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1. Introduction and Preliminaries

In sixties, attempts were initiated through the study of 2-metric spaces by S.Géhler [1,2] to generalize
the metric space. However, Ha et al. [3] have pointed out that the results over 2-metrics spaces are
independent, rather than generalizations, of the corresponding results in metric spaces. Another such
generalization is D-metric space introduced by Dhage [4] in 1992 where he proved some results on fixed
points of contraction mappings over complete and bounded D-metric spaces. But in 2006, Mustafa
and Sims [5] pointed out that Dhage’s notion of a D-metric space is fundamentally flawed and most of
the results claimed by Dhage and others are invalid. They introduced a more appropriate and robust
version of a generalized metric space namely G-metric space in 2006. Sedghi et al. [6,7] improved and
modified D-metric space and thus introduced D*-metric space. They proved some basic properties
of D*-metric spaces and some fixed point theorems on it. In continuation with untiring attempts to
find a most appropriate one, Sedghi et al. [8,9] recently introduced and characterized the concept of
S-metric space which modifies D-metric and G-metric spaces.

Definition 1.1. (S-metric space) Let X be a non-empty set. An S-metric on X is a function
S : X3 —[0,00) that satisfies the following conditions, for each z,y, z,a € X,

(S1) S(z,y,2) =0, if and only if z =y = z,

(S2) S(z,y,2) < S(x,z,a) + S(y,y,a) + S(z, z,a).

The pair (X, S) is called an S-metric space.

According to Sedghi et al. [8], some of the examples of such S-metric spaces are:
(1) Let X = R"™ and ||.|| be a norm on X, then S(z,y,2) = ||y + 2z — 2z| + ||y — z|| is an S-metric on
X.
(2) Let X = R™ and ||.|| be a norm on X, then S(z,y,2) = ||x — z|| + ||y — 2| is an S-metric on X.
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(3) Let X be a nonempty set, d be a metric on X, then S(x,y, z) = d(z, z) + d(y, z) is an S-metric on
X.

(4) [intuitive geometric example for S-metric] Let X = R?, d be a metric on X, therefore, S(x,y, z) =
d(z,y) + d(z,z) + d(y, z) is an S-metric on X. If we connect the points x, y, z by a line, we have a
triangle and if we choose a point a within the triangle, then the inequality S(z,y,2) < S(z,z,a) +
S(y,y,a) + S(z, z,a) holds.

(5) Let R be the real line. Then S(z,y,2) = |x — z| + |y — 2| for all z,y,z € R is an S-metric on R.
This S-metric on R is called the usual S-metric on R.

Definition 1.2. [8] Let (X, S) be an S-metric space and A C X.

(1) A subset A of X is called S-bounded if there exists r > 0 such that S(z,z,y) < r for all z,y € A.
(2) A sequence {z,} in X converges to x € X if and only if S(xy,zpn,x) — 0 as n — oco. That is
for every € > 0 there exists nyg € N such that S(z,,z,,x) < € whenever n > ng. We denote this by
limy, 00 p, = & o1 limy, 00 S(Xp, T, ) = 0.

(3) A sequence {x,} in X is called a Cauchy sequence if S(x,, Zp, Tm) — 0 as n,m — oo. That is for
every € > 0, there exists nyg € N such that S(z,, z,, ) < € whenever n,m > nyg.

(4) The S-metric space (X, S) is called complete if every Cauchy sequence is convergent to an element
of X.

Lemma 1.3. [8] For a S-metric space X, we have S(z,z,y) = S(y,y,x) Vz,y € X.

Lemma 1.4. [9] Let (X,S) be an S-metric space. If {z,,} and {y,} are sequences in X such that
xn — x and Yy, — y as n — 00, then S(zp, Tn,yn) = S(x,z,y) as n — oo.

Definition 1.5. [9] Let T : X — Y be a map from an S-metric space X to an S-metric space Y.
Then T is continuous at = € X if and only if Txz,, — Tz in Y whenever x,, — = in X.

