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Abstract

In this paper, numerical solutions of second order initial value problems of Bratu-type equation using predictor-
corrector method is considered. The stability and convergence analysis are investigated. To validate the
applicability of the scheme, two model problems are considered for numerical experimentation. In a nutshell, the
present method improves the findings of some existing numerical methods reported in the literature.
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1. Introduction

In this paper we presented a problem of the form

u"(x)+ A" =0, O=x=<l! 1)

subject to the initial conditions

u(0)=a, u'(0)=y (2)
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where A, and y are constant numbers for #(x) is unknown function.

In numerical analysis, predictor-corrector methods belong to a class of algorithms designed to
integrate ordinary differential equations to find an unknown function that satisfies a given
differential equation. When considering the numerical solution of ordinary differential
equations (ODEs), a predictor-corrector method typically uses an explicit method for the
predictor step and an implicit method for the corrector step. Bratu-Type equation is widely
used in science and engineering to describe complicated physical and chemical models [1]. As
author [2] stated, recently much attention has been given to develop several iterative methods
for solving nonlinear equations of Bratu-type of equations. The nonlinear models of real-life
problems are still difficult to solve analytically. Authors [3], [4] said that there has been
recently much attention devoted to the search for better and more efficient numerical
methods for determining a solution to nonlinear models. Recently, authors [5-9] solves Bratu
type equation using different numerical method but still there is a room for accuracy of the
governing problem under consideration. Therefore, it is important to develop more accurate
and convergent numerical method for solving second order Bratu-type equation. Thus, the
purpose of this study is to develop stable, convergent and more accurate numerical method for
solving initial value problems of Bratu-Type equations. We first linearize the given equation
using quasi-linearization formula and then used fourth order Adams-Bash forth method as a
predictor and Adams-Moulton fourth order method as a corrector. The starting values
(v, u,, u,) were calculated using Runge-Kutta fourth order method.

2. Formulation of the method

Bratu-type of Eq. (1) can be transformed to a linear differential problem using the quasi
linearization method and we get the iterative scheme as

g, () + 2" 4 (x) = Ae™ ™ (u, (x) - 1) (3)
with initial condition
Ui (0)=p and ”1,”1 0)=y 4)

where k=1,2,3, ...

Eq. (3) can be used to compute u, ,(x) provided u,(x)is known. In particular, the initial
approximation u,(x) must be specified so that we computeu, (x). Once u,(x)is known, we
compute u,(x) using Eq. (3) and so on.

Egs. (3) and (4) can be reduced to the equations

Lu=u"(x)+a(x)u(x)=b(x), 0=x=<I, (3)

where, a(x) = Ae"™ and b(x) = 1e" (u(x)-1)
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with initial condition

u(0) = and u'(0) =y (6)

Therefore, the given second order IVP of Bratu equation is linearized to Eq. (5) with initial
condition (6) can be solved by explicit-implicit Adams-Bashforth-Moulton predictor-corrector
method. Eq. (5) can be reduced to first order system of equations using the

substitutions v(x) = #'(x) and V'(x) = u"(x). Then Eq. (5) and Eq. (6) can be re-written as:

{u'(x) =v(x) = F(x,u,v), u(0)=a (7)

V(x) = b(x) - a(x)u(x) = G(x,u,v), v(0)=y

Dividing the interval [0, /] into N equal subinterval of mesh length /4 and the mesh point is
given by x =x,+nh, for n=1,2,..,N-1. For the sake of simplicity let use the notation:
u(x,)=u,, v(x,)=v,, etc. Thus, at the nodal point x, Eq. (7), written as:

(8)

u =F(x,u,v), u)=a
v =G(x,u,v), v0)=y

where  G(x,,u,,v,)=-a(x,)u(x,)+b(x,)

n>

To solve the system of equations given in Eq. (8), we use explicit-implicit multi step methods
that require information about the solution at x, to calculate atx , from the solution at a

number of previous solutions using Runge-Kutta method as self-starter.

For the general case let’s consider the first order nonlinear equal spaced initial value problem
(IVP) of the form

w'(x) = f(xu(x), ulx)=a )

The IVP of the form of Eq. (9) can be solved by using fourth order Runge-Kutta method. The
general fourth order Runge-Kutta method of Eq. (9) is given by [10].

