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ABSTRACT

In this paper, we consider a second-order tangent bundle equipped with Sasaki metric over a
Riemannian manifold. All forms of curvature tensor fields are computed. We obtained the relation
between the scalar curvature of the base manifold and the scalar curvature of the second-order
tangent bundle and presented some geometric results concerning with kinds of curvature tensor
fields. Also, we search the weakly symmetry property of the second-order tangent bundle. Finally,
we end our paper with statistical structures on the second-order tangent bundle.
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1. Introduction

The second-order tangent bundle 72 M over an n—dimensional manifold M was constructed in [15] by Yano
and Ishihara. Also, they defined the lifts of tensor fields and connections given on M to T?M. Later, in [7],
Dodson and Radivoiovici proved that a second-order tangent bundle 72M becomes a vector bundle over
M if and only if M has a linear connection. The Sasaki metric g on the second-order tangent bundle 7°M
over a Riemannian manifold (), g) was firstly considered by Ishikawa and studied some properties by local
coordinate in [10]. This metric also studied by some authors. We refer to [5, 7, 8, 9, 3]. In [8], the first and
second authors constructed certain Riemannian almost product structures on 7%M with Sasaki metric g and
also presented some results concerning these structures. They locally calculated all forms of the curvature
tensors on T2M and gave some local results. Also, they presented some geometrical properties of two metric
connections with non-vanishing torsion on (72M, g). In this paper, we study some problems concerning with
the second-order tangent bundle 72 M with the Sasaki metric g and obtain the global results.

We point out here and once that all geometric objects considered in this paper are supposed to be of class
C.

2. Basic notations and definitions

Let (M, g) be an n—dimensional Riemannian manifold with the Levi-Civita connection V and T2M be its
second-order tangent bundle. T2M is the set of all of 2—jets at 0 € R of differentiable mappings f: R — M
and is topologized. Then T2 M is also an 3n—dimensional manifold. The tangent bundle TM of M is the set of
all 1—jets of M and is a 2n—dimensional manifold. The canonical projection 7 : T>M — M defines the natural
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bundle structure of T2M over M. If we introduce the canonical projection 715 : T?M — T M, then T?M has a
bundle structure over the tangent bundle 7'M/ with projection 7.

Let U be a coordinate neighbourhood of M with (z%) as coordinates. The indices 1,7, k, ... take values
{1,2,...,n}. Hence, the system of local coordinates (7' (U),2,u?,z) is induced from a system of local
coordinates (U, 2%) in M. The coordinates (z?,u’, 2%) in 7, ' (U) are called the induced coordinates. By putting

g=al & =ul, & =2,

we write the induced coordinates (z7,u’, z%) as {¢4}. The indices A, B, C, ... run over the range {1,2,...,n;n +
L,n+2,..,2n;2n+1,2n+ 2,...,3n}.

Let X X2 be the local expression in U of a vector field X on M. Then the vector fields X, X1 and
XH2 on T2 M are given, with respect to the induced coordinates {4}, by [3]

X = X99; —w'T}, X"0; — O] X "o,

XM = X995 — 20T, X0

and
Xt = X7o-
J
with respect to the natural frame {04} = {9;,0;, 0} in T2M, where C’Z = szim + uum (0T, + I‘hmI‘Zi -
214, T ), T are the coefficients of the Levi-Civita connection V on M and 9; = %, o= %, 0= = 321. For
the Lie brackets of the vector fields X0, X*1 and X#2 on T?M, we have the following formulas:
[XHo yHo| = [X,Y]™— (R(X,Y)u)H ~ (R(X,Y)w )Ha
XHo yH] = (V)™ [XHo yH] = (VxY)™ 2.1)
XHa YHY| =0, 0,b=1,2

where R is the Riemannian curvature tensor field of V on M defined by R (X,Y) = [Vx, Vy] - V[x y; and
where w is locally expressed by w’ = z* + u*u"T . (for details, see [6]).

