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Abstract. This paper deals with the symmetric space of functions and its
subspace where continuous functions are dense is considered. Main properties
of convolution which plays a vital role in harmonic analysis, as in other areas
of mathematics are established in this space. Following the classical case, it
is proved that the convolution can be approximated by linear combinations of
shifts in a subspace of the considered space. An approximate identity for the
convolution is also considered in that subspace.

1. Introduction

Convolution operation plays a vital role in harmonic analysis, as in other areas
of mathematics. This is mainly due to the fact that many key operators like Hilbert
transform, Poisson integrals, Dirichlet integrals, di¤erent types of potentials includ-
ing Riesz potential, singular integrals, etc are expressed in terms of convolution.
Involved in the above operators, convolution operation plays a key role also in ap-
proximation theory. Therefore, to have knowledge of basic properties of convolution
in various Banach function spaces is very important and useful in the study of the
problems of harmonic analysis, approximation theory, theory of partial di¤erential
equations, etc.
Recent years have seen an increased interest in di¤erent function spaces, such

as Lebesgue spaces with variable summability index, Orlicz spaces, Morrey spaces,
grand-Lebesgue spaces, etc. Some problems of harmonic analysis and approxima-
tion theory have been considered in [1-14]. Basicity of the classical exponential
system, as well as its perturbations in the subspaces of Morrey space of functions
de�ned on [��; �] was investigated in [6, 11, 13, 15] by the method of boundary
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value problems for analytic functions on a complex domain. In [12, 16, 23], an
analogue of the classical Young inequality and some properties of the convolution
of periodic functions belonging to Morrey type spaces have been obtained. In [12],
it was proved that the convolution in the subspace of Morrey space can be ap-
proximated by �nite linear combinations of shifts. In the same work, the validity
of classical facts about approximate identities was also proved in Morrey space.
Note that the spaces considered in the above works are all Banach function spaces
(see, e.g., [17;18]). Moreover, all of them, except for Lebesgue spaces with variable
summability index, are symmetric. Therefore, a question naturally arises: do the
similar results hold for symmetric spaces? Some analogues of Young inequality for
some symmetric spaces have been obtained in [20-22].
In this work, we consider a symmetric space of functions and its subspace where

continuous functions are dense. We establish main properties of convolution in
this space. We prove that the convolution can be approximated by the linear
combinations of shifts in a subspace of this space. Approximate identity is also
considered in that subspace.

2. Needful information

We will use the following standard notations and concepts. R+ = (0;+1);
�M (�) is the characteristic function of the set M ; R is the set of real numbers; C is
the complex plane; ! = fz 2 C : jzj < 1g is a unit disk in C; 
 = @! is a unit circle;
�M is the closure of the set M with respect to appropriate norm; ( � ) is the complex
conjugate. By [X] we denote the algebra of linear bounded operators acting in a
Banach space X.
We will need some concepts and facts from the theory of Banach function spaces

(see e.g. [24;25]). Let (R;�) be a measure space, and M+ be the cone of �-
measurable functions on R whose values lie in [0;+1]. Denote the characteristic
function of a �-measurable subset E of R by �E .

De�nition 1. A mapping � :M+ ! [0;+1] is called a Banach function norm (or
simply a function norm) if, for all f; g; fn; n 2 N in M+, for all constants a � 0
and for all �-measurable subsets E � R, the following properties hold:
(P1)� (f) = 0, f = 0 �-a.e.; � (af) = a� (f) ; � (f + g) � � (f) + � (g);
(P2) 0 � g � f�-a.e. ) � (g) � � (f);
(P3) 0 � fn " f�-a.e. ) � (fn) " � (f);
(P4) � (E) < +1) � (�E) < +1;
(P5) � (E) < +1)

R
E
fd� � CE� (f), for some constant CE : 0 < CE < +1

depending on E and �, but independent of f .

Let M denote the collection of all extended scalar-valued (real or complex) �-
measurable functions and M0 �M denote the subclass of functions that are �nite
�-a.e.
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De�nition 2. Let � be a function norm. The collection X = X (�) of all functions
f in M for which � (jf j) < +1 is called a Banach function space. For each f 2 X,
de�ne kfkX = � (jf j).

The following theorem is true.

