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Abstract

Recently, Pancaroglu Akin et al. (2018) defined and studied f~asymptotically s -statistical equivalence for sequences of sets. In
this paper, firstly, we denote the notions of strongly asymptotically J5” -equivalence, fasymptotically J5” -equivalence, strongly
Frasymptotically T3 -equivalence for double set sequences. Secondly, we investigate some relationships and important properties
among these new notions. Then, we denoted asymptotically 57 _statistical equivalence for double set sequences. Also, we examine
inclusion and necessity relations between them.
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Oz

Son zamanlarda, Pancaroglu Akin vd. (2018) kiime dizileri igin f -asimptotik J s -istatistiksel denkligini tanimladilar ve galistilar.
Bu makalede 6ncelikli olarak, cift kiime dizileri icin kuvvetli asimptotik J%° -denkligi, f -asimptotik J%’ -denkligi, kuvvetli
Jf-asimptotik 5" -denkligi tamumlar verildi. Tkinci olarak, bu kavramlarin bazi énemli 6zellikleri ve arasindaki iligkiler aragtirild.
Daha sonra, ¢ift kiime dizilerinde asimptotik 9% -istatistiksel denklik kavrami tanimland. Ayrica, bu kavramlar arasindaki kapsama
ve gerektirme incelendi.

Anahtar Kelimeler: Asimptotik denklik, Lacunary invariant yakinsaklik, Modiiliis fonksiyonu, s -yakinsaklik, Wijsman yakinsaklik

1. Introduction

Many mathematicians studied statistical convergence which
is a generalization of usual convergence and ideal convergence
which is a generalization of statistical convergence of real
numbers. Statistical convergence was firstly introduced by Fast
(1951) and Schoenberg (1959), separately and some authors
researched these concepts in metric spaces and normed spaces.
Recent times, statistical convergence was extended to the
double sequences by Mursaleen and Edely (2003). Kostyrko
etal. (2000) introduced and examined J -convergence which
is a generalization of statistical convergence of real numbers.
Das et al. (2008) denoted the notion of ideal convergence
of double sequence and examined some properties of this

concept. The notion of statistical convergence of sequences of

set was defined by Nuray and Rhoades (2012). Also, they
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examined some important properties of this concept. After
that, some authors expanded the convergence of the real
number sequences to the convergence of set sequences and
examined the summability feature.

The notion of invariant convergence have analyzed some
authors (Nuray and Savas 1994, Pancaroglu and Nuray 2013,
2014, 2015, Raimi 1963, Savas and Nuray 1993, Schafer 1972,
Ulusu et al. 2018). Nuray et al. (2011) denoted the notions of
invariant uniform density of subsets £ of N, ideal invariant
convergence and examined inclusion and necessity relations
among ideal invariant convergence, invariant convergence and
p -strongly invariant convergence. Recently, ideal invariant
convergence for double set sequences introduced by Tortop
and Dundar (2018) and Wijsman 7 g0 -convergence for
double set sequences denoted by Diindar and Pancaroglu Akin
(2020).

The notion of asymptotically equivalence and some important
properties of this notion investigated by some mathematicians
(Diindar et al. 2020, Kisi et al. 2015, Savas 2013, Ulusu and
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Giille 2019). Recently, the notion of asymptotically ideal
invariant equivalence of set sequences introduced by Ulusu
and Giille (2019). Also, the notion of asymptotically 7%
-equivalence of double sequences studied by Diindar et al.
(2020).

Some authors applying a modulus function f, denote some
new notions and give implication theorems (Kisi et al. 2015,
Maddox 1986, Nakano 1953, Pancaroglu and Nuray 2015,
Pehlivan and Fisher 1995). The notion of lacunary f -ideal
equivalent sequences was denoted by Kumar and Sharma
(2012). The concept of f-asymptotically lacunary ideal
equivalence of set sequences was introduced by Kisi et al.
(2015). The notions of f -asymprotically ideal invariant and
lacunary ideal invariant statistical equivalence of set sequences
were given Pancaroglu Akin and Diindar (2018) and
Pancaroglu Akin et al. (2018). Diindar and Pancaroglu Akin
(2019) studied f -asymprotically 73 -equivalence for double

sequences of sets.

We now note some of the basic definitions and concepts we
use throughout the article (see, Baronti and Papini 1986, Beer
1985, 1994, Das et al. 2008, Kisi et al. 2015, Kostyrko et
al. 2000, Kumar and Sharma 2012, Maddox 1993, Marouf
1993, Nuray et al. 2011, Pancaroglu Akin et al. 2018, Raimi
1963, Schaefer 1972, Tortop and Diindar 2018, Ulusu and
Nuray 2016).