A mapping T is continuous at X if and only if it is continuous at all x € X.

Theorem 1.6. [8] Let (X, S) be a complete S-metric space and let F': X — X be a contraction i.e
S (F(x), F(x), F(y) < LS (r,2,y) for all 2,y € X

where 0 < L < 1. Then F has a unique fixed point u € X. Furthermore, for any € X we have
lim,, 00 F™(z) = u with

n

LS (z,z, F(x)).

S (F" (@), F"(2),0) < -

Theorem 1.7. [8] Let (X, S) be a compact S-metric space and let F': X — X satisfying
S(F(z),F(x),F(y)) < S(x,z,y) forall x,y € X and x # y.

Then F has a unique fixed point in X.

2. A-contraction and fixed point

Akram et al. [10,11] have defined A-contractions as follows: Let a nonempty set A consisting of all
functions « : R‘}r — R satisfying

(A1) : a is continuous on the set R? of all triplets of nonnegative reals (with respect to the Euclidean
metric on R3).

(A2) : a < kb for some k € [0,1) whenever a < a(a,b,b) or a < a(b,a,b) or a < «a(b,b,a), for all
a,beR,.

Definition 2.1. [10] A self map T on a metric space X is said to be A-contraction if it satisfies the
condition

d(Tz,Ty) < a(d(z,y),d(z,Tz),d(y,Ty))

for all z,y € X and for some « in A.
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Following the definition of A-contraction mappping on a metric space (see [10]- [11]) and over a
2-metric space (see [12]), we now define A-contractions on an S-metric space and prove fixed point
theorem on it.

Definition 2.2. A self map T on an S-metric space X is said to be A-contraction if it satisfies the

condition
S(Tz, Tz, Ty) < a (S (v,z,y),85 (v,2,Tx),S (y,y, Ty))

for all z,y € X and for some « in A.
Now we state our main theorem.

Theorem 2.3. Let (X, S) be a complete S-metric space and let 7' be A-contraction mapping on X.
Then, T has a unique fixed point in X.

PROOF. Let 2y be an arbitrary element of X and consider the sequence {x,} of iterates z,+1 = Ty,
n € N. Now

S(x1,x1,22) = S (Txo, Txo, Tx1) < 0 (S (20,20, 21) , S (x0, 0, 21) , S (21,21, x2))
implies
S (z1,21,22) < kS (z0, 20, 21) (1)
for some k € [0,1) because a € A. By easy iteration one can check that
S (T, Ty Tnt1) < k™S (xo, o, 1) - (2)

For all m > n and by using Lemma 1.3 and (S2) we get

m—2
S (xna $n,$m) < 2 Z S (551'; xi,mi+1) +S (l'mfla $m717$m)
m_—2 4
< 2 Z k'S (zo, x0, 1) + K™ 1S (20, 20, 1)
< 2[1@‘” + gt + ...k:m_l]S (l’o,l‘o,xl)
2k™
< S (w0, w0, 1) -

1—-k

Taking limit as m,n — oo we get S (2, Tn, Tm) — 0. This proves that the sequence {z,} is Cauchy
and by completeness of X, x,, — z for some z € X as n — co. Now,

S(z,2,Tz) <25(z,z,2p41) + S(Tz, Tz, xp41)
=2S5(zp+1, Tnt1, 2) + S(Txy, Txy, T2)
< 25(zps1, Tnti, 2) + @(S(Tn, Tn, 2), S(Tn, Tn, Txy), S(2,2,T%))
= 2S(Tn+t1, Tnt1, 2) + a(S(zn, Tn, 2), S(Tn, Tn, Tnt1), S(2,2,T2)).

Therefore by taking limit as n — oo we get S(z,2,Tz) < «(0,0,S5(z,2,7%)), which implies that
S(z,2,Tz) = 0. So z is a fixed point of T'. For uniqueness, let u,v € X be two distinct fixed points of
T. So by definition of A-contraction,
S(u,u,v) = S(Tu, Tu, Tv) < oS (u,u,v),S (u,u,Tu),S (v,v,Tv))
= oS (u,u,v),S (u,u,u),S (v,v,v))
= a(S(u,u,v),0,0).

