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ÖZ 

Görünürde ilişkisiz regresyon (SUR) modelleri denklemler arasında hataların ilişkili olduğu çoklu regresyon 
denklemlerinin ele alındığı lineer regresyon modellerinin uzantılarıdır. Bu çalışmada, SUR modelleri altında ön 
tahmin problemi ele alınmıştır. İki SUR modeli altında tüm bilinmeyen vektörlerin en iyi lineer yansız ön tahmin 
edicilerinin (BLUP’ larının) istatistiksel özellikleri üzerine çeşitli sonuçlar verilmiştir. Özellikle, matrislerin bazı 
rank formülleri kullanılarak iki model altında BLUP’ların kovaryans matrisleri üzerine bazı sonuçlar elde 
edilmiştir. 
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Some Notes on Covariance Matrices of Predictors under two SUR 
Models 

 
ABSTRACT 

Seemingly unrelated regression (SUR) models are extensions of linear regression models by considering multiple 
regression equations with correlated errors among equations. In this study, prediction problem under SUR models 
are considered. Several results are given on statistical properties of the best linear unbiased predictors (BLUPs) of 
all unknown vectors under two SUR models. Especially, some results established on covariance matrices of 
BLUPs under two models by using some rank formulas of matrices. 

Keywords- BLUP, Covariance matrix, Rank, SUR model 
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I. INTRODUCTION 

Several number of models with individual relations with each other can encounter in some statistical 
problems. These models can have correlated error terms among each other although they look like unrelated if the 
same data or an amount of same independent variables are used for the models. For example, we can consider the 
problem of investment on some companies at the same industry. Each company can be affected by similar cases 
under the same periods. In this case, it can be expected that error terms of set of models may be simultaneously 
correlated. Seemingly unrelated regression (SUR) models are consider multiple regression equations having 
correlation in error terms. They have attracted considerable interest in recent years; see e.g., [1-4], since these 
models were proposed by Zellner [5].  The method for joint estimation of unknown parameters by combining the 
equations was given by [5-7]. For the related topic; see, e.g., [8-13]. 

 
Consider a pair of SUR models formulated by 

														 ଵࣧ:	ݕଵ ൌ ଵܺߚଵ ൅ ଵሻߝሺܧ ,ଵߝ ൌ ଵሻߝሺܦ	 ,0 ൌ σଵଵܫ௡ ≔ Σଵଵ,                                                                     (1) 

														 ଶࣧ:	ݕଶ ൌ ܺଶߚଶ ൅ ଶሻߝሺܧ,ଶߝ ൌ ଶሻߝሺܦ	 ,0 ൌ σଶଶܫ௡ ≔ Σଶଶ,                                                                    (2) 

which are based on the equation 

௜௝ݕ														 ൌ ௜ଵߚ௜௝ଵݔ ൅ ⋯൅ ௜௣೔ߚ௜௝௣೔ݔ ൅ ௜௝ߝ ,																																															                                                             (3) 

where ݕ௜ ൌ ሺݕ௜௝ሻ ∈ Թ௡ൈଵ is an observable random vector, ௜ܺ ൌ ሺݔ௜௝௧ሻ ∈ Թ௡ൈ௣೔	 is a known matrix of arbitrary 
rank, ߚ௜ ൌ ሺߚ௜௝ሻ ∈ Թ௣೔ൈଵ is an unknown parameter vector, and ߝ௜ ൌ ሺߝ௜௝ሻ ∈ Թ௡ൈଵ is an error vector with 
௜ߝሺݒ݋ܿ , ௞ሻߝ ൌ σ௜௞ܫ௡ ≔ Σ௜௞	for	݅,݇ ൌ 1, 2, ݆ ൌ 1, 2, … ,݊, and ݐ ൌ 1,…  .௜݌,

In order to establish some results on predictions/estimations of all unknown parameters under models ଵࣧ 
and ଶࣧ we can consider the following general linear function	