3. Curvature properties of the Sasaki metric

The Sasaki metric on the second-order tangent bundle T7?M over a Riemannian manifold (M, g) is defined
by the identities:

{ g(XHe YY) = g(X)Y), a=b (3.1)

GXHYH) =0, a#b

for all vector fields X, Y on M, where a,b=0,1,2.
For the Levi-Civita connection V of g on T?M, we have the following proposition.

Proposition 3.1. Let (M, g) be an n—dimensional Riemannian manifold and T?M be its second-order tangent bundle.
The Levi-Civita connection ¥ of g on T M is given by the following conditions

VYo = (VxY)Ho + L(R(Y, X)u)™ + J(R(Y, X)w)'2,
Vi YHo = L(R(u, X)Y)Ho, €XH Y = L(R(u ,Y)X)H“ + (VxY)Hr |
VXHQYHO = 1(R(w,X)Y)H0, Vo Y H2 = %(R( Y)X YHo + (VxY)H2,
VXHIY 1 =0, VX}-IZY =0, VXH2 YHz = VXHIY 2=0

for all vector fields X, Y on M (see also [5]).
Let F: T2M — T?M be a smooth bundle endomorphism. Then we define the lifts of F :

FHo (y, ZuF Ho - pHi(y, ZuF , F2 (y ZuF
FHo (y ZwF Yo, PP (w Zw Py ZwF
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Also, we obtain with the direct standard calculations

Vymu! = XM (u') = —uTi, X",
ele’ui = Xi, enguiZO, %XHQCUZ.:XZ.,
Vymw' = —Ci XM, Vymw' = —2uT?, X"

We shall now turn our attention to the Riemannian curvature tensor R of the Levi-Civita connection V of g
on T2 M. Firstly we give the following useful Lemma:

Lemma 3.2. Let (M, g) be a Riemannian manifold and ¥ be the Levi-Civita connection of (T2M,§). Let F : T2M —
T?M be a smooth bundle endomorphism, then

Vi P (u) = (VxF )™+ L(R(F (), X)w)™ + L(R(F (u), X)w)™,
Voo P () = S(R(u, F () X)™ 4 (VxF ()™,

VamoF (1) = (R, F () X)™ + (ViF ()™,

Vaom F0(w) = (FO)N™ + S(R(w, X) F (w),

Vam P (w) = (F ()™, Fyom P () = (F ()™,

Vi, FHO(u) = 0,V ym FH (u) =0,V ym, FAY (1) = 0,V 1, F72 (u) = 0,
Vim0 @) = (VxF @)™+ S(R(F (@), X)0)™ + S(R(F (), X)),
Vi P (@) = (R F() X)™ 4 (VxF (@)™

Van F (@) = (R, Fw) X)™ 4 (VxF (@)™,

Vam P @) = (RO X) F@)™, T F () = 0, o, 7 () = 0,
Vm F0 () = (FOO)™ 4 J(R(w, X) F (@)™,

Vam P () = (FXO)™, Vo P () = (F (X))

for any vector field X on M and u,w € T?M.

In [5], Dida, Hathout and Djaa studied the geometry of the Sasaki metric g on 72 M. Their results are partially
contained in Proposition 3.1 and Lemma 3.2. In their paper authors attempt to calculate the Riemannian
curvature tensor field ﬁ, the sectional curvature tensor field K and the scalar curvature S but unfortunately
their calculations are wrong. They missed some parts of the Riemannian curvature tensor R. In the rest of this
section we shall correct the error and obtain valid expressions for R, K and S. Also note that local results for
T?M with g were given in [8].

