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1. Introduction
In this paper, we investigate some numerical approximations of the quenching time of the solutions to the following nonlinear
reaction-diffusion equation

1

—, 0 L0<t<T 1.1
Gy 0<F<LO<i<T, (1.1)

ur(x,1) =y (x,1) +

subject to the initial condition u(x,0) = 0 and two types of boundary conditions, i.e., the zero Neumann boundary condition
uy(0,1) = uy(L,1) =0, (1.2)

and the zero Dirichlet boundary condition
u(0,¢) = u(L,7) =0. (1.3)

Here L > 0 is a given constant. The quenching time of the solutions to the equation (1.1) with some initial and boundary
conditions is defined to be the finite time 7" (if it exists), such that

lim max{u(x,t):0<x<L} —1,
t—T—

where u(x,t) is the solution [1]. One can show that the initial-boundary value problem (1.1),(1.2) along with the zero initial
condition leads to quenching at T = 1/2. For the initial-boundary value problem (1.1),(1.3) with the zero initial condition,
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it has been shown that the quenching time exists if L > 2+/2 (see [2]). However, there is no analytical formulation for the
quenching time. The objective of this paper is to propose numerical methods to approximate the quenching time, and prove
their conservation property and compare their numerical performance. Specifically, we design the finite difference, cubic
B-spline collocation and local discontinuous Galerkin method for equation (1.1) with Dirichlet and Neumann boundary
conditions.

Finite difference methods have been widely used to solve a great number of differential equation models due to its simplicity.
For certain nonlinear acoustics problems, however, it has been shown that the local discontinuous Galerkin (LDG) methods
lead to more accurate solution than the benchmark finite difference methods in literature [3]. The LDG methods, as a special
type of finite element methods, are suitable for complicated geometry and parallel computing. It is also easy to design LDG
methods with high order of accuracy and conservation properties [4]-[6]. The cubic B-spline collocation methods have also
been applied to solve various partial differential equations [7]. In addition, the Galerkin approach with the cubic B-spline has
been applied to solve the modified regularized long wave equation [8], the generalized regularized long wave equation [9, 10],
and the Benjamin-Bona-Mahony-Burgers equation [11]. One of the advantages of the cubic B-spline collocation methods over
the finite element type of methods is that the calculation of coefficient matrices does not require numerical quadrature [12]. In
this work, we propose three numerical methods based on the finite difference, cubic B-spline collocation and LDG methods.
We can prove that all three numerical methods satisfy certain conservation property. We also compute the quenching time of
equation (1.1) with Dirichlet and Neumann boundary conditions using these methods. To make fair comparison, we compute
the results using three numerical methods which have the same order accuracy in both time and space.

The remaining of the paper is organized as follows. In section 2, we present the numerical methods for the nonlinear reaction-
diffusion equation. In section 3, we discuss the conservation properties of the proposed methods. In section 4, we show the
numerical results for the approximation of quenching time.

2. Description of numerical methods

In this section, we describe our numerical methods for solving the nonlinear reaction-diffusion equation (1.1) with zero initial
condition, and Neumann boundary condition (1.2) or Dirichlet boundary condition (1.3). In particular, we focus on the finite
difference method (FDM), the cubic B-splines method and the local discontinuous Galerkin (LDG) method, and investigate the
performance of these numerical methods.

2.1. Finite difference method

We partition the spatial domain [0, L] into N elements uniformly using (N + 1) grid points: 0 =xp < x; < ... <xy = L. We
denote the length of each element by %, thus we have h = L/N and x; = ih for i =0, 1,...,N. Suppose we want to solve the
nonlinear reaction-diffusion equation (1.1) up to the final time 7, then we discretize the temporal domain [0, T] using (M + 1)
uniformly spaced nodes #; := jAt for j =0,1,...,M with the step size At =T /M. Now we denote the numerical solution at

x=x;and t =t; by Uij , then finite difference discretization of (1.1) can be written as

