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Abstract

In this study, we first give a description of Lp(') (Q)spaces. These spaces are an important generalization of
classical Lebesgue spaces. We mention their various applications in engineering and physics fields. Thereafter,
as it is naturally, one of the main task in Lp(') (Q)spaces is to generalize known properties classical Lebesgue

spaces L° (Q) to LPV (Q) spaces. Provided that measure of the set € is finite, we extend a theorem which
about a closed subspace of Lp(') (Q) space, from constant exponent to variable exponent. Our proof method based
on embedding between Lp(‘) (Q) -LP ( Q) spaces and the proof of constant case. The essence of the method is

to take advantage of properties of Hilbert space L* (Q) , and also based on the use of the closed graph theorem

and finite measure of the set€2 .
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L"Y () nin Kapali Bir Alt Uzay1 Uzerine

Oz
Bu calismada o6nce Lp(') (Q) uzaylarini tanitiyoruz. Bu uzaylar klasik Lebesgue uzaylarinin 6nemli bir
genellestirmesidir. Bunlarin miihendislik ve fizikte bulunan cesitli uygulamalarma deginiyoruz. Sonra, dogal

olarak beklenildigi gibi, Lp(') (Q)uzaylarmdaki en onemli islerden biri L” ( Q) klasik Lebesgue uzaylarinin
bilinen ozelliklerini Lp(') (Q) uzaylarma genellestirmektir. €2 kiimesinin 6lgiimii sonlu olmak kosulluyla,
Lp(') (Q)mn bir kapali alt uzay ile ilgili bir teoremi sabit iisliiden degisken iisliiye genisletiyoruz. Ispatimizin
yontemi Lp(') (Q) -LP (Q) uzaylar1 arasindaki gomiilmeye ve sabit durumun ispatina dayanmaktadir. Yéntemin

esast L (Q) Hilbert uzayinin ozelliklerinin avantajlarindan yararlanmak ayrica kapal grafik teoremi ve €2

kiimesinin sonlu 6l¢imlii olmasina dayanmaktadir.

Anahtar kelimeler: Degisken Us, Lebesgue Uzayi, Kapali Alt Uzay.

1. Introduction

The variable exponent Lebesgue function spaces Lp(‘)(Q) are a quite important and very useful

generalization of the classical Lebesgue function spaces L° (Q) LPV) (Q) spaces are obtained by
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substituting the variable exponent p () for constant exponent p . The variable Lebesgue spaces are not

only important for purely theoretical reasons but have broad applications, e.g. partial differential
equations, the calculus of variations [1-4], in the context of engineering and physical: the modeling of
electrorheological fluids [5], (electrorheological fluids are substances whose flow properties vary when
subjected to an electric field), hydromechanics of quasi-Newtonian fluids [6], analysis of fluid flow in

porous media [7], magnetostatics problems [8], and image reconstruction [9]. The basics on LPO) (Q)
spaces may be seen in the crucial articles by Kovaéik and Rakosnik [10], and Fan and D. Zhao [11].
Also, for a monograph treatment and a general discussion of LPV) (Q) spaces we refer the reader to
[2,3].

Let Q< R" be a measurable set. An variable exponent function p(.) is defined to be a
bounded measurable function satisfying p(.):Q —[1,00). Let E = Q some notations about p(.)
defined as follows
P =esssup p(x), Pg :essixm; P(X), P =P P =Ps.

xeE €

We will always impose p* <oo restriction to exponents without even mentioning it, in other
words, we always assume that p* <oo. We use the notation |E| for the measure of the a Lebesgue
measurable set E — 2. We will usually need to distinguish between variable and constant exponents,
therefore, variable exponent function will be shown by p()

Definition of variable exponent Lebesgue spaces Lp(‘)(Q) and that of L”(Q)spaces look

alike. L°V (Q) is the space of all measurable functions u:€2— R whose modular functional satisfy
p(x)
pLD(-)(Q)(u):IQ‘u(X)‘ dX<OO

condition. We give a norm (called the Luxemburg norm) on LPO) (Q)function space by setting

. _ u
o, =int {,1 >0p u < 1} .

This norm makes L") (Q) space a Banach space [10]. One labour-saving property of these
spaces is that [10]

pr(‘)(Q) (un ) -0 < ”un“Lp(_)(Q) —0.

If u=0, then it is not hard to see the value of norm is 0, but we can not replace 1 =0.
Therefore, apart from special case u=0, the infimum in the definion of Luxemburg norm can always

be obtained. In other words, given Q and p(.), then
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forallu e LPV (€2) except u=0[2].
Also, when p(X)=p , a positive constant, the space LPV) (Q) coincides with the classical
Lebesgue space L”(€2) and the norm |u] s, () Teduces to the standard lull,s @) :( | Q|u(x)|p dx)E

normin L° (Q) space. We recall some more essential properties of variable Lebesgue spaces. We will
use some of them even without any mention since they are basic tools of L0 (Q) spaces. Similar to

constant case, for given p(.), conjugate variable exponent p’(.) can defined by setting

+ =1 xeQ.

p(x) P'(x)

Given p(.), ue L’ (Q) and v e L"™ (). Then the product uv is an element of L' (€2)and Holder
type inequality

J o<zl ]
Q POy PO

holds [10].

