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ABSTRACT. This paper deals with the symmetric space of functions and its
subspace where continuous functions are dense is considered. Main properties
of convolution which plays a vital role in harmonic analysis, as in other areas
of mathematics are established in this space. Following the classical case, it
is proved that the convolution can be approximated by linear combinations of
shifts in a subspace of the considered space. An approximate identity for the
convolution is also considered in that subspace.

1. INTRODUCTION

Convolution operation plays a vital role in harmonic analysis, as in other areas
of mathematics. This is mainly due to the fact that many key operators like Hilbert
transform, Poisson integrals, Dirichlet integrals, different types of potentials includ-
ing Riesz potential, singular integrals, etc are expressed in terms of convolution.
Involved in the above operators, convolution operation plays a key role also in ap-
proximation theory. Therefore, to have knowledge of basic properties of convolution
in various Banach function spaces is very important and useful in the study of the
problems of harmonic analysis, approximation theory, theory of partial differential
equations, etc.

Recent years have seen an increased interest in different function spaces, such
as Lebesgue spaces with variable summability index, Orlicz spaces, Morrey spaces,
grand-Lebesgue spaces, etc. Some problems of harmonic analysis and approxima-
tion theory have been considered in [1-14]. Basicity of the classical exponential
system, as well as its perturbations in the subspaces of Morrey space of functions
defined on [—m, 7] was investigated in [6, 11, 13, 15] by the method of boundary
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value problems for analytic functions on a complex domain. In [12, 16, 23], an
analogue of the classical Young inequality and some properties of the convolution
of periodic functions belonging to Morrey type spaces have been obtained. In [12],
it was proved that the convolution in the subspace of Morrey space can be ap-
proximated by finite linear combinations of shifts. In the same work, the validity
of classical facts about approximate identities was also proved in Morrey space.
Note that the spaces considered in the above works are all Banach function spaces
(see, e.g., [17;18]). Moreover, all of them, except for Lebesgue spaces with variable
summability index, are symmetric. Therefore, a question naturally arises: do the
similar results hold for symmetric spaces? Some analogues of Young inequality for
some symmetric spaces have been obtained in [20-22].

In this work, we consider a symmetric space of functions and its subspace where
continuous functions are dense. We establish main properties of convolution in
this space. We prove that the convolution can be approximated by the linear
combinations of shifts in a subspace of this space. Approximate identity is also
considered in that subspace.

2. NEEDFUL INFORMATION

We will use the following standard notations and concepts. Ry = (0,+00);
X () is the characteristic function of the set M; R is the set of real numbers; C' is
the complex plane; w = {z € C': |z| < 1} is a unit disk in C; 7 = Ow is a unit circle;
M is the closure of the set M with respect to appropriate norm; (*) is the complex
conjugate. By [X] we denote the algebra of linear bounded operators acting in a
Banach space X.

We will need some concepts and facts from the theory of Banach function spaces
(see e.g. [24;25]). Let (R;u) be a measure space, and M be the cone of u-
measurable functions on R whose values lie in [0, +00]. Denote the characteristic
function of a p-measurable subset £ of R by x g -

Definition 1. A mapping p : M+ — [0, +00] is called a Banach function norm (or
simply a function norm) if, for all f,g, fn,m € Nin M™, for all constants a > 0
and for all p-measurable subsets E C R, the following properties hold:

(P1p(f) =0« f=0p-ae;plaf)=ap(f);p(f+9) <p(f)+p(9):

(P2)0 < g< fu-a.e = p(g) <p(f);

(P3)0< fu 1 fu-a.e. = p(fa) Tp(f);

(P4) 1 (E) < 400 = p(xp) < +00;

(P5) 1n(E) < +o00 = [, fdu < Cgp(f), for some constant Cg : 0 < Cp < 400
depending on E and p, but independent of f .

Let M denote the collection of all extended scalar-valued (real or complex) p-
measurable functions and My C M denote the subclass of functions that are finite
p-a.e.
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Definition 2. Let p be a function norm. The collection X = X (p) of all functions
fin M for which p(|f|) < +o0 is called a Banach function space. For each f € X,

define |[fllx = o (|f])-

The following theorem is true.

Theorem 3. Let p be a function norm and let X = X (p) and ||-||x be as above.
Then under the natural vector space operations, (X;||-||y) is a normed linear space
for which the inclusions

My, C X C My

hold, where My is the set of p-simple functions. In particular, if f,, — fin X, then
fn — fin measure on sets of finite measure, and hence some subsequence converges
pointwise p-a.e. to f.

Let
p’(g)=sup{/f(7)g(7)|dt:f€M+;p(f) < 1},\fgeM+.

A space
X'={g€M:p(|g]) < +o0o},

is called an associate space (Kothe dual) of X.
The functions f;g € M are called equimeasurable if

{rev: 1F(DI> M =Hrey:lg(n)]>AH, VA =0.