4
un+1 =un +hEWnkn (10)

n=l1
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4
where kn = f(xn + Cnh’ u,+ Ean,jkj)
=

For particular fourth order classical Runge-Kutta method we have:

u

n+1

=un+éh(kl+2k2+2k3+k4) (11)

1 1 1 1
where ko= f(x,u,), k=1, +Eh’”n +5k1), ky = f(x, +§h,u,, +5k2)

k,=f(x, +hu, +k;)

For the fourth order Runge-Kutta method of the system of equations of the form of Eq. (8)
can also be expressed as:

un+1 = un + Ewnkn
n=1
4
vn+1 = Vn + Ewnkn
=t (12)

- 4 4
k,=hF(x,+ch, u, + Eanjkj, v, + Eanjmj)
= =

where

4 4
m, =hG(x, +ch, u, + Eanjkj, v, + Eanjmj)
7= 7=

Eq. (12) can also be simplified to the fourth order of classical Runge-Kutta method as:

u,., =u, +éh(k1 +2k, + 2k, + k)
(13)

n

V.=V, +%h(m1 +2m, +2m, +m,)

where
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k= F(x,,u,, v,) m = G(x,,u,, v,)

k,=F(x +lh,u +lk1,v +lml) m, = G(x +lh,u +lkl,v +lm1)
n 2 n 2 n 2 n 2 n 2 n 2

ky,=F(x +lh,u +lk2,v +lm2) my, = G(x +lh,u +lk2,v +lm2)
222 2272

ky=F(x,+hu, +k,,v, +m,) m, =G(x, +hu, +k,,v +m;)

Using Eq. (13) we can derive the general formula of the linearized Bratu equation of Eq. (8).
Let calculate the values of k, and m, for j=1,2,3 and 4 as follow:

k =F(x,u,v)=u,

m =G(x,,u,v)=-au +b

1 1 1 1 1 1
kz=F(xn+§h,un+5kl,vn+§ml) mz=G(xn+§h,un+zkl,vn+5ml)
! 1 " 1 !
=u +—u, =-a,(u,+—u)+b,
2 2
1 1 1 1 1 1
ky=F(x,+—hu, +—k,,v, +—m,) m,=G(x,+—=hu, +—k,,v,+—m,)
2 2 2 2 2 2
14 " nm 1 14 1 "
=U +—U, +—Uu =—a,(u,+—u,+—u,)+b,
4 2 4
k,=F(x, +h,u,+k,,v, +m,) my =G(x, +hu, +k;,v, +my)
1 1 1 1
=u +u +—u"+—u'? =-a,(u,+u +—u +—u")+b,
2 4 2 4

Using Eq. (13) we can derive the general formula of the linearized Bratu equation of Eq. (8).
Let calculate the values of k, and m, for j=1,2,3 and 4 as follow:

k =F(x,u,v)=u,

m =G(x,,u,v)=-au +b

1 1 1 1 1 1
k,=F(x +—hu +—k,v +—m m,=G(x, +—h,u +—k,v +—m
2 (n 2 n 2 1 n 2 l) 2 (n 2 n 2 1 n 2 1)
' 1 " 1 ’
=u +—u, =-a,(u,+—u)+b,
2 2
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1 1 1 1 1 1
k.=F(x +—hu +—k,,v +—m m,=G(x +—hu +—k,,v +—m
3 ( n 2 n 2 2 n 2 2) 3 ( n 2 n 2 2 n 2 2)
=u;+lu;'+lu’" =—an(un+lu;+lu2)+bn
4 2 4
k,=F(x, +h,u,+k,,v, +m,) my =G(x, +hu, +k;,v, +m;)
! n " 1 ! 1 ” 1 m
=u +u +—u"+—u? =—a (u,+u,+—u, +—u )+b
2 4 2 4

Then substituting these values of £,'s and m,'s (i =1, 2, 3, 4) in Eq. (13) and simplifying the

equations separately for u , and v , we get:

u, =u, +éh(k1 + 2k, + 2k, + k)
(14)

=u, +h(u, +lu;’ +lu”’+iug4))
2 6 24

and the values of v . can also be calculated as follows:

Vo=V, + %h(ml +2m, +2m, +m,)