In [10,11], given p() and Q, then the following advantageous relations between norm and
modular hold

i) ”u”m»(m <1(=1>1) < Py (u)<1(=1>1)

)

oy @=(H,, )
)

P gy (W) S (||U||Lp(_)m) j

Lemma 1.1. [2,10] Let Q be a measurable set satisfying |Q| <o and given exponents p(.), q(.)

such that p(x)<q(x). Then the inclusion L9 (Q)c LP) () holds. We also have the following
inequality

IA

N
i) Ju]  >Lthen (||u|| J
Lp(')(Q) LAl )(Q)

IN

§
i) Ju]  <Lthen (||u|| j
PUq) PO

<ol ®
LPU(@) Q)

We also need to recall the well-known result from functional analysis as known closed graph
theorem: Let B, and B, be any two Banach spaces. If H :B, — B, is any closed linear map, then

H is bounded.

Lemma2.1. Let ¢,4,,...,4 be pairwise orthogonal vectors in an inner product space. Then
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- ;Hqﬁi H

29

holds [12].
2. Main Results

The constant exponent case of the following theorem was proved in [13], ( see also [12]). In fact, our
proof of the following theorem based on latter.

Theorem 2.1. Let Q < R" be a measurable set such that |Q| <o, IfV isaclosed subspace of variable

Lebesgue space L") () that satisfying V < L™ (Q) . Then the space Vi finite dimensional.

Proof. Let definemap 1:V — L (Q) by I (u)=u. Givenasequence {u,}inV suchthat u, —u
inV and I (u,)=u, = ¢ in L”(Q). Since |lu, (x)—¢p(X)

norm convergence are equivalent, so there is a positive integer N such that for all N> N we have the
following inequality

J.

(@) — 0 and modular convergence and

.
L@(fz)) ax

.
) 19}

u, ()= (0" ax< [ (Ju. (x)=0(x)
= (Iu, ()= (x)

Then we have jQ|un (x)—(p(x)|p(x) dx — 0 asn—>o0. Hence from the uniqueness of limit

u=¢ ae. on Q. This indicates that the graph of map| is closed. Therefore, by the closed graph
theorem there is a constant a > 0 such that for all u eV we have

Ju

o <l @

From (1) and (2) we have for all u eV

Ju

calul  <a(elo]
L(Q) P (@)

Since p* is a constant, from argument that used in the proof of clasicall case [see 12,
Theorem13.34] there exists a constant b >0 such that

jul <Dl @

LP (@)
Hence we have

u

o) S ba(1+]€2)u

(4)

(@)
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(The rest proof of the theorem is same as classical case but for sake of completeness we write it
here.) Now we have replaced V inside L*(€). By considering various advantages features of L (Q)

we can prove that V. must be finite dimensional. Let {vl, Vy, oy vn} be a set of linearly independent
functions in V ; without loss of generality, we can accept that these functions are orthonormal in
L*(€2) space. Hence

0, ifi#]j,

IQvi(x)vj(x)dx:{ll ——

2
We will show that n < (ba(1+|Q|)) Q2] For each rational numbers r=(r,, r,, ... I, ) such

n
that >(r, )2 <1. Consider a function

i=1

H, = Zn:rivi.
i=1

Since V is a vector space, we have H, €V . By lemma 2.1. we have

Moo =2|  ~(Z07] <1
i=1 LZ(Q) i=1
By (4) we have
[ oy <B2(1+ O, <bR(L+[0),

Hence there is a set of |A.|=0 such that

< ba(1+|Q|)

gnvi (x)

forallxe Q\' A.. Let A represent the union of the countable collection of all sets E, taken

n
over all rational numbers r =(r,, r,, ... ,f,) such that Z(ri)2 <1.Then we obtain
i=1

<ba(1+]Q)) (5)

gnvi (x)

for all xeQ\ A and any choice of rational numbers r =(r,, r,, ... ,rn) such that i(ri)2 <1.By
i=1

continuity, inequality (5) is valid for every real numbers r :(rl, r, .. ,rn) such thati(ri)2 <1.
i=1

But, for any x satisfying this relation, we must have
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> I (0 = (va1+ ) ®

Moreover, this inequality is valid a.e. on Q. From (6) we have

Igiz:]vi (x)|2 dx < Ig(ba (1+|Q|))2 dx.

Then, by taking integration, we obtain n < (ba (1+|Q|))2 9] . This complete the proof.
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