Banach function norm p : M* — [0,00] is called rearrangement invariant if for
arbitrary equimeasurable functions f;g € M~ the relation p(f) = p(g) holds.
In this case, Banach function space X with the norm |- ||, = p(|-|) is said to
be rearrangement invariant function space (r.i.s. for short). Classical Lebesgue,
Orlicz, Lorentz, Lorentz-Orlicz spaces are r.i.s.

Definition 4. Let X be a Banach function space. The closure of the set of simple
functions My in X is denoted by Xp.

To obtain our main results, we will significantly use the following fact from the
monograph [17, p.13].

Recall that a closed linear subspace B of the dual space X* of a Banach space
X is said to be norm-fundamental if

Ifllx =sup{[L(f)]: L € BAIIL|x. <1}

for every f € X. Thus, B is norm-fundamental if it contains sufficiently many
functionals to reproduce the norm of every element of X. The following theorem is
true.
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Theorem 5. The associate space X' of a Banach function space X is canoni-
cally isometrically isomorphic to a closed norm-fundamental subspace of the Banach
space X* of X, i.e.

1fllx = sup {\/ fgdt‘ ol < 1},Vf e x.
geX’ —T

In the sequel, we will assume that all the considered functions are defined on
[—7, 7] and periodically continued to the whole real axis. By Ts we will denote the
shift operator, i.e. (Tsf)(z) = f(z + ), Vs;z € (—m, 7).

We will also use the following lemma of [17, p.157].

Lemma 6. Let X be a r.i.s. ony and Xy be the closure of simple functions in X.
The following assertions are equivalent:

(1) Xy is the closure of continuous functions;
(2) translation is continuous in Xy, that is

lim |7 — I = 0,Yf € X

(3) Xy is the closure in X of trigonometric polynomials.

3. MAIN RESULTS

3.1. Convolution. Let X be a Banach function space with the norm |-||  invariant
with respect to shift on [—7, 7] (we will assume that the functions from X and X’
are periodically continued to the whole axis R with period 27). We will call such
space a norm-invariant space for short. Let f € X and g € X’. Consider the
convolution

Fra)@ = fla—v)g)dyzel-m.

As X C Ly and X' C Ly, the existence of the convolution (f * g) (x) a.e. x € [—m, 7]
is beyond any doubt. Applying Holder’s inequality, we obtain

[(fx9) @) < If (@ =)lx Ngllx = [Flx l9llx» ae ze(=mm).
Consequently,

1 glle < 11 x Nlgllx - (1)
Let Ts be a shift operator, i.e. (T5f) (x) = f (6 +z), x € [-m,7]. It is not difficult
to see that

T (f+9) @)= (F ) @ +0) = [ 7(e+6- 000t = (T3S ) @),

In view of the periodicity of the functions f and g, we also have

4 T—0
Ts (fxg) (z) = f(z+57t)g(t)dt:|t—6:7|:/ fx—1)g(+7)dr

— )



SOME PROPERTIES OF CONVOLUTION IN SYMMETRIC SPACES T

us

= (z —7) (T5g) (r) dr = (f * Tsg) (x) -

Denote by X, (X)) the subspace of functions from X (from X') whose shifts are
continuous in X (in X'). Applying inequality , we obtain

IT5 (f+9) = f gl = IT5 %9 = frglloe = I(T5f = f)* gl < NT5f = fllx gl x -

Similarly we have

IT5 (f *9) = f* 9l < IFlx 1T59 = gllx -
These relations directly imply the validity of the following theorem.

Theorem 7. Let X be a norm-invariant Banach function space. Then

1f * 9lloe < 1f1lx 9llx VI € X, Vg € X,

Moreover, the convolution operation f * g is continuous in Lo, if either f € X,
orge X,.

Let X be a norm-invariant Banach function space and f : [—7, 7] — R be some
simple function, i.e. let [—, 7] = {J;_, Ex be some division of segment [—m, 7] and
f(z) = ¢k, Vo € Ex, k =1,7. Take an arbitrary function g € X, and consider

(Fe)@=[ Te-vewa=[ TWo-vdy=

:ch/ g(x —y)dy,Vz € [-m,7].
k=1 7 Ek

Consequently,

T
1 gl <D lexl
k=1

\/ g(m—y)dyH <3l [ o=l dy =
Ey X k=1 Ex

= lex] |\9Hx/ ldy = |Ifll, ll9llx ,Vf € S[-m, 7],
k=1 By,

where S [—, 7] is a set of all simple functions on [—7, 7]. So the following inequality
holds:

1f*gllx <INz, Ngllx VS e S=mn]. (2)
Let f € Ly (—m, ) be an arbitrary function. Consider

v{fn}neN CSl=mm]:|fa *fHLl — 0,n — oo.