I I I (15)
=v, -h(au +=au +—au +—au +b)
2 6 24

Therefore the system of equation (13) simplified to:

u,,, =u,+hu + %u;’ + %u;’# %uff‘))
(16)

1 ’ 1 " m
V. =v,—h(au,+ Eanun +—au +—au +b,)

6 24

This equation is Runge-Kutta fourth order formula used to approximate the values of
u,andv, forn=1, 2, 3 since the Adams-Bashforth-Moulton predictor-corrector method
requires these values.
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To solve Eq. (9), we can apply the explicit-implicit multistep method that requires
information about the solution atx ,, from the solution at a number of previous solutions.

To begin the derivation of the multi-step methods, if we integrate the initial-value problem
over the interval[x ,x ], then the following property exists:

u(x,,,)=u(x,)+ ff(x,u(x))dx 17)

where f(x,u(x)) is the first derivative of u(x). To derive an Adams-Bashforth method,
Newton backward difference formula with a set of equal spacing points, x

nil-k> ***

X ., X, 18

n-1> “n>
used to approximate the integral and the fourth order Adams-Bashforth method is given by

2]
h
un+l=un+£[5an—59fn_1+37fn_2—9fn_3]+Tk (18)

where, T, is the truncation error of the fourth order Adams-Bashforth method and is given by:

_23Ls £\ o 19
L=t (&)=00r) (19)

To use Eq. (18), we require the starting values u,, u, |, u, , and u, , which are calculated by

n> “n-1> “n-2
self-starting single step method, Runge-Kutta fourth order method for our case. The fourth
order Adams-Bashforth method for the system of Eq. (8), can be solved using Eq. (18) and it
becomes

=u, +i[55Fn -59F
24

n-1

u +37F,_, _9E1-3]

n+l

h (20)
Vo=V +ﬂ[556n -59G, , +37G,., -9G, ]

Using Eq. (20) we can formulate the general form of the systems of Eq. (8) forn=4.
Therefore, Eq. (20) can be derived as follow:
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Uy, =U,+ %(SSFn -59F,_ +37F,,-9F, ;) 1)

But, since the valuesof F/, F/ |, F,_,and F _,, forn =4, can be calculated using the linearized
system of Eq. (8), we have

Ez = uz;’ E1—1 = ”;,1-1’ El-z = “;;-2» E1-3 = u;;-aa (22)
Then
h ! ! ! !
u,, =u, +—0O5, -9,  +37u, ,-%, ) (23)
24
For
h
V.=V, + Q(SSGn -59G,  +37G, ,-9G, ) (24)

where the values of G, G._, G, _,, G _; are given by:

n-1? n

{Gn = _anun +bn’ Gn—l = _an—lun—l +bn—1’

Gn—2 = _an—2un—2 + bn—2’ Gn—3 = _an—3un—3 + bn—3 (25)
So, Eq. (24) becomes
h
V=V, +—05(-au +b)-59(-a, u  +b _)+37(-a,u, ,+b, ,)

-9(-a,u, s +b,3))

Then summarizing Eq. (23) and (26), we have
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-

u, =u + %(5514; =59 +37u - ;)

n-1

9 vn+1 = vn + % (55(_anun + bn) - 59(_an—lun—l + bn—l) + 37(_an—2un—2 + bn—2) (27)

- 9(_an—3un—3 + bn—3 ))

Therefore, Eq. (27) is the fourth order Adams-Bashforth predictor method for the given
system of Eq. (8).

Similarly, to solve the given nonlinear differential equation using fourth order Adams-
Moulton method, first let’s consider the first order nonlinear IVP of the form Eq. (9) and the

method is derived by using the set of equal spacing points, x X, X

n+2-k> nd n+l*

Integrating both sides of Eq. (9) with respect to x from x to x , we have,

Xn+1

u(x,,,) =u(x), + ff(x,u(x))dx 28)

Replace f(x,u)of Eq. (27) by the polynomial p,(x)of degree k, which interpolates
f(x,u)at k+1 points and Newton backward interpolation formula, gives polynomial of
degree k and the fourth order Adams-Moulton method is given by:

Z’tn+1 = un + i|:9fn+1 + 19ﬁz - Sﬁz—l + 11—2]+ T;
24 (29)

where, the truncation error 7, is given by:

_Z199s 60 ey orns
T(x) = 720hu (&)=0(r") 0

The system of Eq. (8), is then given by
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un+l = un + i|:9};;1+1 + 19E1 - SEt—l + E1—2:|
i“ (31)
V. =V + g[%w +19G, -5G,  +G, ]|

To apply Eq. (31) on Bratu equation, we simplify this equation using the same procedures as
we have done for the predictor (Adams-Bashforth method) above.