For Riemannian curvature tensor field R of the Levi-Civita connection V of gon T?M, we have

Proposition 3.3. Let (M, g) be a Riemannian manifold and T?M be its second-order tangent bundle equipped with the

Sasaki metric . The curvature tensor field R of the Levi-Civita connection V of § on T?>M is given by the following
formulas:

i)R (X Ho,yHo) zHo
R(X,Y)Z+ Y [R(u,R(Z,Y)u)X — R(u, R(Z,X)u)Y — 2R (u, R (Y, X) u) Z]
= +%[R(w,R(Z,Y)w)X—R(w,R(ZX)w)Y—2R(w,R(KX)w)Z]H° ,
+HVXR(Z,Y)u - VyR(Z,X)u}™ + HVXR(Z,Y)w — VyR(Z,X)w}"™

www.iejgeo.com
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i) R (X, yHo) zMo
1 o
_ {_2 (VyR) (u, X, Z)}

Hy

+{;R(Z, V)X - iR(R (u, X) Z,Y)U}Hl + {iR(R (u, X) Z, Y)W}

iti) R (XHo, yHo) zHh
= SUTXR 0 2)Y — (Vy ) (1, 2) X}
H,
+{R(X,Y)Z+ i [R(R(u,Z)Y,X)u— R(R(u,Z))QY)u]}

$HR(R (0, 2)Y, X)w ~ R(R(u, 2) X,Y) w}™,

w) R (XM, yH)zH

Hop
- {R(X,Y)Z+1[R(u,X)R(u,Y)Z—R(u,Y)R(u,X)Z]} ,

4

V)R (X yHo) ztHh

= {;R(X,Z)YJr iR(u,X)R(u,Z)Y} 0,

vi)  R(XM2 yHo) zHo
_ { L (v R) @ >}H°+{1R<R<w,X>Z,Y>u}Hl
{;R(z Y)XJR(R( X)Z,Y)w}H2,

vii) R (Xt yHo) zHa
1
= {VxR®,2)Y - VyR(w,2) x

+A{R(R(w,2)Y,X)u— R(R(w,2) X,Y)u}™

Hy
+ R(X,Y)Z+1[R(R(w,Z)Y,X)w—R(R(w,Z)X,Y)w]} ,

4
XHz’ YHQ) 7Ho

Ho
R(X,Y)Z-l—i[R(w,X)R(w,Y)Z—R(w,Y)R(w,X)Z]}

viii)

—~~ = =
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D H H H. 1 flo
z) R(xM yHo)zH: - {4R(u7X)R(w,Z)Y} ,
wi) R (XM, yHz) zHo = i{R(u,X)R(w,Y)Z—R(w,Y)R(u,X) Z}Ho,

Ho
zii) R(XHo yH)zm = - R(w,Y)R(u,Z)X} :

] =

—

Hop
ziii) R (XM, yHo)zH = R(w,X)R(u,Z)Y} ,

—N
-

ziv) R(XH yH)zH = o, R(X™,vH)zH: =0, R (X yH2) zH2 = 0,
av) R (XM, yH2) zH = 0, R(XM2,yH2) zHr = 0, R (X2, yH2) zH2 =0
for all vector fields X,Y on M.

Proof. Here we only prove ii). The rest either come immediately from the direct standard calculations or can be
proven by following the same method in the proof of ii). In here, we omit standard calculations and repetation.
Let Fy, F», F3:T?*M — T?M be the bundle endomorphisms given by

1
Fu— §R(Z,Y)u7

1
Frw— §R(Z,Y)w,

Fy:u— %R(mX)Z.
By using Proposition 3.1, Lemma 3.2 and above equalities, we find
R (X, yHo) zHo
= Vym Vyuo 270 —VyuoV xm, ZHo —ﬁ[XHl v ZMto

— Ty [(VYZ)HO + %(R(Z, V) + %(R(Z, V)2

Hyp
~ 1 ~
~VyHo {2R (u, X) Z} + Vg, xym ZT

= SR X)Vy2)™ 4 (Fy (X)™ — (Vy Fy ()™
S (R(Fs ), V) )™ — (R (F (), Y) )™

1
+§(R (u, Vy X) Z)"

_ %{R(u,X)VyZ+R(U7VYX)Z_VYR(“’X)Z}HO
(e “
+ 2R(Z,Y)X—4R(R(u,X)Z7Y)U}
Hy
+{_iR(R(u,X)Z),Y)w}
Hop
_ {—;(VyR)(u,X,Z)} +{ _

+{iR<R@%X>z%qu}H5

O
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For the sectional curvature tensor field K of (T2M, j), we have the following.