Since S [—m, 7] is dense in Ly (—m, 7), the choice of such a sequence is always possi-
ble. Then it follows directly from the inequality that the sequence {f, * g}
is fundamental in X. Assume

nenN

(f*g)y = lim fxg.
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By virtue of inequality , the definition of (f * g); does not depend on the choice
of the sequence {f,},.y C S[-m,7]. On the other hand, it is clear that the
sequence { f, * g}, o converges to (f * g); alsoin Ly (-7, 7). As f;g € Ly (—,7),
by classical facts (see, e.g., [19]), there exists a convolution f % g and, moreover,
fan*xg— f*g,n— o0, in Ly (—m, 7). Then it is clear that (f x g), (z) = (f * g) ()
a.e. ¢ € [—m,m|. So the following theorem is true.

Theorem 8. Let X be a norm-invariant Banach function space and f € Ly (—m, m)A
g € X be arbitrary functions. Then f x g € X and the following inequality holds:

If*gllx < £z, lgllx VS € Ly (=m,7) , Vg € X. 3)

Denote by M the space of measures on [—m, 7], i.e. M contains a distribution
F € D (D is a space of distributions on [—,7]) satisfying the inequality

[F (u)] < ¢llull ,Vu € C°,

where C§° are infinitely differentiable functions with compact support on T =
(—m, ). Such measures are called Radon measures. It is known (see Riesz-Markov-
Kakutani theorem for compact space) that every functional (distribution) can be
represented as an integral with respect to the unique regular Borel measure p on
T:

F(u)=u(U)=/TU(x)du(w)~

M is a Banach space with respect to the norm

leelly = sup {|p (u)] : w € Cl=m, 7], [luf . <1}

For more details on these facts we refer the reader to [19].
Let p € M and f,g € C[—n, 7] be arbitrary functions. Then, as shown in the
monograph [19] (see p. 93), we have the relation

1 us

2 ),

(u*f)gdxzu(f*g),

where f (t) = f (—t). It directly follows
1 s
| s

2 ),

< el 1 * 9l -

Applying Theorem [7, we obtain

! /7r (1 * f) gdx

2 ),

< el 11 x gl x - (4)

Passing to the limit, we see that the inequality holds for Vf € X}, and Vg € (X'),.
So the following lemma is true.
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Lemma 9. Let X be a norm-invariant Banach function space and u € M be a
Radon measure. Then the following inequality holds

1

%/_:(u*f)gdx

< el £l x Mgl xo V€ X, ¥g € (X)), - (5)

Now let’s assume that X has an absolutely continuous norm. Then, as is known
(see, e.g., [17], Theorem 4.1, p. 20), X = X, and X' = X* (X* is a conjugate
space). Lemma |§| and the inequality imply that p* f € X and

[l fllx < lully 111l - (6)
So the following theorem is true.

Theorem 10. Let X be a Banach function space with absolutely continuous and
invariant norm. Then for Yu € M and Vf € X the relation p*x f € X and the
inequality (@ hold.

In the sequel, we will need some direct corollaries of Theorem[8] Let all conditions
of this theorem hold. Then from the inequality we obtain

1f*gllx < Clflix llgllx VS € Xp, Vg € X, (7)

and
1+ gllx < Clfllxn, l9llxvf € (X),,Vg € X, (®)
where C is a constant depending only on X. As L (—m,7) is dense in X; (in

(X"),), these inequalities follow from by passage to the limit. So the following
statement is true.

Proposition 11. Let X be a norm-invariant Banach function space. Then for
Vf e Xy (orVfe(X'),)andVg € X : fxg € X and the inequalities (7)), hold.

A question naturally arises: does Proposition[IT]hold for Vf € X7 It is absolutely
clear that Vf;g € X the convolution f * g is defined like an element of the space
Ly (—m,m). Let 8" = {9 € X' : |||y, < 1}. Then, by Theoremﬁ we have

||f*g||X—sup\/ (7 +9) )9 @)ds| = sup | [ 7fo—t> 9 () (x) di

= sup
ves’

[ [ re-nv@asea] < [ sl [

™

=/_F IFC=D)lxlg (@) dt = IIfHX/ lg@®)]dt = [IFlx llgllz, -

—T

fz =)0 (z)de

= sup lg (t)| dt =

9es’

So the following lemma is true.

Lemma 12. Let X be a norm-invariant Banach function space. Then for Vf;g €
X: f*g belongs to X and

1f*glx <Iflx llgllz, - VFig € X,
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The following main theorem follows direcly from this lemma.

Theorem 13. Let X be a norm-invariant Banach function space. Then forVf;g €
X: fxge X and

1f*gllx < Cllfllx lgllx V59 € X,
where C is a constant independent of f and g.