" . . . i
R Y e e L]
At h? 1— Uij ’
fori=1,2,...,N—1and j=0,1,...,M — 1. Here we have used the second-order centered difference in space and forward
Euler method in time. That is,
vt —ul
M[(Xi,fj) ~ #7
and
Ul —2ul + U/,
U (Xiytj) = th i+l

For the case of homogeneous Dirichlet boundary condition, we have

U =Uj, =0,
for any j. Moreover, due to the initial condition, there is Uio = 0 for any i. Therefore, at (j+ 1) time level (j < M), we
update U/ 1 py

. . . . Al
Uit =0l (020U UL, =12, N1, 2.1)
1

_y’’
Ui

and U({ oy 1{,“ = 0. Here r = At/h? has to be chosen small enough for the stability of the scheme.
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For the case of homogeneous Neumann boundary condition, we introduce the ghost points x_; :=xg — & and xy41 := xy + A,
and approximate the Neumann boundary condition using the second-order centered difference, which leads to

vl =Ul, U, =Uj,. (2.2)

Then we update U({ andU 1{,“ by applying (2.1) at i = 0 and i = N, as well as conditions in (2.2). Therefore, the scheme for
this case can be written as

At ; ; ; At
Uit =20+ (120U + ——,
~U] 1-Uj

Uit = (1 —2nU] +2rU] + 1 (2.3)

coupled with (2.1).
2.2. Cubic B-spline collocation method

The idea of the cubic B-spline collocation method is to look for the numerical solution represented using the cubic B-spline
basis, such that equation (1.1) is satisfied at all the collocation points.

To describe the cubic B-spline collocation method, we use the same notation for the grid points in [0, L] (see section 2.1), and
define x; = jh for j =0,£1,£2,.... Let Bj(x) be the cubic B-spline function defined as

(x—xj_2)3, ifxexj2,xj-1)
(x—xj,2)3—4(x—xj,1)3, ifXE[Xjfl,Xj)
Bj(x) =15 (o2 —x)° —4(xj1 =), if x € [xj,xj11)
(Xj+2 —x)?, if x € [xj41,%j42]
0, if x & [xj_2,xj40]

for any integer j. Note that each cubic B-spline basis function B;(x) is only nonzero when x € [x;_»,x;42]. Then the numerical
solution U (x,1) for x € [0, L] can be represented by

N+1
Ulx,t) =Y a;(1)Bj(x), (2.4)

=1

since Bj(x) =0 for x € [0,L] and any j < —2 or j > N+ 2. Here «;(t) for j = —1,0,...,N+1 are the unknown coefficients
to be determined.

For the case of homogeneous Dirichlet boundary condition, we require U (x,#) in (2.4) to satisfy equation (1.1) at x;, for
Jj=0,1,...,N, and vanish at x = 0 and x = L. These conditions lead to (N + 3) ordinary differential equations with (N + 3)
unknowns, which can be further solved by any time discretization method. With the help of the results in Table 1, we can
derive the formulation of the scheme as follows

6 1
o 4o+ == (ai_1 —2ai+o; 2.5
=1 FA T G h2( 1 it j+1)+1—aj71—4aj_aj+l) -
for j=0,1,...,N, coupled with
U(XQ,I) =0o_1+40p+ 0 =0, (2.6)
U(xN,t) =oay—1+4oy+on+1 =0. 2.7)

If we apply (2.6) to (2.5) at j = 0, then we can show that ot_; — 20 + 0 = fh2/6, which leads to oy = h2/36 and
a_1 = —h*/9 — oy. Similarly, if we apply (2.7) to (2.5), we can show that oy = h?/36 and oy, 1 = —h*>/9 — oy_1. If we
further use these equations in (2.5), we can derive the following ODE system

do
A— =1 2.8
7= b (2.8)
where
T4 1 T [ o ] [ A
1 4 1 ¢5) S
1 4 1 : :
A= L ,oa=| and f=| |,
1 4 1 oN-—2 -2
L 4] | ONv—1 | L /-1 ]
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Xj—2 Xj—| Xj X+l Xj42

Bj(x) 0 1 4 1 0

B}(x) 0 3/h 0 73/h 0
/! 2 2 2

Bj(x) 0 6/h —12/h 6/h 0

Table 1: Evaluation of cubic B-spline basis function and its derivatives at grid points.

with f; = 6(0tj—1 — 2+ aj1)/h* +1/(1 — atj—y —4a; — aj1). We then solve equation (2.8) using the forward Euler
method.