														߶௜ ൌ ௜ߚ௜ܭ ൅ 	௜ߝ௜ܪ (4) 

for given matrices	ܭ௜ ∈ Թ௞ൈ௣೔	 and ܪ௜ ∈ Թ௞ൈ௡, ݅ ൌ 1,2. According to the assumptions in (1) and (2), 

ሺ߶௜ሻܧ														 ൌ ௜ߚ௜ܭ , ሺ߶௜ሻܦ ൌ ௜ܪ௜௜ߑ௜ܪ
ᇱ, and ܿݒ݋(߶௜  ௜௜,  (5)ߑ௜ܪ	=(௜ݕ,

݅ ൌ 1,2.	The parameter vector ߶௜ in (4) is said to be predictable under ௜ࣧ if there exists a linear statistic ܮ௜ݕ௜ with 
௜ܮ ∈ Թ௞ൈ௡	such that ܧሺܮ௜ݕ௜ െ ߶௜ሻ ൌ 0 holds; see [14], this is equivalently written as  

														ࣝሺܭ௜
ᇱሻ ⊆ ࣝሺ ௜ܺ

ᇱሻ, (6) 

݅ ൌ 1,2. (6) also corresponds the estimability condition of ܭ௜ߚ௜	under	 ௜ࣧ; see [15]. Let ߶௜ be predictable under 

௜ࣧ. If there exists ܮ௜ݕ௜ such that 

௜ݕ௜ܮሺܦ														 െ ߶௜ሻ ൌ min	subject	to	ܧሺܮ௜ݕ௜ െ ߶௜ሻ ൌ 0	
(7) 

holds in the Löwner partial ordering, the linear statistic ܮ௜ݕ௜ is defined to be the best linear unbiased predictor 
(BLUP) of ߶௜, a term introduced by Goldberger [16], and is denoted by ܮ௜ݕ௜ ൌ BLUPࣧ೔

ሺ߶௜ሻ ൌ

BLUPࣧ೔
ሺܭ௜ߚ௜ ൅ ,௜ሻߝ௜ܪ ݅ ൌ 1,2.	If ܪ௜ ൌ 0, BLUP of ߶௜ reduces to the best linear unbiased estimator (BLUE) of 

௜ݕ௜ܮ ௜ under ௜ࣧ, expressed asߚ௜ܭ ൌ BLUEࣧ೔
ሺ߶௜ሻ ൌ BLUEࣧ೔

ሺܭ௜ߚ௜ሻ.  

Prediction problems under SUR models are one of the main subjects in the statistical inference of the 
models. The best known predictors/estimators of unknown vectors in the models are the BLUPs/BLUEs. In this 
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study, we consider two SUR models and give some results on covariance matrices between BLUPs of all unknown 
vectors under these models in theoretical point of view. Characterization of statistical properties of BLUPs under 
considered models involves some complex matrix expressions. Therefore, we use some matrix rank formulas for 
simplifying heavy matrix operations while establishing results.  

Throughout this paper, the symbol Թ௠ൈ௡ stands for the set of all ݉ ൈ ݊	real matrices. For ܣ ∈ Թ௠ൈ௡, the 
notations 	ݎ ,′ܣሺܣሻ, and ࣝሺܣሻ, denote the transpose, the rank, and the column space of ܣ, respectively. ܫ௠ denotes 
the identity matrix of order ݉. The Moore-Penrose generalized inverse of ܣ	denoted by ܣା, is defined to be the 
unique solution ܩ satisfying the four matrix equation ܣܩܣ ൌ ܩܣܩ ,ܣ ൌ ሻᇱܩܣሺ ,ܩ ൌ ሻᇱܣܩሺ ,ܩܣ ൌ  .ܣܩ
Furthermore, ஺ܲ ൌ ஺ܧ ,ାܣܣ ൌ ୄܣ ൌ ௠ܫ െ ஺ܨ ା, andܣܣ ൌ ௡ܫ െ  .stand for the orthogonal projectors ܣାܣ

II. FORMULAS FOR BLUPS UNDER TWO SUR MODELS 

In this section, firstly we give some rank formulas of matrices. Then we give fundamental BLUP equation 
of ߶௜ and related properties of BLUPs. In what follows, it is assumed that the model ௜ࣧ 	is consistent, i.e., ݕ௜ ∈
ࣝሾ ௜ܺ ݅ ,௜௜ሿ with probability 1ߑ ൌ 1,2;	see [17]. 