Then by axiom A, of o we have u = v and so the fixed point is unique. O

Now we give an example in support of the Theorem 2.3.
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Example 2.4. First we take a function o : R — Ry as a(z,y,2) = B.(y + 2), where 0 < 8 < %,
which satisfies the property (A;) obviously. Now

a < afa,b,b) = p.(b+b) =25.b implies a < k.b where k=28<1,

a < a(b,a,b) =F.(a+b) implies a < k.b where k= b <1 and also

1-p

a < a(bba)=p.(b+a)= implies a < k.b where k= B < 1.

1-p
So « satisfies the property (As). Now Let X = [0,1] and S(x,y,2) = |z — z| + |y — z|. Clearly (X, S)
is a complete S metric space. Let T': X — X be given by

One can check that T" is an A-contraction on X = [0, 1] and satisfies all the conditions of the Theorem
2.3. Also T has a unique fixed point at z = 0.

Now we show that the above Theorem 2.3 holds for A-contraction mapping, in absence of which,
the map T fails to produce any fixed point in the underlying space though other conditions remain
invariant.

Example 2.5. Let X = [0,1] C R and S(z,y,2) = |z — 2| + |y — z|. Then, (X,S) is a complete
S metric space. Take a function « as defined in the previous Example 2.4. Then, « satisfies the
properties (A1) and (Asz). If we assume T': X — X as

T(z) = {1, for x € [0,1)

1
3, forx =1

Then T is a self mapping on a complete S-metric space [0, 1]. Next let z = % and y = 1, then it is easy

to check that g > %, which leads to the conclusion, that 7" is not an A-contraction mapping. Also, T’
has no fixed point in X though other conditions of the Theorem 2.3 are being satisfied.

Theorem 2.6. Let (X, S) be a complete S-metric space and let T and T5 satisfy
STz, Tz, Toy) < a (S (z,2,y), S (z,z,T1z), S (y,y, T2y))
for all z,y € X and for some o in A. Then T} and T, have a unique common fixed point in X.

PROOF. Let us construct the following sequence in X.

Tixp_1, whenever n € N is odd and
Ty = .
Toxn_1, whenever n € N is even

Then
S(z1,21,m2) = S(Tiwo, Tiwo, Tox1)
< a(S(zo, 0, 21), S(x0, 0, T10), S(x1, 21, Tox1))
= aS(xo, 0, 21), S(x0, 20, 1), S(21, 1, T2)) (3)

and therefore from the property of a we have S(z1,x1,z2) < kS(x9,x0,x1). Also, we see that

S(x2, 22, 73) = S(x3,23,72) = S(T1w2, T122, To71)
OZ(S(.TQ,ZEQ,$1),S(CL’Q,I’Q,Tlmg),S(a?l,xl,Tgl'l))

a(S(z1,x1,22), S(x2, 2, 23), S(z1, 21, T2))

IN
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and we get from the property of a that S(z2,x2,23) < kS(21,71,22) < k2S(x0, 20, 21). Proceeding
in a similar fashion, we see that S(zp, Tn, Tnt1) < kS(Tp—1,Tn_1,2n) < k™S(x0, xo,z1) for all n € N.
Then it is a routine calculation to check that {z,} is Cauchy and since X is complete, there exists
some z € X such that x,, — z as n — oco. Now,
S(z,2z,Thz) < 2S(z,z,29n) + S(Thz,T12, x2p)
= 25(z,2,20n) + S(T12,T1 2, Tox2,-1)
< 2S(Za 2 .’E2n) + a(S(LUanla Ton—1, Z)) S(Za 2, le)v
S(xon—1, Tan—1,T2n))- ()

Since « is continuous, taking n tending to infinity we get S(z,z,T12) < (0, S(z, z,T12),0) implying
that S(z,2,T1z) = 0 i.e. T1z = z. In a similar way we can show that Tbz = z and therefore z is a

common fixed point of 77 and T5. Uniqueness of fixed point is obvious.
O

3. Result in integral setting

In 2002, Branciari [13] first analyzed the existence of fixed point of a contractive mapping of integral
type defined over a complete meric space (X, d).