Let v =(u;) and v=(v:) be non-negative sequences. If
EEZ_:: 1, then w=(u;) and v=(v,) are told to be
asymptotically equivalent (showed by u ~ v).

Let (Y,0) be a metric space, ¥y €Y and any non-empty
subset C' of Y, then we define the way from y to C by
d(y,C) = info(y,c).

Later, we let (Y,0) be a metric space and C,D,C; and
D, (k=1,2,...) be non-empty closed subsets of Y.

{C:} C if
&1}2 d(y,C:)=d(y,C) for every y € Y. In this instance, it
is showed by W —1imC = C.

If supd(y,Cy) < oo for each y €Y, then {Cy} is said to
be bounded. We show the space of all bounded sequences of
sets by L...

Let Cy, D, € Y such that d(y,C’k) >0 and d(y,Dk) > 0 for
all y € Y. The sequences {C,} and {D,} are asymptotically

d(y, Clc) _
d(y.D.) =1 (denoted by

A sequence is Wijsman convergent to

equivalent if for all y €Y, lim
Cy ~ Dy).
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Let C.,D, €Y such that d(y,C:) > 0 and
d(y,D:) > 0 foreach y € Y. Ifforall € > 0 and all

{k < GGyl e}

d( y,Dk) L
{C} and {D,} are asymptotically statistical equivalent of
multiple L (showed by C; VE"D;C) and if L =1, then {C,}
and {D,} are asymprotically statistical equivalent.

ye Y, lim =0, then

Let 0:N — N be a mapping and ¢ be a continuous linear
functional on the space of real bounded sequences (... ¢ is
an invariant mean or a 0 -mean, if the belowing terms hold:

1. $(u)=>0, when the sequence w=(u,) has u.,>0, for
all n,

2. ¢(e)=1, where e=(1,1,1...),
3. (o) =@(w), forall ue ..

Suppose that the mappings ¢ are injective and such that
0"(7)#7,forall j,m €N, where 6" (7) is the mth iterate
of 0 at j. Therefore, for all u € c@(u) equals to limu
which is the extension of the limit functional on ¢, where
c= {x =(z1): lignxk e:m'sts}.

If the equality O'(j) =7+ 1 exists, then 0 -mean is named a
Banach limit, generally.

Now, we give the definition of ideal. JC 2" is named an
ideal, if the bellowings provide:

(i) ¢, (i) Forall E,F €9 we have EUF €9, (iii)
Forevery E€J andall FCFE we have F €.

Let JCS2" be an ideal. J S2" is named non-trivial
provided that N & 7. For a non-trivial ideal /" and for each

n € N provided that {n} €T, then J is admissible ideal.
Later, we think about that " is an admissible ideal.

For a nontrivial ideal J, of NxN if {i}xN and
N X {4} pertainto J foreach i € N, then 7 is strongly
admissible ideal. Later, we take J as a strongly admissible
ideal.

If we take an ideal as a strongly admissible ideal, then it is
obvious that the ideal we receive is a admissible ideal.

Let CC N XN and

sw=min|CN{(a(i),0(7)),(0*(7),0°(j)),.... (6" (0),0" (7)) }]

and

Su=maz|C0{(a(i),0(5)),(0*(i),0°(j))..... (0" (0),0" (7)) }]

S

If the limits V,(C):= ,}}}EL% and V2(C):= lim 2%

exists then E(E) is named a lower and V,(C) is named

27
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an upper 0 -uniform density of the set C, in order of. If
E(C): V,(C), then V,(C) = E(C’) = V,(C) is named
the o -uniform density of C. Show by J7% the taxon of all
C SN xN with V»(C) =0.

Later, we let Cy, Dy, C,D be any nonempty closed subsets of
Y.

If forevery y €Y,

m.k
lim Lk . Z d(y, Coiy.oitn) = d(y, 0),

nk-emk S,
uniformly in then, is told to be invariant convergent to in.
If for each ¢ >0,

Alg,y) =1(i): | d(y,Cy) —d(y,C) [z ¢}

belongs to J7 thatis, Va(A(@,y))=0 then, {C;} is rold

to be Wijsman ¥ -convergent or Jw, -convergent to C. In
the present case, we write C; — C(J%.) and by Jh. we
show the set of all Wijsman 77 -convergence of double set
sequences.

For C},D; are be non-empty closed subsets of Y define as
d( Y; CL] U DL]) follows:

d(ya Cif)

ETE Y UDy

d(y; Cij,Di]‘) = { d(vaij) YEC
L7 y (S C,‘j UDU

If foreach ¢ > 0 and every y € Y
1 m,k
{(m,k):e N x N:W”;1 ‘ d(y;Cy,Dy) — L | > (p}

belongs to J3 then, double sequences {C;} and {D,;} are
told to be strongly asymptotically 773 -equivalent of multiple
L (showed by Cj IV'Vj]Dz;,-) and if L=1, then {C;} and
{D;} are said to be strongly asymptotically J7 -equivalent.