For the case of homogeneous Neumann boundary condition, we impose the boundary condition for U (x,¢) defined in (2.4).
Thus, we have

which leads to &t_ | = a; and o4 = oy—1. We then apply these equations to (2.5) for j =0, 1,..., N, and obtain the following
ODE system

da

A—= =f 2.9
7 b (2.9)
where
T4 D 7 [ oy ]| [ fo ]
1 4 1 o fi
i 14 1 : i :
A= L , a= ’ and f=
141 ON—1 In-1
L 2 4] L On | L v ]

Note that we can compute fy and fy using fo = 12(0oq — o) /h*> +1/(1 —2a; —4ap) and fy = 12(oy_1 — o) /h*> +1/(1 —
20y_1 —4ay). Similarly, we can then solve equation (2.9) using the forward Euler method.

2.3. Local discontinuous Galerkin method

To define the local discontinuous Galerkin (LDG) method for the initial-boundary value problem, we use /; := [x;_,x;] to
denote the j* element, and rewrite (1.1) as

U =qx+ q = Uyx.

1—u’

Let V be the piecewise defined polynomial space given by V¥ = {v: v|;; € PX(I;),VI;}, where PX(I}) is the space of
polynomials of degree up to k on ;. The LDG scheme is to look for uy, and g;, € VK, such that

d ~ o~ v
/I_/Euh‘}dx = */I/QthdxﬁLQjVj qu,lvj_lJr/Ijmdx, (2.10)
/qhwdx = 7/ uhwxdx+ﬁjw;—ﬁj,1wf7], (2.11)
i 1
for any v,w € V,f and j=1,2,...,N. Here v; := lim v(x;—¢)and v} | := lim v(x;_; +¢€) are the left- and right-hand limit
J e—0+ J £—0+

J
solution at the grid points, we use ¢; and #; for j =0,1,...,N, to denote the so-called numerical fluxes, which will be carefully

chosen for different boundary conditions.

of v(x) at X1 and X1 respectively. Similar definition holds for w and w}il. Due to the discontinuity of the numerical
2 2

For the initial-boundary value problem with the homogeneous Dirichlet boundary condition, we choose

qj="(an);, wj=);, forj=12,.. . N—I. (2.12)
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That is, at any interior grid points x;, the numerical fluxes g; and u; are computed using gj,| 1;;, (i.e., the restriction of the
function gy, on the interval /; ) and uy,| 1; (i.e., the restriction of the function u;, on the interval /;), respectively. At the left and
right endpoints, we take

" " - S PR
Go=(g)g, =0, Gv=(an)y—7 )y, =0 (2.13)

Note that we have used the penalty term (uy)y /4 in the definition of gy. Such a term is crucial when we design the numerical
scheme [13].

For the problem with the homogeneous Neumann boundary condition, we use (2.12) along with the following choice at the
boundary [14]:

Go=0, o= (up)g, gn=0, un=(up)y- (2.14)
Let {v{ (x)mé (x),... ,vi +1(x)} be a local basis of Vif on I; (1 < j < N). We can express the numerical solution on I; as
k1 k1o
unlr; =Y, G (v (x), aunly; =Y, D (1) (v), (2.15)
=1 I=1

where {C/(t)}i=1,.. k+1 and {D](t)};=1,. k+1 are the unknown coefficients to be determined. If we use (2.15) in equa-
tions (2.10)-(2.13) (for the case of Dlrlchlet boundary condition), or equations (2.10)-(2.12), (2.14) (for the case of Neumann
boundary condition), we can derive an ODE system of C/ (¢) and DJ (t)forl=1,2,....,k+1and j=1,2,...,N, which will be
solved by any time integration method.