That is, the values of F,,F,F ,,F ,and G ,G,, G,_,,G, _,are as calculated for the
predictor method. Therefore, the system of Eq. (31) can be written as:

-
!

h ! ! !
u, =u + —4(9un+1 +19, -5u,_, +u,_,)

v

n+l

h
=V, + 2 O9(-a,,u,, +b, )+19(-au +b)-5(-a, _u,  +b ) (32)

+ (_an—Zun—Z + bn—Z ))

This is the Adams-Moulton corrector formula. We use the fourth order Adams-Bashforth
method as a predictor and Adams-Moulton method as a corrector and we have the following

equations.

! =, + S [SSF, = 59F, . +37F,,~9F.,]

! (33)
Vv =v, +—[55G, -59G,  +37G, , -9G, ]
n+l 24
Where F*n+1 = F(‘xn+l ’upn+1 ’vpn+])
G*n+1 = G(xn+l’upn+1’vpn+l )
y n+l =yn +g[9F n+l +19F;1 _SF;'I—I +EI—2]
(34)

+19G,-5G, , +G,., ]

n+l n+l n-

z6 5=z, + I [9G*
24
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u’ and v’ are calculated from Eq. (34) and applying these equations on the linearized
Bratu equations is the same as combining Eq. (27) and Eq. (32), using Eq. (27) as a
predictor and Eq.(32) as a corrector and it becomes:

Predictor Formula

( h ! ! ! !
u =u +—05, -5,  +37u,_,-u, ;)
24
P h 55 b)-59 b 37 b
9 Vn+1 = vn + g( (_anun + n) - (_an—lun—l + n—l) + (_an—Zun—Z + n—2) (35)
- 9(_an—3un—3 + bn—3 ))
and corrector formula
s . h p . ) ) ,
u., =u + —4(9(un+1) +19u, —-Su, , +u, ,)
c h p
) vn+1 = vn + _4(9(_an+lun+1 + bn+1) + 19(_anun + bn) - 5(_an—1un—l + bn—l) (36)
+ (_an—Zun—Z + bn—Z ))
3. Truncation Error, Convergence and Stability Analysis
Let’s consider the more general multistep method of the following
[U(tk+l) + a]U(lk) + GZU(tk—l) +...+ amU(tkH—m)]
(37)

h
=6 f (6 UG N+ B UE)) +..+ B (Ul )

where ¢; and 8, (fori =1,2,3,..,mand j =1, 2, 3, ..., m) are constants.

Theorem 1: If a sequence of numbers ¢, satisfies
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€t + 0 + P28+t 0,8, =T, (38)

for k = m —1(m = 1)and if all the roots of the corresponding characteristic polynomial

A"+ p A" o AT+ L+ o (39)

m

are less than or equal to one in absolute value, and all multiple roots are strictly less than one
in absolute value, then

le|<M, [max{|e0 eosl@uoi[} + 2,7, wheret, =kh, T = max‘Tj ,and M , isa constant depending

onlyonthe p,.

Definition: The region of absolute stability of a multistep method consists of those values of
ah in the complex plane for which all roots of polynomial

(1= Ba)A" + (e, - Bah)A"™" +(a, - Bah) A" + ...+ (o, - B, ah) (40)

are less than or equal to one in absolute value, and all multiple roots are strictly less than one
in absolute value.

Theorem 2: The multistep method (29) is stable provided all roots of

A"+ A" AT (41)

m

are less than or equal to one in absolute value, and all multiple roots are strictly less than one
in absolute value.