3.2. Approximation of convolution by shifts. Let’s prove the theorem below
following the classical case.

Theorem 14. Let X be a r.i.s. with Boyd indices ax;Bx € (0,1). Let f €
Ly (—m,m) and g € E, where E denotes any one of the spaces C[—m, x| or Xy.
Then the convolution f * g in E can be approximated by finite linear combinations

of shifts g, i.e. Ve >0, I{ay}| C [-m, 7| A{\e}] C R:

9= MTug

k=1

< €.
E

Proof. The case of E = C[—m, 7] is known (see, e.g.,[19]). Consider the case of
FE = X,. Following the classical scheme, as a subset Sy, such that the finite linear
combinations of elements from Sy are dense in L;, we take a set of functions f,
each of which coincides on [—7, 7] with the characteristic function of some interval
M =la,b], —m < a < b < 7, and continues further on periodically.

Let Ve > 0 be arbitrary. Let’s divide M into a finite number of subintervals I,
of length |It| < §. Take Vay € I.. Let f (x) = xps (). We have

(f*9)( Z|Ik|9 (x — ax) / g(x—y)dy—
Uka

—Z/Ikg@—ak)dy:;/lk st~y =3 s (0

k
where
m@) = [ loGe=1) =g (o - a)ldy.
Consequently |
||(f £9) ()= > MklgC—ar)l| <D lhlly -
k X k
‘We have

T

hi (t) 9 (t dt‘ = sup
—7 9es’

/—w /zk (t =) =g (t —ax)]dad (¢) dt‘ -

/_: /_W lg (t =) =g (¢t —ar)] xr, (x) () dxdt‘ —

el = sup
Y9est

= sup
ves’
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<

—swp | [ [ lalt- ) - glt- v ey, () do
<[ g
= lg (- —2)—g(—ar)llx dz.

So the following relation is valid

||hkuxs/1 lg(—2) — g (- — aw)x de. (9)

In the sequel, we will assume that X is a r.i.s. with Boyd indies ax; Sy €
(0,1). Then it follows from Corollary 6.11 of [17] (see p. 165) that trigonometric
polynomials are dense in Xj, and hence, by Lemma [6] the shifts are continuus in
Xy. Therefore, for Ve > 0, 36 > 0:

||Tacg - TakgHX < E,Vl‘ € Iy.

/_ 9 (t— ) — g (t— a9 (t) diry, (z) do

Considering this relation in @D, we obtain
[l x < [Tx| e,

and hence

‘(f*g) ()= klg(-—aw)| <|I|e<2me.
k X

Since ), [I1| T, g is a finite linear combination of shifts g, it is clear that fxg € vy,

where Vg is a closed linear subspace in E, generated by shifts T, g of the function

g. Let f € Ly (—m,m) be an arbitrary element. Then for Ve > 0 there exist a

partition of [—7, 7] into a finite number of intervals M}, and a number A such that

the inequality

<e€

FO =D Xexa, ()
k

Ly

holds. It follows directly from the previous result that F x g € Vg, where F' () =
>k MXaz, (+). Then there exists a finite linear combination of shifts ), 74, 9
such that

< €.
X

Frg=> p,Tag

By Lemma we obtain

<Nfrg—Frglx +
X
Set|f=Flig, lgllx <e+llgllx)-

The arbitrariness of € > 0 implies f x g € Vg. The theorem is proved. ([l

<

Hf x9 = 1Ta,g

Fig—> p,Ta.g
n X
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3.3. Approximate identity. Let’s consider the approximate identities for convo-
lutions in the space X;. By the approximate identity (for convolution) we mean

{K,(L')}WEN C Ly (—m, ) such that
a)sup || Knl|, < +o0;
Hlime [ K, () do = 1
7v) lim f5§|z\§ﬂ | Ky, (x)dz] =0, V§ e (0,7).

n—oo
The following theorem is true.

Theorem 15. Let X be a r.i.s. with Boyd indices ax;Bx € (0,1) and {K,}, oy
be an approximate identity. Then

lim ||K, * f— fllyx =0,Vf € X,.
Proof. Take Vf € X;,. Let € > 0 be an arbitrary number. It is clear that dg €
Cl—m,n]:
If —gllx <e.

We have
[ Kn o f— Kpn*gllx <|[|Kallp, If—9llx < Me,

where M = sup || Ky, . As is known (see, e.g., [19]),

nlingo [ Kn*g— 9”00 =0.

Then dng € N:
| Ko % g — gl o <&,V > no.
We have
[1Kn % g —glly <ellll x = Ce,Vn = no.
Hence

HKn*f_f”X < HKn*f_Kn*QHX""||Kn*g_gHX+
+llg— fllx (M +C+1)e,Vn > ny.
The theorem is proved. (I
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