3. Conservation properties of numerical methods

In this section, we present some properties of the three numerical methods described in section 2, when they are used to solve
the initial-boundary value problem (1.1) with zero initial condition and the boundary condition (1.2). Throughout this section,
we assume that the quenching time of such a problem is 7 > 0. Then it is easy to verify that its exact solution u(x,) satisfies

the following equalities:
L L 1
/ u,dx:/ —dbx, (3.1
0 0o 1—u

Zdt/ 2dx+/ u dx—/ dx (3.2)

for any t < T. We will show that similar equalities also hold for the numerical solutions.

and

Theorem 3.1. The numerical solution by the finite difference method in equation (2.1) and (2.3) satisfies the following equation

N ) N )
hY aUitt =nY au}

(3.3)
i=0 i=0 i=0 1 —Uj;
ifUij< 1fori=0,...,N. Hered;=1fori=0o0rN, andd; =2 fori=1,2,....N— 1.
Proof. We multiply each equation in (2.1) by 2 and sum over i fori =1,2,...,N — 1, to get
N—1 . N=L g
Y Uit = ZdU +er 1+er e Z4rU’+AtZ 1 lUf
i=1 i i=1 1Y
N—1 di
- Z dU} +2rU§ — 21U} + 20U}, — 21U}, + At Y 5 (3.4)
i=1 i=1 I*Ul‘
We then add each of the equations in (2.3) to equation (3.4), and obtain
j+1 TR =
J J J _ J J J
Uyt Uy +Zid,-Ui = Uj+Uy +ZdU +Atz —Uf' (3.5)
i=

Since equation (3.5) is equivalent to (3.3), we can conclude the proof. O]
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Note that hifio d,-Uij s the approximation of fOL u(x,t;41)dx using the trapezoidal rule, and the right side of (3.3) is the

approximation of fOL u(x,t;)dx+ fOL ﬁ;,)dx' Therefore, we can regard equation (3.3) as the discretization of the equality (3.1).

Next, we consider the cubic B-spline method in (2.9) and we have the following theorem.

Theorem 3.2. With the cubic B-spline method defined in (2.9), the following equality holds

6hY dal) = — .y 2 SR (3.6)
5 -4y —20 A l—oi —4ai— 0 1—2ay- —4ay’ '
ifdo+20q < 1, 20v—1 +4oy <l and o1 +40;+ 0y < 1 fori=1,2,...,N—1.
Proof. Equation (2.9) leads to
s +20] = (04— ap)f— (3.7)
U A VP T ‘
6 1
a-;;l +4a}+ a}“ - hiz(ajf1 —205+ )+ l—aj 1 —40;—otjyy’ G:8)
20 +H4ay = 12(oc an) + : (3.9)
NIRRT PN NI oy —day” ‘

for j =1,2,...,N— 1. We then multiply each equation in (3.8) by 24, sum over j and add (3.7) and (3.9), which leads
to (3.6). O

Since [ udx = h YN diUp(xi,t) = hXY g di(a)_; +4of +al, ) = 6h XY d;or/, and the right side of (3.6) is an approximation
of fOL ﬁdx, equation (3.6) is also the discretization of the equality (3.1). The next theorem is about the conservation property
of the local discontinuous Galerkin method (2.10), (2.11), (2.12) and (2.14).

Theorem 3.3. Let u;, and gy, be the numerical solution to (2.10), (2.11), (2.12) and (2.14), then the following equality holds
for sufficiently small t > 0

1d (L, L L oy,
4 [T dx = dx. 3.10
2dr Jo M ”/0 anex /o —u, ™ (3.10)