The well-known formulas for rank of matrices collected in the following lemma; see [18]. 

Lemma 1 Let ܣ ∈ Թ௠ൈ௡, ܤ ∈ Թ௠ൈ௞, ܥ ∈ Թ௟ൈ௡,			and	ܦ ∈ Թ௟ൈ௞. Then 

(a) ݎሾܣ ሿܤ ൌ ሻܣሺݎ ൅ ሻܤ஺ܧሺݎ ൌ ሻܤሺݎ ൅  ,ሻܣ஻ܧሺݎ

(b) ݎ ቂܣ
ܥ
ቃ ൌ ሻܣሺݎ ൅ ஺ሻܨܥሺݎ ൌ ሻܥሺݎ ൅ 	,஼ሻܨܣሺݎ

(c) If ࣝሺܤሻ ⊆ ࣝሺܣሻ and ࣝሺܥᇱሻ ⊆ ࣝሺܣᇱሻ, then ݎ ቂܣ ܤ
ܥ ܦ

ቃ ൌ ሻܣሺݎ ൅ ܦሺݎ െ  .ሻܤାܣܥ

The following lemma on BLUP for ߶௜ under model ௜ࣧ is derived from Theorem 3.2 in [19]. 

Lemma 2 Let ߶௜ be predictable under ௜ࣧ. Then  

௜ݕ௜ܮ														 ൌ BLUPࣧ೔		
ሺ߶௜ሻ ⇔ ௜ሾܮ ௜ܺ ௜௜ߑ ௜ܺ

ୄሿ ൌ ሾܭ௜ ௜௜ߑ௜ܪ ௜ܺ
ୄሿ.          (8) 

General solution of this equation and corresponding BLUP of ߶௜ is 

௜ݕ௜ܮ														 ൌ BLUPࣧ೔		
ሺ߶௜ሻ ൌ ሺሾܭ௜ ௜௜ߑ௜ܪ ௜ܺ

ୄሿሾ ௜ܺ ௜௜ߑ ௜ܺ
ୄሿା ൅ ௜ܷሾ ௜ܺ ௜௜ߑ ௜ܺ

ୄሿୄሻݕ௜ ,          (9) 

where ௜ܷ ∈ Թ௞ൈ௡ is arbitrary,	݅ ൌ 1,2. Further, BLUPࣧ೔
ሺ߶௜ሻ satisfies the following statements 

		BLUPࣧ೔ൣܦ														
ሺ߶௜ሻ൧ ൌ ሾܭ௜ ௜௜ߑ௜ܪ ௜ܺ

ୄሿሾ ௜ܺ ௜௜ߑ ௜ܺ
ୄሿାߑ௜௜ሺሾܭ௜ ௜௜ߑ௜ܪ ௜ܺ

ୄሿሾ ௜ܺ ௜௜ߑ ௜ܺ
ୄሿାሻᇱ,        (10) 

		BLUPࣧ೔ൣݒ݋ܿ														
ሺ߶௜ሻ,߶௜൧ ൌ ሾܭ௜ ௜௜ߑ௜ܪ ௜ܺ

ୄሿሾ ௜ܺ ௜௜ߑ ௜ܺ
ୄሿାߑ௜௜ܪ௜

ᇱ,        (11) 

ܦ														 ቂ߶௜ െ BLUPࣧ೔		
ሺ߶௜ሻቃ ൌ ሺሾܭ௜ ௜௜ߑ௜ܪ ௜ܺ

ୄሿ ௜ܹ
ା െ ௜ܭ௜௜ሺሾߑ௜ሻܪ ௜௜ߑ௜ܪ ௜ܺ

ୄሿ ௜ܹ
ା െ  ௜ሻᇱ,        (12)ܪ

where W௜ ൌ ሾ ௜ܺ ௜௜ߑ ௜ܺ
ୄሿ, ݅ ൌ 1,2. Furthermore, the following statements hold. 