Let f:[0,00) — [0,00) be a function. If bellowing terms hold
for f then, it is named a modulus function:

1. f(t)=0et=0,

2. f(t+s) <f(t) +£(s),

3. f is increasing,

4. f is continuous from the right at 0.
Later, we take f as a modulus function.

f may be unbounded (for instance f(t) =10 < ¢ < 1) or
bounded (for instance f(t) = HLI ).

If for each @ > 0 and for each

28

ye Y {(i,y) e NxN:f(|d(y;Cy, D) —L|) = 0} € 7,

then the double sequences {C;} and {D;} are told to be
[ -asymptrotically ¥ -equivalent of multiple L (showed by

W)

Czj ~ D”) andif L =1 s then {Cz‘j} and {Dli} are told to
be f -asymptotically 7% -equivalent.

If for every ¢ > 0 and for every y €Y,
{(m,k) e N x Nzﬁz’ Ald(y;Cy,Dy)—L1) = go} eJs

ij=1,1

then, {C}} and { D, } aretold to bestrongly f -asymptotically

Wi
J5 -equivalent of multiple L (showed by Cj | 2 |Dz;,-) and

if L=1, then {C;} and {D;} are told to be strongly
f -asymptotically 7 -equivalent.

If for every ¢ > 0,6 > 0 and all z € X,
{(mk) e NxN:—L| (i <m, j<k:| d(y:00,D5) —L|2 6}
SWES

then {C;} and {D;} are told to be asymptotically 7%

s)
-statistical equivalent of multiple L (showed by Cj S Dy)
and if L =1, then asymptotically J7 -statistical equivalent.

A double sequence 0, = {(k.,j.)} is named double lacunary
sequence if there exist two increasing sequence of integers such
that

ko = O, hr = kr _krfl — 00 and jo = 0, FLu :ju _ju71 — 00,

as 7, — o0.

We use the following notations afterwards:

_ kj)k <k<k,

o = Koo b = by I, = {( Jhke <k < }
and j, <7 <J.

After this, we take #,=1{(k,j.)} as a double lacunary

sequence.

Let 8, ={(k,j.) } bea double lacunary sequence,
CCSNXxN and

s = min| CN{(c"(m),07(n) ): (k,j) € L. }|

and

5= maxl O {(* (m), o7 () (k) € 1.}

If the limits VI(C):=lim$™ and VI(C):= lim*™

T
consist, then those are nameded a lower lacunary ¢ -uniform

density and an upper lacunary o -uniform density of the
set C, in order of. Provided that V3(C) = Vi(C), then
Vi(C)= Kg(C) = VI(C) is named the lacunary ¢ -uniform
density of C. Show by J%’ the class of all C € N x N with
Vi(C)=0.
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Later, we take J3’ as a strongly admissible ideal in IN x N.

Lemma 1 (Pehlivan and Fisher 1995). Let f be a
modulus and 0 < 8 < 1. Then, for each ©> ¢ we have
J0) =27(1)g™'t.

2. f-Asymptotically 7%’ -Equivalence of Double
Sequences of Sets

Definition 2.1. If for each ¢ > 0 and every y €Y,
{(V,Lt) e N x N: 1 Z |d(y;ij,ij) —LI= (p} Ejge,

h U (k j) E I

then the double sequences {Cj} and {D,} are told to
be strongly asymprotically 3’ -equivalent of multiple L

(showed by Cy < Dy) and if L=1, then {Cy} and
{Dy} are said to be strongly asymptotically J%’ -equivalent.

Definition 2.2. If for each ¢ > 0 and every y €Y,
{(kaj) S Iru:f( |d(y50kj7Dk1) _L |) Z (0} S jgf)’

then the double sequences {Cy} and {D,} are told to be
f —avsvygflptotically J% -equivalent of multiple L (showed by
Cy ~ Dy)and if L=1, then {Cy} and are told to be
f -asymptotically T3 -equivalent.

Definition 2.3. If for each ¢ > 0 and every y €Y,

{(r,u) e N x N: hl Z f(ld(y;Ck,,ij) —L I) > qo} eJ?,
n

kj)ELu
then the double sequences {Cy} and {D,} are told to be
strongly f—asY%%EPtically J% -equivalent of multiple L
showedby Cy ~ Dy )andif L =1,then {Cy} and {Dy}
are told to be strongly f -asymptotically %’ -equivalent.