Proposition 3.4. Let (M, g) be a Riemannian manifold and T?M be its second-order tangent bundle equipped with the
Sasaki metric g. The sectional curvature tensor field K on T?M satisfies the following:

i) K (xHo yHo) = K(X,Y)—%<|R(X,Y)u|2+|R(X,Y)w|2),
i) K (Xt yHo) = i|R(u7X)Y|2,

iii) K (X M2,y Ho) i IR(w,X)Y|*,

w) K (x™ vy = 0, K (X% y") =0,K (X", vH2) =0

for any orthonormal vector fields X and' Y on (M, g), where |.| denotes the norm with respect to the Riemannian metric
g.

Proof. Let K(X,Y) be the sectional curvature tensor field of the 2—dimensional section generated by
orthonormal vectors X, Y, that is:

K(X,Y)=3( (1% ()Z’?) 37,)?) .

) If X = XHo 'y = yHo then

{ -3 -3 Ho H)
R(X,Y)Y+R(u,R(Y,X)u)Y+4R(w,R(Y,X)w)Y] , X Ho

_ g(R(X,Y)Y+—zSR(u,R(Y,X)u)Y+_?’R(w,R(Y,X)w)Y,X>
4 4
= G(RIXY)Y,X)~ Sg (R R, X))V, X) ~ 29 (R(w, R(Y, X))V, X)

— K(X,Y)- g (|R(X,Y)u\2 + \R(X,Y)w\2> :

where K (X,Y) is the sectional curvature tensor field on M.
i) If X = XY = Yo, then

K (xM yH)y = 3

i) If X = XH2 Y = Yo, then

(XHz YHO) y Ho XHQ)
Ho
R(R(w,X)Y,Y) ] ,XH2>

g(R(R(w,X)Y,Y)w X):i|R(w,X)Y|2.

O

Other cases being zero. In here we used the definition of the Sasaki metric g and Proposition 3.3.
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Proposition 3.5. Let (M, g) be a Riemannian manifold and T?M be its second-order tangent bundle equipped with the
Sasaki metric g. Let S be scalar curvarture of g and S be scalar curvature of g. Then the following equation holds

m

Il 1 2 2
S=5-1 Zl (1R (X0, X,) uf? + 1R (X0, X))
1,]=
where { X1, ..., X} is a local orthonormal frame for M.

Proof. Let {X1,...,X,,} be an orthonormal basis for the tangent space 7,,M at the point p. Then we can define
lifts by X =y, x; =Y, ., and X, = Yom+i- In the case, the set {Y1, Y5, ..., Y3, } is an orthonormal basis
for the tangent space T(p,uw)T?M with respect to the Sasaki metric g. Proposition 3.4 immediately gives

3m
i,j=1
3m N "
= Y R(xM, X;M0) 4 K (XM, X,
ij=1
FK (X2 XM) 2K (XM, x4 2K (X, X2
12K (X, x;M2)

3m

= 3 (R - IR ) - IR () ol

ig=1
1 2 1 2
+2 1|R(U7XJ)X'¢\ +2 Z|R(W’Xj)Xi|

from which we get, using |R(u,Xj)Xi|2 = \R(Xi7Xj)u|2,

3m

S=s-1% (|R(XZ-,Xj)u|2 + \R(Xi7Xj)w|2) :

ij=1
O

Let us assume that (M, g) be an m—dimensional Riemannian manifold of constant sectional curvature «, that
is:
R(X,Y)Z = r(g(Y,2)X — g(X, 2)Y)

and the scalar curvature S is given by S = km(m — 1).

Corollary 3.6. Let (M, g) be a Riemannian manifold of constant sectional curvature x and T?M be its second-order
tangent bundle equipped with the Sasaki metric g. Then

K (XHo, yHo) = k- ZKJQ (g(u,Y)2 + g9(X, u)z)
2 (90w, V) + g(X,0)?).