(a) ݎሾ ௜ܺ ௜௜ߑ ௜ܺ
ୄሿ ൌ ሾݎ ௜ܺ ࣝሾ	 ௜௜ሿ,ߑ ௜ܺ ௜௜ߑ ௜ܺ

ୄሿ ൌ ࣝሾ ௜ܺ ࣝሺ	௜௜ሿ, andߑ ௜ܺሻ ∩ ࣝ൫ߑ௜௜ ௜ܺ
ୄ൯ ൌ ሼ0ሽ, 

(b) BLUPࣧ೔
ሺ߶௜ሻ is unique with probability 1 ⟺ ݕ௜ ∈ ࣝሾ ௜ܺ   ,௜௜ሿ with probability 1ߑ
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(c) ܮ௜ is unique ⟺ݎሾ ௜ܺ ௜௜ሿߑ ൌ ݊, ݅ ൌ 1,2. 

We note that BLUP of ߶௜ and ordinary least square predictor (OLSP) of ߶௜ coincide since	Σ௜௜ ൌ σ௜௜ܫ௡, 
݅ ൌ 1,2. Then the results in Lemma 2 reduce the following results, for details, see; [18]. 

௜ݕ௜ܮ														 ൌ BLUPࣧ೔		
ሺ߶௜ሻ ൌ ሺܭ௜ ௜ܺ

ା ൅ ௜ܪ ௜ܺ
ୄሻݕ௜ ,        (13) 

		BLUPࣧ೔ൣܦ														
ሺ߶௜ሻ൧ ൌ σ௜௜ሺܭ௜ ௜ܺ

ା ൅ ௜ܪ ௜ܺ
ୄሻሺܭ௜ ௜ܺ

ା ൅ ௜ܪ ௜ܺ
ୄሻ′,        (14) 

		BLUPࣧ೔ൣݒ݋ܿ														
ሺ߶௜ሻ,߶௜൧ ൌ σ௜௜ሺܭ௜ ௜ܺ

ା ൅ ௜ܪ ௜ܺ
ୄሻܪ௜

ᇱ,        (15) 

ܦ														 ቂ߶௜ െ BLUPࣧ೔		
ሺ߶௜ሻቃ ൌ σ௜௜൫ܭ௜ ௜ܺ

ା െ ௜ܪ ௑ܲ೔൯൫ܭ௜ ௜ܺ
ା െ ௜ܪ ௑ܲ೔൯

ᇱ
.        (16) 

III. COVARIANCE MATRIX BETWEEN BLUPS UNDER TWO SUR MODELS 

In this section, by presenting general approach to SUR models, we give the main result on the covariance 
matrices between BLUPs of unknown vectors under models ࣧ ଵand ଶࣧ. Then, we give some consequences which 
correspond special cases. 

Theorem 1 Assume that ߶ଵ and ߶ଶ is predictable under models ࣧ ଵand ࣧ ଶ, respectively, i.e., (6) holds. Let denote 

ܯ														 ൌ

ۏ
ێ
ێ
ێ
ۍ
ଵଶߑ ଵଵߑ ଵܺ 0 0
ଶଶߑ 0 0 ܺଶ 0
ܺଶ′ 0 0 0 ଶܭ

ᇱ െ ܺଶ
ᇱܪଶ

ᇱ

0 ଵܺ′ 0 0 0
0 0 ଵܭ െ ଵܪ ଵܺ 0 0 ے

ۑ
ۑ
ۑ
ې

.        (17) 

Then 

൛߶ଵݒ݋൫ܿݎ														 െ BLUP భࣧ	ሺ߶ଵሻ,߶ଶ െ BLUP మࣧ
ሺ߶ଶሻൟ൯ ൌ ሻܯሺݎ െ ሾݎ ଵܺ ଵଵሿߑ െ

																																																																																																														െݎሾܺଶ –ଶଶሿߑ ሺݎ ଵܺሻ െ      .ሺܺଶሻݎ
   (18) 