Theorem 3.1. [13] Let (X, d) be a complete metric space, ¢ € (0,1) and let f : X — X be a mapping

such that for each z,y € X,
[ e <e [ ptae (6)
0 0

where ¢ : [0, +00) — [0, +00) is a Lesbesgue-integrable mapping which is summable (i.e. with finite
integral) on each compact subset of [0, +00), nonnegative, and such that for each € > 0, foe o(t)dt > 0,
then f has a unique fixed point a € X such that for each z € X, lim f"z = a.

n—oo

Rhoades [15] extended the result of Branciari by replacing the condition (6) by the following

d(fz,fy) max{d(z,y).d(z,fz),d(y, fy), L0 TAwI0]y
/ p(t)dt < / o(t)dt. (M)
0 0

Since then numerous generalizations have been made in this direction (see [15], [14] for details).

Motivated by these results we apply and prove the analogue of A-contraction mapping over a complete
S-metric space.
An important definition is needed to state our theorem in this section.

Definition 1.2. (Sub additivity)
u : [0,400) — [0,400) is sub additive on each [a,b] C [0, +00) if

/Oaeru(t)dt < /Oa u(t)dt + /Ob u(t)dt. (8)

Now we state our result as following.

Theorem 3.2. Let T be a self-mapping of a complete S-metric space (X, .S) satisfying the following
condition:

S(Tz,Tz,Ty) S(z,z,y) S(z,z,Tx) S(y,y,Ty)
/ S(1)dt < a / o(t)dt, / S(t)dt, / o(t)dt
0 0 0 0
(9)

for each z,y € X with some o € A, where ¢ : [0,4+00) — [0, +00) is a Lesbesgue-integrable mapping
which is summable (i.e. with finite integral), sub additive on each [a,b] C [0, +00), nonnegative, and
such that

for each € > 0, / p(t)dt > 0. (10)
0

Then T has a unique fixed point z € X and for each x € X, limT"x = z.
n
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PROOF. Let xp be an arbitrary element of X and, for brevity, consider x,+1 = Tx,. then for each
integer n > 1, from (9) we get,

S(@n,Tn,Tnt1)
/ (1) dt
0

S(Txyp—1,Txn—1,Txn)
/ p(t)dt
0

S(Tn—1,Tn—1,Tn) S(®n—1,2n-1,TTn_1) S(xn,xn,Ten)
<alf ooy, [ o), [ o(t)dt
0 0 0

S(Tn—1,Tn—1,Zn) S(Tn—1,Tn—1,Zn) S(@n,&n,Tny1)
<alf ooy, [ ooy, [ p(tdt ).
0 0 0

Then by the axiom Ag of function «,

S(xnyxnyxn-l»l) S(xn—lyxn—lyxn)
/ o(t)dt < k / (1)t (11)
0 0

for some k € [0,1) as a € A.
In similar fashion, one can obtain

S(Inﬂ?n,xn-H) S(In_l,xn—hxn)
/ p(t)dt < k/ p(t)dt
0 0
S(Tn—2,Tn—2,Tn—1)
< R / p(t)dt
0
< .
S(z0,z0,21)
< k;"/ o(t)dt. (12)
0
Now for m > n,
m—2
S(ﬂfn,.fn,l'm) < 2 Z S($i,$i,$i+1) +S(flﬁm71,xm—17$m)
mil
< 2 Z S (i, w4, i) -

Now applying subadditivity of ¢(t)

S(xnvwnax'm) 25(£7b7£7umn+1) QS(xVH»l s3Tn+1 7$n+2)
/ o(D)dt < / o(t)dt + / o)t + ..
0 0 0

25(1m727$m72733m71) QS(xmflywmflyxm)
+/ Lp(t)dt+/ (t)dt
0 0

25(zo,x0,21)
< KPR 4 L4 M2 / ©(t)dt
0

= n m—n—2 m—n—1 25(z0,20,21)
= k[l—i-k'-l-...—i—k +k ] go(t)dt
0

km 2S(zo,x0,71)
< /0 p(t)dt.