K (xM yH) = in'é’g(u,y){

K (XHQ,YHD) = iFLQg (w,Y)?

for any orthonormal vector fields X, Y on T?M.

Corollary 3.7. Let (M, g) be a Riemannian manifold of constant sectional curvature r and T?M be its second-order
tangent bundle equipped with the Sasaki metric g. Then, the scalar curvature S is given by

S =rm(m—1)— %f;?(m — 1) |uf® - %FJZ(m —1) w]?.

www.iejgeo.com


http://www.iej.geo.com

Some Problems Concerning with Sasaki Metric

4. Weakly symmetry properties of the Sasaki metric

A Riemannian manifold (M, g) is called weakly symmetric if there exist two 1—forms a;, as and a vector
field A on M, such that: [4]

(VwR) (X,Y,Z) (4.1)
= a1 (W)R(X,Y)Z+as(X)R(W,Y)Z +as (Y)R(X,W)Z
+on (Z)R(X, Y)W +g(R(X,Y)Z,W) A,

where A = (ag)# and «,;¢g” = of = o, that is, A is the g—dual vector field of the 1—form as. In [1], Bejan
and Crasmarenu proved that the weakly symmetry property of the Sasaki metric on the tangent bundle is
equivalent to the flatness of the base manifold, generalizing the result obtained in [2] by Binh and Tamassy. In
this section we consider the result to extend for (72%M, g).

Theorem 4.1. Let (M, g) be a Riemannian manifold and T*M be its second-order tangent bundle equipped with the
Sasaki metric g. (T?M, g) is weakly symmetric if and only if (M, g) is flat, and hence (T*M, §) must be flat too.

Proof. In the proof, we follow the method used in [1] using Proposition 3.3. In view of Proposition 3.3,

R = 0 immediately gives R =0 and so we have (4.1) as null equality. Firstly, consider the condition (4.1) for
WHo XHo yH: and ZH2 and we find

ay (WHo) R (XHo YH2) ZH2 4 ay (XH0) R (WHe, Y H2) ZH> (4.2)
tag (YH2) R (X Ho, WHo) ZH2 o, (ZH2) R (X Ho, Y H2) WwHo
+§ (R (X Mo, yHz) ZzH2 WHo) (ap)*

Ho
Vi [—;R(Y, Z)X - iR(w, V)R (w, 2) X}
-R ((VWX)H" + GR(X, w) u) " + <;R(X, W) w) H2,YH2> ZH>

Ho
-R (XH", (;R(M,Y) W> + (VWY)H2> ZH:

Ho

—R (X Mo, yHz) (; (R(w,Z)W) + (VWZ)H2>

Secondly, consider the H; part of the two sides of the above equation, we obtain

as (Y2) <R (X, W) Z + iR(R(w,Z) W, X)w — iR(R(w,Z) X, W) w) 4.3)
+ag (277) (—;R(W, X)Y + iR(R(w,Y) W,X)w)

R(Y,Z)X + iR (w,Y) (w, Z) X, W) ™

=
=

Y,Z)X,W)w—i—éR(R(w,Y)R(w,Z)X,W)w

1 ( R(X,R(w,Y)W)Z+iR(R(w,Z)R(w,Y)W,X)w )
2 ~R(R(w,2)X, R(w,Y)W)w

1
4l

R(R(w,Z)W,X)Y—i—iR(R(w,Y)R(w,Z)W,X)w)

www.iejgeo.com
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By setting Y = w and Z = w respectively we get

Qs (sz) (R(X,W)Z—i— (R(R(w,Z2)W,X)w—-R(R(w,Z) X, W)w)) 4.4)

e~ =

+a (Z2) (—;R(W,X)w> ] <;R(w,Z) X, W> ap®
- iR(R(w,Z)X,W)w—ir iR(R(w,Z)VV,X)w
and

as (w?) (—;R(W, X)Y + iR(R (w,Y) W,X)w) (4.5)
tog (YH) (R(X,W)w) — (;R(Y, w) X, W> ™

— iR(R(Y,w)X,W)wf%R(X,R(%Y)W)W'

On replacing Y by Z in (4.5), then
a (W) (;R W, X)Z+ iR (R(w, Z) W, X) w> 4.6)

1
+az (Z")R(X,W)w—3 <2R(Z, w) X, W> a?