Furthermore, ߶ଵ െ BLUP భࣧ
ሺ߶ଵሻ and 	߶ଶ െ BLUP మࣧ

ሺ߶ଶሻ are uncorrelated if and only if 

ሻܯሺݎ														 ൌ ሾݎ ଵܺ ଵଵሿߑ ൅ ሾܺଶݎ ଶଶሿߑ ൅ ሺݎ ଵܺሻ ൅  ሺܺଶሻ.        (19)ݎ

Proof. From (10) - (12), we can write 

൛߶ଵݒ݋൫ܿݎ														 െ BLUP భࣧ
ሺ߶ଵሻ,߶ଶ െ BLUP మࣧ

ሺ߶ଶሻൟ൯ 

																																ൌ ݎ ቀሺሾܭଵ ଵଵߑଵܪ ଵܺ
ୄሿ ଵܹ

ା െ ଶܭଵଶሺሾߑଵሻܪ ଶଶܺଶߑଶܪ
ୄሿ ଶܹ

ା െ      ,ଶሻᇱቁܪ

 

   (20) 

where W௜ ൌ ሾ ௜ܺ ௜௜ߑ ௜ܺ
ୄሿ, ݅ ൌ 1,2. We can apply Lemma 1(c) to (20). Then we obtain 

൛߶ଵݒ݋൫ܿݎ െ BLUP భࣧ
ሺ߶ଵሻ,߶ଶ െ BLUP మࣧ

ሺ߶ଶሻൟ൯     
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ൌ ݎ ቈ
ଵଶߑ ଶܭଵଶሺሾߑ ଶଶܺଶߑଶܪ

ୄሿ ଶܹ
ା െ ଶሻᇱܪ

ሺሾܭଵ ଵଵߑଵܪ ଵܺ
ୄሿ ଵܹ

ା െ ଵଶߑଵሻܪ 0
቉ െ  ଵଶሻߑሺݎ

ൌ ݎ ቆ൤
ଵଶߑ െߑଵଶܪଶ

ᇱ

െܪଵߑଵଶ 0 ൨ ൅ ൤
ଵଶߑ 0
0 ሾܭଵ ଵଵߑଵܪ ଵܺ

ୄሿ൨ ൤
0 ଵܹ

ଶܹ
ᇱ 0

൨
ା

൤
ଵଶߑ 0
0 ሾܭଶ ଶଶܺଶߑଶܪ

ୄሿ′
൨ቇ 

						െݎሺߑଵଶሻ. 

  (21) 

We can reapply Lemma 1 (c) to (21) since ࣝ ሺሾܭ௜ ௜௜ߑ௜ܪ ௜ܺ
ୄሿ′ሻ ⊆ ࣝሺ ௜ܹ

ᇱሻ and ࣝ ሺߑ௜௝ሻ ⊆ ࣝሺ ௜ܹሻ hold. Then by using 
Lemma 1 and simplifying elementary block matrix operations, we obtain 