The error terms for the numerical integration formulas used to obtain both the predictor and
corrector are of the order O(h’). Therefore, the local truncation errors of predictor and
corrector are respectively
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251
u(tn+l> - pn+l = %hsu@) (5)

-19 42)
u(tn+l> - un+l = %hsu(ﬂ (él)

where u(¢,,,) is given by Eq. (15) for the predictor and Eq. (20) for corrector and p,  , and
u,, are calculated values for Adams-Bash forth predictor and Adams-Moulton corrector given
by Egs. (16) and (29) respectively

3. Stability Analysis

Some of the most popular higher-order, stable, multistep methods are the Adams methods,
which ensure stability by choosing «, =-1and a, =a; =...=«a, =0.The characteristic

polynomial corresponding to theorem 11is A” — A”~" which has 1 as a simple root and 0 as a
multiple root. Thus these methods are stable regardless of the values chosen for the £, 's.

The values of B 's are determined in order to maximize the order of the truncation error. For
Adams-Bashforth method we can calculate the value of S as [2]:

G N LR R G (Y T @)

4

And also for Adams-Moulton method we have

1 1 1 19
ﬁ():la /))1=_Eo ﬂ2=__> [7’3:__7 ﬂ4_ -

=- 44
12 24 720 ()

Since for all Adams methods the values ofa; =-1 and o, =a;=..=a, =0, the fourth

order Adams-Bashforth method (Eq. 18) and fourth order Adams-Moulton method Eq. (31)
have the characteristic equation of
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oA)=A" -1 =0=1(A1-1)=0 (45)

=> A =11s a simple root and 0 is a multiple root with multiplicity 3.

Therefore, since the simple root is 1, and multiple roots are 0 which is strictly less than 1, by
Theorem 1, Adams-Bash forth and Adams-Moulton methods are stable.

4. Numerical Examples and Results

To demonstrate the applicability of the method, we implemented the method on four
numerical examples To show the applicability and efficiency of the method, we have taken
two examples of Bratu-type model and compared the numerical solutions with different other
numerical methods and exact solution as follow.

Example 1: Consider the Bratu-type initial value problem

y"-2e¢" =0, 0<x<l1
(46)

#0)=0, (0)=0

whose exact solution is y(x) = -2 In(cos(x))

Table 1. The comparison of absolute errors for Example 1 at different values of the mesh size

h with different numerical methods

Absolute errors at 2 =0.1

X Method in[7]  Method in[8] Method in [10] Present Method
0.1 6.7100e-6 4.3876e-13 6.4102e-7 2.8436e-9
0.2 9.5500e-6 4.5402e-10 9.7469e-6 1.2788e-7
0.3 3.3100e-6 2.6638e-8 4.5299e-5 3.9593e-7
0.4 8.0400e-6 4.8488e-7 1.2711e-4 3.4141e-6
0.5 8.4800e-6 4.6664e-6 2.6867e-4 4.4904e-6
0.6 2.0300e-5 3.0124e-5 4.8365¢e-4 6.8988e-6
0.7 7.1500e-5 1.4821e-4 8.3679%e-4 1.1741e-5
0.8 2.9100e-4 6.0039e-4 1.6005e-3 2.1580e-5
0.9 1.0500e-3 2.1074e-3 3.6497e-3 4.2756e-5
1.0 3.5300e-3 6.6498e-3 9.3915e-3 9.2517e-5
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T T T T 1 1 1 1 T
Numerical Solution

—+— Exact Solution

0.8

0.6

Numerical Solution

0.4

0.21

Fig. 1. Plot of exact and approximated solution of Bratu-type equation using predictor-corrector
method for Example 1 with mesh length 4 =0.1.

0.1 T T T T T T T T T

N=10
—k— N=15 rj
—o— N=20

0.09 -

0.08 |-

0.07}- i
0.06|- /N .

0.05]- ,

Error

0.04] \ 4
0.03|- ]
0.02] \ i

0.01| i

Fig. 2. Point-wise absolute error of Example 1 for different values of number of meshes points.