Proof. Letv =uy in (2.10), w = g in (2.11) and add the resulting equations, we have

la 1. dH/ dx 3.11
2t Ji, T 3.11)
~ SN ~ -~ up
= */ (qntn)dx+ () —=Gj1 (un) j-y +5(qn); = @j-1(gn)jy + | 7——dx
I; I; —Up
~ ~ - N - uy,
= ((gn) 1 = qj—1)(un) -y A (@ — (un) ) (gn); +qj(un); —aj-1(qn); + f mdx,
j
for j=1,2,...,N. Using equation (2.12), we can show that equation (3.11) leads to
1d u2dx+/ 2dx = (qn) ()7 — (qn) = () 7y + | 21— dx (3.12)
24t )i, h quh qn)j \Un)j —\qn)j_1\Un);j_ T .
forany j =2,3,...,N—1. For j = 1, equation (3.11) can be simplified as
S [t [ dar = (@05 ~@))d + @] )y ~ ol + [ M ds
2 dt I I I I—Mh
_ u
= (g () + | ———dx, (3.13)
11 1 —up

where we have used (2.12) and (2.14) in the first and second equality above, respectively. For j = N, equation (3.11) can be
written as

Ly dx—i—/ dx 3.14
2dt /IN h Ith ( )
—~ —~ _ _ —~ _ —~ u
= ((@n)n—1—av-1)(un)y_y + (@ — (un)y ) (gn)y +qn Wn)y — an—1(qn)y—; + f jdx,
N

— + Un
S +f Mg
(un)y—1(qn)y_ /IN 1—u, x
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Finally, we add (3.12)-(3.14) over all j =2,3,...,N —1 to get

EEA uhdx+/0 qhd.x

N—-1

- ¥ ((qh);r(uh); - (qh)j_l(uh)]zl) + (qn)y () = )y (an)y - +(/0'L

Jj=2

L
= / th dx.
0o 1—uy

Up

d
17uh o

Note that equation (3.10) is the discretized version of the conservation property (3.2) in the PDE level.

4. Numerical experiments

In this section, we present the numerical results of the quenching time for the nonlinear reaction-diffusion equation (1.1).
We compare the accuracy of the finite difference method, the cubic B-spline collocation method and the local discontinuous
Galerkin method for the quenching time. We choose the polynomial degree to be k = 1 for the LDG method, so that all three
numerical methods have the second-order accuracy in space. Numerically, we compute the quenching time 7 in the following
way

T :=min ( max U(x,t)) >1—g¢,
t x€[0,L]

where U (x,t) is the numerical solution, and € is chosen to be 107,

We first consider equation (1.1) with zero initial condition and the homogeneous Neumann boundary condition, in which case
the exact solution is

ulx,t)=1—-+1-2t, t<1/2.

Thus the exact quenching time is # = 1/2. We then use the above-mentioned numerical methods to approximate the quenching
time. The results for the case of Neumann boundary condition are shown in Table 2. We have used At = Ah* with A = 0.16 in
all the simulations for the table. We start with the numerical simulations using N = 80 uniform elements, and then double
the number of elements a few times until N = 640. Suppose the errors corresponding to Ny and N, := N; /2 are E; and E;,
respectively. We can approximate the convergence order by

Convergence order ~ log, (E»/E}).

From Table 2, we observe the second order convergence of the quenching time for all three numerical methods. Moreover,
we find that the numerical quenching time of the local discontinuous Galerkin method is exactly the same as that of the
finite difference method. However, the results of the cubic B-spline method is less accurate then other two methods. Overall
speaking, all of the methods lead to the numerical quenching time with comparable accuracy. Figure 4.1 shows the numerical
solutions at various time, i.e., f = 0.1,0.2,...,0.5, when the finite difference method with 80 elements is used. We can see that
the method captures the quenching phenomena, although the numerical solution at # = 0.5 is slightly smaller than the exact
solution.

Finite Difference Cubic B-Spline Local Discontinuous Galerkin
N Time Error  Order Time Error Order Time Error Order
80 | 0.50120 1.2E-3 - 0.50200  2.0E-3 - 0.50120 1.2E-3 -
160 | 0.50030 3.0E-4 2 0.50050 5.0E-4 2 0.50030 3.0E-4 2
320 | 0.50010 1.0E-4 1.585 | 0.50015 1.5E-4 1.737 | 0.50010 1.0E-4 1.585
640 | 0.50003 2.5E-5 2 0.50004 3.75E-5 2 0.50003 2.5E-5 2

Table 2: Numerical results about the quenching time of equation (1.1) with homogeneous Neumann boundary condition.