൛߶ଵݒ݋൫ܿݎ െ BLUP భࣧ
ሺ߶ଵሻ,߶ଶ െ BLUP మࣧ

ሺ߶ଶሻൟ൯ 

		ൌ ݎ

ۏ
ێ
ێ
ێ
ێ
ۍ 0 െ ଵܺ െߑଵଵ ଵܺ

ୄ ଵଶߑ 0
െܺଶ

ᇱ 0 0 0 ଶܭ
ᇱ

െܺଶ
ଶଶߑୄ 0 0 0 ܺଶ

ଶܪଶଶߑୄ
ᇱ

ଵଶߑ 0 0 ଵଶߑ െߑଵଶܪଶ
ᇱ

0 ଵܭ ଵଵߑଵܪ ଵܺ
ୄ െܪଵߑଵଶ 0 ے

ۑ
ۑ
ۑ
ۑ
ې

െ ݎ ቈ
0 ሾ ଵܺ ଵଵߑ ଵܺ

ୄሿ
ሾܺଶ ଶଶܺଶߑ

ୄሿ′ 0
቉ െ  ଵଶሻߑሺݎ

		ൌ ݎ

ۏ
ێ
ێ
ێ
ۍ െߑଵଶ െ ଵܺ െߑଵଵ ଵܺ

ୄ ଶܪଵଶߑ
ᇱ

െܺଶ
ᇱ 0 0 ଶܭ

ᇱ

െܺଶ
ଶଶߑୄ 0 0 ܺଶ

ଶܪଶଶߑୄ
ᇱ

ଵଶߑଵܪ ଵܭ ଵଵߑଵܪ ଵܺ
ୄ െܪଵߑଵଶܪଶ

ᇱے
ۑ
ۑ
ۑ
ې
	െ ሾݎ ଵܺ ଵଵߑ ଵܺ

ୄሿ െ ሾܺଶݎ ଶଶܺଶߑ
ୄሿ 

		ൌ ݎ

ۏ
ێ
ێ
ێ
ۍ
ଵଶߑ ଵܺ ଵଵߑ 0 0
ܺଶ
ᇱ 0 0 ଶܭ

ᇱ െ ܺଶ
ᇱܪଶ

ᇱ 0
ଶଶߑ 0 0 0 ܺଶ
0 ଵܭ െ ଵܪ ଵܺ 0 0 0
0 0 ଵܺ

ᇱ 0 0 ے
ۑ
ۑ
ۑ
ې

െ ሾݎ ଵܺ ଵଵሿߑ െ ሾܺଶݎ –ଶଶሿߑ ሺݎ ଵܺሻ െ  ሺܺଶሻݎ

ൌ ݎ

ۏ
ێ
ێ
ێ
ۍ
ଵଶߑ ଵଵߑ ଵܺ 0 0
ଶଶߑ 0 0 ܺଶ 0
ܺଶ′ 0 0 0 ଶܭ

ᇱ െ ܺଶ
ᇱܪଶ

ᇱ

0 ଵܺ
ᇱ 0 0 0

0 0 ଵܭ െ ଵܪ ଵܺ 0 0 ے
ۑ
ۑ
ۑ
ې

െ ሾݎ ଵܺ ଵଵሿߑ െ ሾܺଶݎ –ଶଶሿߑ ሺݎ ଵܺሻ െ  .ሺܺଶሻݎ

    

 (22) 

  

From (22), we obtained the required results in (18) and (19).                                                                                                       ■ 

The following result is an immediate consequences of Theorem 1. 
 

Corollary 1 Assume that ܭଵߚଵ and ܭଶߚଶ	are estimable under models ଵࣧ	ܽ݊݀	 ଶࣧ, respectively, i.e., (6) holds. 
Then  

൛BLUEݒ݋൫ܿݎ														 భࣧ
ሺܭଵߚଵሻ,BLUE మࣧ

ሺܭଶߚଶሻൟ൯   

 

  (23) 
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																		ൌ ݎ

ۏ
ێ
ێ
ێ
ۍ
ଵଶߑ ଵଵߑ ଵܺ 0 0
ଶଶߑ 0 0 ܺଶ 0
ܺଶ′ 0 0 0 ଶܭ

ᇱ

0 ଵܺ′ 0 0 0
0 0 ଵܭ 0 0 ے

ۑ
ۑ
ۑ
ې

െ ሾݎ ଵܺ ଵଵሿߑ െ ሾܺଶݎ –ଶଶሿߑ ሺݎ ଵܺሻ െ  .	ሺܺଶሻݎ

Furthermore, BLUE భࣧ
ሺܭଵߚଵሻ and BLUE మࣧ

ሺܭଶߚଶሻ are uncorrelated if and only if 

ݎ														

ۏ
ێ
ێ
ێ
ۍ
ଵଶߑ ଵଵߑ ଵܺ 0 0
ଶଶߑ 0 0 ܺଶ 0
ܺଶ′ 0 0 0 ଶܭ

ᇱ

0 ଵܺ′ 0 0 0
0 0 ଵܭ 0 0 ے

ۑ
ۑ
ۑ
ې

ൌ ሾݎ ଵܺ ଵଵሿߑ ൅ ሾܺଶݎ ଶଶሿߑ ൅ ሺݎ ଵܺሻ ൅      .	ሺܺଶሻݎ

 