= iR(R(Z,w)X,W)w— %R(X,R(w,Z) W)w

and by summing (4.4) and (4.6) we get
3
502 (27) R(X, W)w (4.7)
s () (23(;(, W) Z + %R (R (w, 2) W, X)w — iR (R(w, 2) X, W) w)

_ _%R(Xﬁ(w,Z) W)w.
The equation (4.7) with Z = w reduces to
oo (sz) R(X,W)w=0. (4.8)

Hy
If o (w'’2) # 0, then the result follows. Suppose now that as (w/2) = 0 then ((aQ)#> = 0. Returning to (4.4)

it results

az (Z12) <—;R(W,X)w> = iR(R(w,Z) X, W)w+ iR(R(w,Z) W, X)w

from which, by exchanging W and X , we obtain
RRw, Z) X, X)w=0
and when we take the inner product with Z, it follows that
g(R(w,Z)X,R(w,Z)X)=0.

Thus,
R(w,Z)X =0.

Again the g—product with an arbitrary Y gives:
g (R(X,Y)w,Z) =0.

For Z being an arbitrary vector field we have R (X,Y)w =0, for every X, Y and w. So we have R = 0 which
completes proof. O

www.iejgeo.com
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5. Statistical structures on the second-order tangent bundle

Let V be an arbitrary linear connection on a (pseudo-)Riemannian manifold (17, g). Given the pair (V, g), we
construct the (0, 3)—tensor field F' by
F(X,Y,2) = (Vz9)(X,Y)

for any vector fields X,Y, Z on M. The tensor field F is sometimes referred to as the cubic form associated to
the pair (V, g).

For a symmetric bilinear form p on a manifold M, we call (V,p) a Codazzi pair, if its covariant derivative
(Vp) is totally symmetric in X, Y, Z: [14]

(Vxp) (Y. Z) = (Vyp) (X, Z) = (Vzp) (X, Y). (5.1)
In terms of the cubic form F, this condition is stated
F(X,Y,2)=F(Z,Y,X)=F(Z,X,Y)

i.e., the condition (V, g) being Codazzi pair is equivalent to /' being totally symmetric in all of its indices. Now,
we search the conditions under which the pair (V", g) is a Codazzi pair on 72M. We first define the horizontal
lift of the torsion-free linear connection V on M. The horizontal lift V" of V to T2 M is a unique classical linear
connection on 72 M satisfying

Vi, Y = (V) v, v =0 (5.2)

for all vector fields X,Y on M, wherea =1,2,b=0,1,2 [6].

Theorem 5.1. Let V be an arbitrary linear connection on a Riemannian manifold (M, g) and T*M be its second-order
tangent bundle with the Sasaki metric g. The pair (V",q) is a Codazzi pair on T? M if and only if V is a metric connection
with respect to g.

Proof. Firstly we compute the covariant derivative of the Sasaki metric g with respect to the horizontal lift
connection V" for all vector fields X,Y, Z on M,

(Vi ) (Y He, ZHv) = (Vxg)(Y, Z), fora=b=0,1,2
(VH&H@(W@,sz) =0, fora#b (5.3)
(Vi g)(YHe, ZHv) = 0, fora,b=0,1,2and ¢ = 1,2.

For all vector fields X,Y, Z on T2 M, the Codazzi equation on T2M with the Sasaki metric with respect to the
horizontal lift connection V" is given by

(VEP(Y,Z) = (VEG)(X,Z) = (VEG)(X,Y).
If X = XHo, YV = YH:1, 7 — 7H1 then

(Vi) (YT, 2T = (Via, g) (X0, 21
(Vxg)(Y,Z) = 0.