Example 2: Consider the Bratu-type initial value problem

dzy 2 -y
= —-J0 Y ,
ax ¢ (47)

y(0)=0, »'(0)=7

whose exact solution is y(x) = In(1 + sin(zx))
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Table 2. The comparison of absolute errors for Example 2 at different values of the mesh size 4

x Absolute errors at £ =0.1
Exact value Method in [9] Present Method
0.1 0.26928 3.20777e-4 3.4129¢-5
0.2 0.46234 2.37600e-5 5.7752e-5
0.3 0.59278 3.58700e-5 7.9099e-5
0.4 0.66837 8.01000e-5 2.7368e-4
0.5 0.69315 1.19500e-4 4.2841e-5
0.6 0.66837 1.66200e-4 6.8607e-5
0.7 0.59278 2.20200e-4 1.3754¢-4
0.8 0.46234 2.85100e-4 1.8845¢-4
0.9 0.26928 4.03400e-4 2.2350e-4
1.0 2.2204e-16 5.37400e-4 2.1737e-4

0.7

0.6
0.5
Numerical Solution
—+— Exact Solution

S 04
3
®
= 03
2
@
5 o2
z

0.1

0L
-0.1 r r r r r r r r r
0 0.1 0.2 03 04 05 06 07 08 09 1

Fig. 3. Plot of exact and approximated solution of Bratu-type equation using predictor-corrector
method for Example 2 with mesh size 4 =0.1.

07 T T T T T T T T T
N=10
— & N=15
0.6]- U
A —e— N=20
/
0.5 / |
/ \
0.4l ) i
§ \
w \
0.3} \ |
02f ]
01l / i
od : o & o o - -
01 02 03 04 05 06 07 08 09

Fig. 4. Point-wise absolute errors of Example 2 for different values of number of mesh points.
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5. Discussion and Conclusion

This study introduces numerical solutions of second order initial value problems of Bratu-type
equations using predictor-corrector method. The stability and convergence of the scheme are
investigated and established well. The numerical solutions are tabulated in terms of point wise
absolute errors and observed that the present method improves the findings of some existing
numerical methods reported in the literature (Table 1 and 2). Moreover, behaviors of the
numerical solution (Figure 1 and 3) and point-wise absolute errors (Figure 2 and 4) were
shown in figures. According to the plotted figures one can clearly observe that the numerical
and exact solutions agree very well and as number of mesh point increases or as step size
decreases, the point-wise absolute error decreases which clearly indicates the convergence of
the present scheme. Concisely, the present method gives more accurate solution for solving
second order initial value problems of Bratu-type equations.

References

[1] King A.C. Billingham J. and Otto S.R., Differential Equations: Linear, Nonlinear,
Ordinary, Partial. Cambridge University Press, New York, (2003).

[2] Jain M.K., Iyengar S.R.K. and Jain R.K., Numerical Methods for Scientific and
Engineering Computation, Sixth Edition, New Age International Publishers,
(Formerly Wiley Eastern Limited), New Delhi.,2007.

[3] Abdelmajid El hajaji, Khalid Hilal, El merzguioui Mhamed and Elghordaf Jalila, A
Cubic Spline Collocation Method for Solving Bratu’s Problem, IISTE J. Mathematical
Theory and Modeling, 3(14), 2013.

(4] Batiha B.,Numerical Solution of Bratu-Type Equations by the Variational Iteration
Method, Hacettepe J. Math. Stat., 39(1), 23-29, 2010.

[5] Aksoy Y, Pakdemirli M., New perturbation—iteration solutions for Bratu-type
equations. Computers & Mathematics with Applications, 59(8), 2802-2808, 2010.

[6] Duan JS, Rach R, Baleanu D, Wazwaz AM., A review of the Adomian decomposition
method and its applications to fractional differential equations, Communications in
Fractional Calculus.3(2),73-99, 2012.

[7] Moradi E, Babolian E, Javadi S., The explicit formulas for reproducing kernel of some
Hilbert spaces, Miskolc Mathematical Notes, 16(2), 1041-1053, 2015.

[8] Darwish MA, Kashkari BS., Numerical solutions of second order initial value
problems of Bratu-type via optimal homotopy asymptotic method, American Journal
of Computational Mathematics, 4(2):47, 2014.

[9] Habtamu, G.D, Habtamu, B.Y., Solomon B.k., Numerical solutions of second order
initial value problems of bratu-type equation using higher ordered Rungu-kutta
method, International Journal of Scientific and Research Publications, 7(10), 187—
197,2017.

[10] Butcher, J. C., Numerical Methods for Ordinary Differential Equations, John Wiley
and sons Ltd., New Zealand, 2008.

31



