, including linear FDEs, nonlinear FDEs and the FDEs with
time-delay.
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As it is well known, partial differential equations are encountered frequently in
many fields of applied physics |[16123]. One of them is Klein - Gordon equation
which models many problems in quantum mechanics, condensed matter physics,
etc. A Josephson junction, the motion of rigid pendula attached to a stretched
wire can be described by sine Klein-Gordon equation and a non-local version of
them are properly modeled by the fractional version of them [24]. In [25], Sweilam
et al. has constructed a new and effective numerical scheme, namely weighted
average nonstandard finite difference method, for analyzing the time variable-order
fractional of nonlinear Klein-Gordon equation and so on.

In this paper, we investigate the stability of the linear time-fractional variable
order Klein-Gordon equation:

D y(,1) = Yo (2,1) + py(a,1) =0, 1 < oz, 1) < 2,4 >0, (1)
with the conditions
y(z,0) = 6(x),y:(2,0) =0; 0<t<T,0<zx <L (2)

where §(z) is a real-valued continuous function.

2. SOME BASIC INFORMATION FOR THE VARIABLE ORDER FRACTIONAL
DERIVATIVE

In this section, we give some basic definitions that we need for our analysis.
For much more details about fractional analysis we refer to the books and papers
in [2628].

Definition 2.1. Let 0 < a(x,t) < 1 for all (z,t) € [a,b] and f € L1[a,b]. Then

t

aﬁ“”uw>—/rbéwﬂ@—@““*V@ww@>® )

and
b

al.,.) — #
oIy 77 (f(1)) —/r[a(t,x)]

are called the left and right Riemann-Liouville integral of variable fractional order
af.,.) respectively.

Definition 2.2. Let aItlfa("')f € Cla,b] and 0 < a(z,t) < 1 for all (z,t) € [a, b].
Then

(@ — )*@7 (@) dx (¢ > b) (4)

WD) (F(1) = % / m(t —2)7") f(2)dx (t > a) ()
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and

1

b
DI G0 = 4 [ Fran -0 @ <t (©)

are called the left and right Riemann-Liouville derivative of variable fractional order
af.,.) respectively.

Definition 2.3. Let f be a real valued differentiable function and a(x) € C(0, 1].
Then the Caputo variable order differential operator is given by

€T

Dy (f(@)) = rn —loc(x)] / dj;(tt) (z =), (7)
0

3. CRANK-NICHOLSON SCHEME FOR NUMERICAL SOLUTIONS

The numbers of the works for numerical solutions of different types of fractional
differential equations have begun to increase considerably in recent years. A few of
the most important ones of them can be found in [13}/14,29-31].

In this section, we construct the Crank-Nicholson scheme for the fractional Klein-
Gordon equation by taking z; = lh,t; = j7,Mh =L, NT=T,0<I<M,0<5<
N where M, N are grid points, h, 7 are step size and time respectively. Under these
assumptions, Crank-Nicholson scheme can be presented by giving the following
discretizations:

(y(w1,tj41) +y(@, ) (8)

N |

y:

Yzz = 922

Py 1 (y($z+1,tj+1) — 2y(z1,t541) +y($1—1,tj+1))
- > +
(9)

% <y($l+17tj> —2y(a,t5) + y(wzlatj)) +O(h2)

h2
D@ty 8a1j+1y($_l,tj+1) _ _aH_l «
tt ottt F(Q _ a{+1)
y(wr, tiv1) — y(@, )+ (10)

J ) )
> Wy, tj—ng1) —y(@i, tj—n)) ((n + 1)(1_(1{“) - ”(1_0‘;“))
n=1

Substituting , @7 into the fractional Klein-Gordon equation yields
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y(@r, tiv1) — y(@, ty)+

EEL— J

41 j+1 _oitt

P@=al™) |3 (o ty-nsn) = yl@ity—n)) (0 + DO = ™)
n=1

1 <y(ml+17tj+1) —2y(xr,tj41) +y(xl17tj+1)> n

2 h?
1 (y(zigr, ty) = 2y(@, ty) + y(zi-a, L))
2 h?
1
g (y(@i,tj+1) +y(zi,t5)) | =0
(11)
Multiplying both sides of with
F(2 - OéjJrl) it i+1
Mijll =7 T2-g")
we get
y(@i tj1) — y(z, )+
J 1 j+1 1—adtt
> @lensti-ne) =yl i) ((n+ DO ™)
n=1
Wittty [ Y@ tie) = 2y(@n tia) + y(@-a, tipn)+ 12
T T(2—a]")
2h2
y(@ig1,t5) — 2y(@, ty) + y(@i-1, t5)
J+1 i+1
ure T2 —af
+ (2 L) (y(@i,tj+1) +y(zi,t5)) =0
and by making the following change of variables
adtl adtt i+1
Wt =i, B =T TEoaT) g TR ol
ylj) — ) — ) —
2h? 2 (13)
it = (n + 1)(A-0i™) _p(=ai™) - glitt = (Litl Lt
Eq. becomes
le+1 ( leLl . 2y.l+1 + yJ+1 + yl+1 Qyzj + yf,l ) —
(14)

Z{J Pl ST (T ) el -l =0

n=1
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4. STABILITY ANALYSIS FOR CRANK-NICHOLSON SCHEME

Stability analysis is a very important concept in solving many types of linear or
nonlinear differential equations [32-34]. In order to examine the stability analysis
of the Crank-Nicholson scheme defined above, we now take that 5{ = le — Ylj where
Ylj is the approximate numerical solution at the point (z;,¢;) and

. o . T

gl = [s{,e%,...,agw_l] (15)

with _
- 1 if —h/2<zx< h/2,0=1,2,....M —1
& (.T) _ &7 1 g / T < x+ / ) 3 Ly ey (16)