In the case, from (5.3), we can say that the pair (V",g) is a Codazzi pair on 7?M if and only if V is a metric
connection with respect to g. O

We know, the horizontal lift connection V" of a linear connection V has a torsion. Next we introduce a new
connection without torsion so-called a mean connection. With help of the horizontal lift connection and its
torsion tensor, the mean connection defined by [13]

- ~ 1 U
mys _ wh ~mh
VXY = VX«Y — 2T (X,Y)
where T" is the torsion tensor of the horizontal lift connection V". The torsion tensor of V" is given by

THX Mo,y o) = (T(X,Y))o + (R(X,Y)u)™ + (R(X,Y)w) "2
Th(XHa YHv) =0, fora,b=1,2.
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Hence, the mean connection V™ satisfies

1 1 1
R YT = (VxY - §T(X7Y))H" - 5 (B(X, Y)u)ft — 5 (BR(X, Y)w)*e,
Vi Y = (VxY)™ forb=1,2
”X”LHQYH” = 0,fora,b=1,2.

In the rest of the paper, we consider a torsion-free linear connection V on a pseudo-Riemannian manifold
(M, g). In the case, if (V,g) is a Codazzi pair which characterizes what is known to information geometers
as statistical structures, then the manifold M together with a statistical structure (V, g) is called a statistical
manifold. The notion of statistical manifold was originally introduced by Lauritzen [11]. Statistical manifolds
are widely studied in affine differential geometry [11, 12] and plays a central role in information geometry.

As is known, the torsion tensor of the horizontal lift connection V" of a linear connection V is zero if and
only if the connection V is flat. Thus, from Theorem 5.1, we immediately give the following result.

Corollary 5.2. Let V be the Levi-Civita conection on a Riemannian manifold (M, g) and T? M be its second-order tangent
bundle with the Sasaki metric g. The pair (V",q) is a statistical structure on T?M if and only if (M, g) is flat.

Theorem 5.3. Let V be an arbitrary linear connection on a Riemannian manifold (M, g) and T*>M be its second-
order tangent bundle with the Sasaki metric g. The pair (V™,g) is a statistical structure on T>M if and only if
V is a metric connection with respect to g, its Riemannian curvature tensor is zero and its torsion tensor satisfies
29(T(X7Y)7Z) :g(X7T(Y7 Z)) _g(KT(X’ Z))

Proof. Applying the covariant derivation operator V™ to the Sasaki metric g, we find

(Vg 9) (Yo, ZHo) = (Vxg)(Y, Z)
—i—%g(T(X, Y)7Z)+ %Q(KT(X7 Z)),
?HOE)(YHG,ZH*’) =(Vxg)(Y,Z), fora=b=1,2
(Vi g)(YHo, ZH) = 2g(R(X,Y )u, Z),
(Vi 9) (Yo, ZM2) = 5g(R(X,Y )w, Z),
(Vi) (YHe ZHe) =0, fora #b=1,2
(V2. g)(YHe ZHv) =0, fora,b=0,1,2and ¢ = 1,2.

for all vector fields X, Y, Z on M.
If X = XHo, Y =YH, 7 =7H then

(Vimg) (Y™, 250) = (Vi g)(X ™0, 2T) (54)
(Vx9)(V,2) = 0.

If X = Xt Y = yth, 7 = 711, then

(Vi g)(YHo ZHy = (Wl g) (X Ho, Y Ho) (5.5)
g(R(X,Y)mZ) = 0.

If X = XHo, Y = YHo, 7 = zHo, using (5.4), we derive

(v;L(Hog)(YHOaZHO) = (VQ/HO@(XH(]vZHO) (56)
1 1 1 1
QQ(T(X,Y),Z) = g(XvT(sz))_g(YvT(sz))
Therefore, (5.4)- (5.6) give the result. O
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