Theorem 2.1. For each y € Y, we have
[Wie] (W]
Cki ~ D}cj = Ck7 ~ Dk7
Proof. Let Cy [w'/fﬂ]ij and @ > 0. Select 0 < 0 <1 such
that f(z) < ¢ for 0 <z < ¢ . Then, foreach y € Y, we can

write

hi Z f(ld(y,cl\],ij)—LD

" (k) E L

h”‘ (k) E I
| d(y;Cuy, Di) L |<8

o 2
ru (k) E L
| d(y:Cyj.DK)—L|>8

fUd(y;Cy, Dy) — L1)

fUd(y;Cy, Dy) — L1)

and so by Lemma 1
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L S f1d(:CoDy) — L1)
U (k) E I
2f(1), 1

Thus, for every any € > 0 and every y € Y

1
h

{(r,u)ENXN: >, f(ld(y;Ck,-,ij)—LI)Zé‘}

" (k) E T

1 (e—-7y)d

Ci(r,u) e N x N:— ld(y;Cy,Dy) — L= ~——<—
(r,u) I (k,/)ze:l,“ f( (y 4> Dig) Zf( 1 )

Since C); z Dy; then, it is clear that the latter set pertains to

3" and thus, the first set pertains to J5" . This proves that

[wi=0]
ij ~ ij .

/()

Theorem 2.2. If lim“—— =@ > 0, then
(W] (W)
ij ":7; ij 54 C’kj J’:' D};j .
Proof 1f LLIE%Z) =« >[WQ,U )tlhen we get f (2) = az for every

2> 0. Assume that C;; ~ Dj;. Since for each yey
1

> fUld(y;Cy,Dy) — L1)

h"“ (kyj) €I
= hl Z o(1d(y;Cy,Dy) — L1)
U (ko) E I
_ a(hi S 1d(y;Cou D) — L |>,
T (ko) E I

then, for every € > 0, we get

{(r,u) e N x N: hl Z ld(y;Cy,Dy) — L1= 8}
" (k) € T

c {(r, u) € N x N:hL > fUd(y;Cy,Dy) —L1) = ae},

" (o) € T

(W]
for each y € Y. Since Ciy ~ Dy, it is clear that the latter
set pertains to J%° and thus, the first set pertains to J% .
This proves that
Wi Wheo(f)

ij [ ~ ]D/fj =1 Ck]' [ J':-' ]D/gj.

Definition 2.4. If for each € > 0, each ¢ > 0 and every
yevy,

{(ru) e Nx Nig= | {(k,j) € L
—L|z e} [z} €JY,

then the sequences {Cy} and {Dy} are told to be
asymptotically %Zf?s;statistical equivalent of muldple L
(showed by Cy ~ Dy) and if L=1, then {Cy} and
{ D} are told to be asymptotically J%° -statistical equivalent.

d (y; Cky’aij)

Theorem 2.3. For each y € Y, we have

[Wiz()]
Ko7

[Wie()]
= Uk~ kj

29
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W ()]
Proof: Assume that C; '~ Dy) and € > 0 be given. As for
every £ € X
=3 f1diCuD) - LD
k)€l
1

>

1d(y:Cij,Dij)—L1= €

Zf(s).him | {(k.j) € L:1d(y:C, D) — L1> €},

fUd(y;Cy,Dy) — L1)

it bellows that for any ¢ > 0 and every y € Y,

(r,u) e N x N:hLI {(k,j) € L:1d(y; Cy,Dy) — L1

Y
> D —
=12 5e)
c {(r, weNxNL ¥ f1dyCoDy)~L) 2 y}.
U (k) E L
. (W] . ’
Since Ci; ~ Dy, then the latter set pertains to J3' . Then,

by the ?Vggﬁ%'}fion of an ideal, the first set pertains to 3’ and

SO, kj ~ kj -
Theorem 2.4. If f is bounded, then for every

(W] Wipls)
Yy e Y7ij ~ D;C_7-<:>ij ~ ij.

Wier(s)
Proof: Assume that f is bounded and let Ci; '~ Dj;. Since
f is bounded there existsa K > 0 such that | f(y) | < K for
every y = 0. Further using fact, we get

. Z f(ld(y;ck/,ij) _L|)

B (k) EIn

hm (kj)E L
1d(y;Cyj,Dij)—L1= €

o 2
& (kj)Eln
1d(y:Cij,Dij) = L1 < €

< {k) € L

f('d(y, Cy,Dy) — L |)

Ald(y;Cy,Diy) — L1)

d(y;Cy,Dy) —L|= 8}‘+f(8),

(Wi 0]

for each y € Y. This proves that Ci; ~ Dy.
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