S(fnywn»mm)

Now taking limit as m,n — oo, we get lim @(t)dt = 0 which, from (10) implies that

m,n—o0 J

lim S(zp,, p, Tm) = 0.
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Therefore, {z,} is Cauchy, hence convergent. Call the limit z.
From (9) we get

S(Tz,Tz,xn+1) S(Tz,Tz,Txyn)
/ o = | (1)
0 0

S(z,z,xn) S(z,2,Tz) S(@n,Tn,Tn+1)
o [ etan [ etar, | p(t)dt |
0 0 0

IN

Taking limit as n — oo, we get

S(Tz,Tz,z) S(2,2,Tz)
/ p(t)dt < o 0,/ (t)dt,0 ] .
0 0

So by the axiom As of function «,

S(Tz,Tz,z)
/ o(t)dt = k.0 = 0
0

which, from (10), implies that S(Tz,Tz,z) =0 or, Tz = z.
Next suppose that w(# z) be another fixed point of 7. Then from (9) we have

S(z,z,w) S(Tz,TzTw)
/ p(t)dt = / o(t)dt
0
S(z,z,w) S(z,2,Tz) S(w,w,Tw)
/ B, / o(t)dt, / o(t)dt
0 0 0
S(z,z,w) S(z,z,2) S(w,w,w)
. / D, / o(1)dl, / o(t)dt
0 0 0
S(zzw
/ t)dt, 0,0

S(z,z,w)
/ p(t)dt =0
0

which, from (10), implies that S(z, z,w) = 0 or, z = w and so the fixed point is unique. O

IN

a

= «

[e=]

So by the axiom As of function «,

Remark 3.3. On setting () = 1 over RT, the contractive condition of integral type transforms into
a general contractive condition not involving integrals.

4. An application to homotopy

In this section, we obtain a homotopy result as an application of Theorem 2.3. For this purpose first
we give the definition of homotopy between two functions.

Definition 4.1. [16] Let X,Y be two topological spaces, and let G, S : X — Y be two continuous
mappings. Then, a homotopy from G to S is a continuous function H : X x [0,1] — Y such that
H(z,0) = Gz and H(z,1) = Sz, for all x € X. Also, G and S are called homotopic mappings.

Theorem 4.2. Let X be a complete S—metric space and U be an open and V be a closed subset of
X with U C V. Let the operator F': V' x [0,1] — X satisfies the following conditions:

1)  # F(x,t) for every x € V\U and for any ¢ € [0, 1],

2) There exists some « € A such that

S(F(x,t), F(x,t), F(y,1)) < a(S(z,2,y),S(z, 2, F(z,t), S(y,y, F(y,t))) (13)
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for all t € [0,1] and z,y €V,
3) There exists a continuous function f : [0, 1] — R such that

S(F(x,1), F(x,t), F(z,s))) < |f(t) = f(s)] (14)
YV t,s € [0,1] and for every x € V,

4) For any r > 0 we have a(a,b,0) < 0r < r whenever a <7 or b <r, where 0 < § < 1.
Then F(.,0) has a fixed point if and only if F'(.,1) has a fixed point.