Next, we consider equation (1.1) with zero initial condition and the homogeneous Dirichlet boundary condition. In [2], the
author proved that this problem leads to quenching in a finite time at x = L/2. However, the analytical formulation or any
estimation of the quenching time was not discussed. Here we compute the quenching time using the aforementioned numerical
methods. In this case, we start with N = 80 elements and keep refining the mesh until N = 2560 elements. Figure 4.2 shows
the solutions by the finite difference method with N = 80 elements. We observe that the numerical solution at x = L/2 grows at
an increasing rate. When we compare the numerical results in Figure 4.1 and 4.2, we notice that the problem with the Dirchlet
boundary condition (1.3) leads to larger quenching time than the problem with the Neumann boundary condition (1.2). The
numerical solution uy(x,#) and g, (x,¢) by the LDG method right before quenching occurs is shown in Figure 4.3. We observe
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1
—T = 0.1
—T =02
0.8¢ T-03 |
—T =04
:0.6 r =T =0.5
X
=04 :
0.2+ ]
O L L L
0 1 2 3 4

Figure 4.1: Solutions of equation (1.1) with homogeneous Neumann boundary condition by the finite difference method. N = 80 is used for
the simulation.

=T =0.1

Figure 4.2: Solutions of equation (1.1) with homogeneous Dirichlet boundary condition by the finite difference method. N = 80 is used for
the simulation.

that uy, is not very smooth at x = 2, and the quenching is about to happen at this point. Recall that g, is the approximation of
first derivative of the exact solution u. The right-hand figure 4.3 shows that the first derivative of the solution decreases, and
jumps to a negative value at x — 27

Moreover, we compute the numerical quenching time for different numerical methods, and present the results in Table 3. We
can see that the quenching time decreases monotonically at a decreasing rate for the finite difference and LDG methods, which
indicates the convergence. However, the quenching time for the cubic B-spline method first decreases to 0.51035 and then
increases to 0.51039. The results from the LDG method shows similar type of convergence as that from the finite difference
method, i.e., the numerical quenching time converges to 0.51041 for both methods. Overall speaking, for both examples with
the same number of elements, the LDG and finite difference method lead to slightly better results then the cubic B-spline
method.

5. Conclusion

In this paper, we propose the finite difference, the cubic B-spline and the local discontinuous Galerkin methods to approximate
the quenching time of a nonlinear reaction-diffusion equation with homogeneous Dirichlet or Neumann boundary condition.
All of these numerical methods have displayed satisfactory results, with the second order convergence of the numerical
quenching time. For the same number of elements in space, the finite difference and the local discontinuous Galerkin methods
have slightly better performance than the cubic B-spline method. One can propose similar methods for higher dimensional
system of reaction-diffusion equations. The theoretical analysis for the convergence of the numerical quenching time is
currently under investigation.
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uh(x,t)

1 15

08" —

06" 1 =
X
=

0.4 | o

0.2 |

0 ‘ ‘ ‘ 1.5
0 1 2 3 4 0 1 2 3 4

X X

Figure 4.3: Numerical solution u;, and g, of equation (1.1) with homogeneous Dirichlet boundary condition right before quenching occurs.
Left: numerical solution u,; right: numerical solution g;, The local discontinuous Galerkin method with N = 320 is used for the simulation.

N Finite Difference | Cubic B-Spline | Local Discontinuous Galerkin
80 0.52250 0.51160 0.51070

160 0.51080 0.51050 0.51050

320 0.51053 0.51035 0.51043

640 0.51044 0.51035 0.51042

1280 0.51042 0.51037 0.51041

2560 0.51041 0.51039 0.51041

Table 3: Numerical results about the quenching time of equation (1.1) with Dirichlet boundary condition (1.3).
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