0 if L-h/2<z<L
forl =1,2,.... M — 1,7 =1,2,..,N. Thereby, one can use the Fourier series to
state the function &’ (z) as:

el (x) = i dm(m)exp [2immy /L] (17)

where ) .
0j(z) = %/pjemp [2imma /L] dx. (18)

0

Before going through a detailed analysis, we give the following remarks which will
be necessary for stability conditions.
Remarks 4.1. One can set up the following properties for all [ =1,2,.., M — 1.

i RPN ST >0

i, 0 < dy < dbl
(19)

Jj—1
iii. 0 < cf <1, et =1-diyt
n=0

Using the previous notations, one can present the error done while applying the
Crank-Nicholson scheme to solve the given fractional Klein-Gordon equation
as:
i1 - = - . A ,
Ry ( i — 28] el tely — 28 ey ) -
I . , . . _ _ _ (20)
Z [6g7n+1 _ sg—n} c’lr{]+1 + Slj+1 <5g+1 +€f) JFEng1 _ 5{.
n=1
In order to show the equation more briefly, the term €] can be represented in
the delta-exponential form as:

el = deaplibly). (21)
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where 6 represents a real spatial wave number. Using for j = 0, we get

Ri (efpr =280 +ejq +eiyn — 28+ )+
0 (22)
Z gt + 5 (el +¢) +el —ef =0.
Eq. can be arranged as:
1+ 4Rl sin (%) — 25’1 sin (%9)
01 = o7 1 h 1 ho (23)
+4R; sin (7) + 2S5} sin (7)

and one can similarly obtain

6 (1+ ARM sin? (48 — 25 sin? ( (48)) Z dn’_ﬂl j—n +d; Litls,

Oiy1 =
A 1+4Rf+1sm (h9)+25k+151n (’129)

(24)
for j = 0,1,2,.... We must now prove that the inequality |§;| < |do| holds for all
j=1,2,... to accomplish the proof of the stability of numerical solutions.It is easy
to see that the inequality is true for j = 1, because

1+ 4Rl1 sin? (%)

1+ 4R} sin® (%) + 28} sin®
1+ 4R} sin® (%
1+ 4R} sin® (&2

|61] = [do]

[0l

On the basis of induction, we now suppose that

6; (L+4R; ' sin® (&) — 25+ sin? (22) Z d:;fjl(L n+ dl’Hl&]

ir1] =
195:+1] 1+4le+1 sin (%) +25k+1 sin (he)

(26)
for m = 2,3, ...7. Implementing the triangle inequality, the equality (26)) turns into

10;] (|1 + 4R sin? (42) — 28/ sin? (42) +Z|d17j+1|\5j,n|+|d}ﬂ’“50|

2 n+1

|5j+1| < k+1 . 2 (hO k+1n-02 hé
’1+4Rl sin (7)"‘251 sin (7)|
(27)
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Using the induction hypothesis, we get

j—1
L+ 4 i (1) =255 i ()| + 3 02557+ 4}
[6;+1] < [do n=0

|1+4Rf+1s1n (%)JrQSkHsm (’“9)|

By taking advantage of Remark 1, we finally obtain the inequality =
6;0a] < [5o] [ LT ABL T sin (15) — 261 sin (”")}]
|1 Rk+1 sin (hG) +25k+1 sin (he)}
(29)

< |do|

|1 —|—4Rf+1 sin (%) + 25’“’1 sin ("29)|] — 16|
|1 + 4Rf+1 sin (%) + 25k+1 sin (%H -
thus,

|041] < |0l
and the proof is completed.

5. NUMERICAL EXAMPLES

In this section, we give some numerical simulations for the approximate solution
of the time-fractional variable order Klein-Gordon equation.

Example 1. Consider the problem (1) with 1 = 0.9, a(z,t) = 0.04tanh(z3+t)—
sin?(5zt — 92?%) and §(x) = 0.08 cos(x?). The error surface figures of approximate
solutions are depicted for different N’s and for A~ = 0.0002. As can be seen from
the figures[I] and [2] the larger the N, the smaller the error.

F1GURE 1. The error surface figures for N = 40
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FIGURE 2. The error surface figures for N = 80

Example 2. As a second example, let us consider the problem with p = 0.8,
a(z,t) = 2 — sin?(2°t + t7) and 6(z) = x + sec(2®7). The error surface figures of
approximate solutions are displayed for different N’s and for h = 0.00012. Again,
it is clear from the figures [3] and [@] we have smaller errors for the larger the N.

FI1GURE 3. The error surface figures for N = 80

Example 3. As a final example, let us now consider the problem with
p =05, a(z,t) =1 — cos*(z +t3) and §(x) = sin(z). Figures of the approximate
solutions are sketched for different N’s and for h = 0.0005. A slight difference
between these solutions can be seen from the simulations from Fig. to [§] for
N =10 to N = 70. In addition to that, the error surface figure of approximate
solution for N = 80 is demonstrated in Figure [9]

6. RESULTS AND DISCUSSION

We have modified the time-fractional variable order Klein-Gordon equation to
analyze the concept of the variable order derivative. We apply the Crank-Nicholson
method to solve the new modified equation numerically. Stability of this method is
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FICURE 6. Numerical solution to problem for N =30

studied and reached by proving some inequalities. Some numerical examples have
been also given for illustration. It can be concluded that Crank-Nicholson method
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2.x107"
Lsx 1014

Lx 1074
5.x1071

FIGURE 9. The error surface figures for N = 80

can be safely implemented to solve the time-fractional variable order Klein-Gordon
equation.
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