   (24) 

ଵܺߚଵ and ܺଶߚଶ	are always estimable under models ଵࣧ	ܽ݊݀	 ଶࣧ, respectively. Then 

൛BLUEݒ݋൫ܿݎ														 భࣧ
ሺ ଵܺߚଵሻ,BLUE మࣧ

ሺܺଶߚଶሻൟ൯ ൌ ݎ	 ൥
ଵଶߑ ଵଵߑ 0
ଶଶߑ 0 ܺଶ
0 ଵܺ

ᇱ 0
൩ 

																																																																																																					െݎሾ ଵܺ ଵଵሿߑ െ ሾܺଶݎ      .	ଶଶሿߑ

    

   (25) 

In particular, the following statements are equivalent. 

(a) BLUE భࣧ
ሺ ଵܺߚଵሻ and BLUE మࣧ

ሺܺଶߚଶሻ are uncorrelated. 

(b) ߝଵ െ BLUP
భࣧ
ሺߝଵሻ and ߝଶ െ BLUP

మࣧ
ሺߝଶሻ are uncorrelated. 

(c)	ݎ ൥
ଵଶߑ ଵଵߑ 0
ଶଶߑ 0 ܺଶ
0 ଵܺ

ᇱ 0
൩ ൌ ሾݎ ଵܺ		ߑଵଵ	ሿ ൅  .	ሿ	ଶଶߑ	ሾܺଶݎ

We represent the general approach to SUR models in Theorem 1 and Corollary 1. The results in (18), 
(23), and (25) can also be expressed as follows since	Σ௜௞ ൌ σ௜௞ܫ௡, ݅, ݇ ൌ 1,2.  

൛߶ଵݒ݋൫ܿݎ													 െ BLUP భࣧ	ሺ߶ଵሻ,߶ଶ െ BLUP మࣧ
ሺ߶ଶሻൟ൯ 

ൌ ݎ	 ቎
ଵଶߪ ଵܺ

ᇱܺଶ ଵܺ
ᇱ

ଵܺ 0
ܺଶ
ᇱܺଶ 0 ଶܭ

ᇱ െ ܺଶ
ᇱܪଶ

ᇱ

0 ଵܭ െ ଵܪ ଵܺ 0
቏ െ ሺݎ ଵܺሻ െ  . ሺܺଶሻݎ

    

(26) 

൛BLUEݒ݋൫ܿݎ													 భࣧ
ሺܭଵߚଵሻ,BLUE మࣧ

ሺܭଶߚଶሻൟ൯ ൌ ݎ	 ቎
ଵଶߪ ଵܺ

ᇱܺଶ ଵܺ
ᇱ

ଵܺ 0
ܺଶ
ᇱܺଶ 0 ଶܭ

ᇱ

0 ଵܭ 0
቏ െ ሺݎ ଵܺሻ െ  (27)															.	ሺܺଶሻݎ

൛BLUEݒ݋൫ܿݎ													 భࣧ
ሺ ଵܺߚଵሻ,BLUE మࣧ

ሺܺଶߚଶሻൟ൯ ൌ ሺݎ ଵܺ
ᇱܺଶሻ. (28) 
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IV. CONCLUSION 

In this study, we present a general approach to SUR models by giving some statistical properties of 
BLUPs under two SUR models by using some rank formulas of matrices. In order to establish general results on 
predictor/estimator, we consider general linear function of all unknown vectors under models. Especially, we 
establish some results on covariance matrices between BLUPs of unknown vectors under two SUR models by 
addressing the subject theoretically. Although some results related to the predictors under general linear regression 
models can be applied to SUR models, algebraic properties of BLUPs under SUR models need to be clearly 
expressed and the formulations of statistical properties are worth to be considered to obtain more statistical 
inference of the models.  
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