PROOF. Let us define G = {t € [0,1] : F(z,t) =« for some z € U}.
First let us assume that F(.,0) has a fixed point. Then F(z,0) = x for some xz € U since (1) holds.
Then 0 € G and thus G is non-empty. We will show that G is a clopen subset of [0,1], then from
connectedness of [0, 1] we can easily say that G = [0, 1].
First we prove that G is open. let ty € G then there exists z¢ € U such that F'(xg,ty) = x¢ [as (1) holds].
Therefore there exists r > 0 such that B(zg,r) C U, where B(xo,r) = {x € X : S(z,z,x0) < r}.
Now let, x € B(zo,r) ={x € X : S(z,x,z9) < r} and we choose

€= 1 r— sup «(S(z,x,x0),S(x,z, F(x,t))),0)

2 z€B(zo,r)

Therefore € > 0 by condition (4). Since f is continuous on [0, 1], there exists n(e) > 0 such that
|f(t) — f(to)| < € whenever t € (to — n(e),to + n(e)) C [0,1]. Now,
S(F(x,t), F(z,t),z9) = S(F(x,t),F(z,t),F(xo,to))
< 285(F(z,t), F(z,t), F(z,t0)) + S(F(xo, o), F'(20, to),
F(z,to))
= 2S(F(x,t), F(z,t), F(z,t0)) + S(F(z,to), F(x,to),
F(z9,10))
2[f(t) = f(to)| + aS(z, @, 20), Sz, @, F(x,10)),
S(zo, zo, F(z0,t0)))
= 2[f(t) = f(o)| + (S(z, z, 20), S(z, x, F (2, 10)), 0).

IN

(15)
Therefore, whenever t € (tg — n(e), to + n(e)) C [0,1], we get S(F(z,t), F(x,t),x0) < r implying that
F(xz,t) € B(xg,r). Therefore F(.,t) : B(xo,r) — B(xg,r) for every fixed t € (to —n(e€),to+n(e)). Now
since F'(.,t) satisfies all the conditions of Theorem 2.3 we have, F'(.,) has a fixed point in B(xg,r) C V,
but it must be in U as condition (1) holds. Therefore t € G for every t € (to — n(e€), to + n(e)). Hence
(to —n(e),to +n(e)) C G. So G is open in [0, 1].
Now we show that G is closed also. Let {t,} C G such that ¢, — t* € [0,1] as n — oco. Then there
exists z,, € U such that z,, = F(z,,t,) for all n € N. Moreover we have,

S(Tny Tn, Tm) = S(F(Tn,tn), F(xn, tn), F(Tm,tm))
< 28(F(xn,tn), F(zn, tn), F(Tn, tm)) + S(F(zn, tm), F(Tn, tm),

F(Zm,tm))
2/ f(tn) = )] + (S(@n, T, Tm), S(@n, T, F(Tns tn)),
S(Zm, Ty F(Tm, tm))
2| f(tn) — flEm)| + a(S(xn, Tn, Tm), S(Tn, Tn, F(xn, tm)),0)
2| f(tn) = f(tm)| + 05 (@n, T, m) (16)
which implies S(2y, T, Tm) < 155|f(tn) — f(tm)| = 0 as n,m — co. Therefore {z,,} is Cauchy in X
and since X is complete thus it converges to some z* € V. Now we show that F(z*,t*) = z*. Here
we see that,

S(xy, xpn, F(x*, 7))

IN

IN

S(F(xn,tn), F(xn,ty), F(z",t"))

25(F(xn, tn), F(xpn,tn), F(zn,t*))

+S(F(zp, t*), F(xn, t%), F(z*,t%))

2[f(tn) — ()| + a(S(n, T, 27), (@0, Tn, F (20, t7)),
S(z*, z*, F(z*,t))).

IN

IN
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Now S(zn, Tn, F(xn,t*)) < |f(tn) — f(t*)| = 0 as n — oco. Thus using continuity of o we get,
S(at,z%, (a7, 17)) < a(0,0,5(", 2%, F(z7, 7)) (17)

and therefore by the property of a we have, S(z*, z*, F(z*,t*)) < k.0 = 0 implying that S(z*, z*, F(z*,t*))
= 0 that is F'(z*,t*) = z*. Therefore by condition (1) we get z* € U and so t* € G. Hence G is closed

also and so G = [0,1] that is F'(.,1) has also a fixed point. The converse part can be shown in a
similar way. O
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