Theorem 3. Let � be a function norm and let X = X (�) and k�kX be as above.
Then under the natural vector space operations, (X; k�kX) is a normed linear space
for which the inclusions

Ms � X �M0

hold, where Ms is the set of �-simple functions. In particular, if fn ! f in X, then
fn ! f in measure on sets of �nite measure, and hence some subsequence converges
pointwise �-a.e. to f .

Let

�0 (g) = sup

�Z



f (�) g (�) jdtj : f 2M+; � (f) � 1
�
;8g 2M+:

A space

X 0 = fg 2M : �0 (jgj) < +1g ;

is called an associate space (Kothe dual) of X.
The functions f ; g 2M0 are called equimeasurable if

jf� 2 
 : jf (�)j > �gj = jf� 2 
 : jg (�)j > �gj ;8� � 0:

Banach function norm � : M+ ! [0;1] is called rearrangement invariant if for
arbitrary equimeasurable functions f ; g 2 M+

0 the relation � (f) = � (g) holds.
In this case, Banach function space X with the norm k � kX = � (j � j) is said to
be rearrangement invariant function space (r.i.s. for short). Classical Lebesgue,
Orlicz, Lorentz, Lorentz-Orlicz spaces are r.i.s.

De�nition 4. Let X be a Banach function space. The closure of the set of simple
functions Ms in X is denoted by Xb.

To obtain our main results, we will signi�cantly use the following fact from the
monograph [17, p.13].
Recall that a closed linear subspace B of the dual space X� of a Banach space

X is said to be norm-fundamental if

kfkX = sup fjL (f)j : L 2 B ^ kLkX� � 1g

for every f 2 X. Thus, B is norm-fundamental if it contains su¢ ciently many
functionals to reproduce the norm of every element of X. The following theorem is
true.
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Theorem 5. The associate space X 0 of a Banach function space X is canoni-
cally isometrically isomorphic to a closed norm-fundamental subspace of the Banach
space X� of X, i.e.

kfkX = sup
g2X0

�����Z �

��
fgdt

���� : kgkX0 � 1
�
;8f 2 X:

In the sequel, we will assume that all the considered functions are de�ned on
[��; �] and periodically continued to the whole real axis. By Ts we will denote the
shift operator, i.e. (Tsf)(x) = f(x+ s); 8s;x 2 (��; �].
We will also use the following lemma of [17, p.157].

Lemma 6. Let X be a r.i.s. on 
 and Xb be the closure of simple functions in X.
The following assertions are equivalent:

(1) Xb is the closure of continuous functions;
(2) translation is continuous in Xb, that is

lim
s!0

kTsf � fkX = 0;8f 2 Xb;

(3) Xb is the closure in X of trigonometric polynomials.

3. Main results

3.1. Convolution. LetX be a Banach function space with the norm k�kX invariant
with respect to shift on [��; �] (we will assume that the functions from X and X 0

are periodically continued to the whole axis R with period 2�). We will call such
space a norm-invariant space for short. Let f 2 X and g 2 X 0. Consider the
convolution

(f � g) (x) =
Z �

��
f (x� y) g (y) dy; x 2 [��; �] :

AsX � L1 andX 0 � L1, the existence of the convolution (f � g) (x) a.e. x 2 [��; �]
is beyond any doubt. Applying Hölder�s inequality, we obtain

j(f � g) (x)j � kf (x� �)kX kgkX0 = kfkX kgkX0 ; a.e. x 2 (��; �) :
Consequently,

kf � gk1 � kfkX kgkX0 : (1)

Let T� be a shift operator, i.e. (T�f) (x) = f (� + x), x 2 [��; �]. It is not di¢ cult
to see that

T� (f � g) (x) = (f � g) (x+ �) =
Z �

��
f (x+ � � t) g(t)dt = (T�f � g) (x) :

In view of the periodicity of the functions f and g, we also have

T� (f � g) (x) =
Z �

��
f (x+ � � t) g (t) dt = jt� � = � j =

Z ���

����
f (x� �) g (� + �) d� =



SOME PROPERTIES OF CONVOLUTION IN SYMMETRIC SPACES 777

=

Z �

��
f (x� �) (T�g) (�) d� = (f � T�g) (x) :

Denote by Xs (X 0
s) the subspace of functions from X (from X 0) whose shifts are

continuous in X (in X 0). Applying inequality (1), we obtain

kT� (f � g)� f � gk1 = kT�f � g � f � gk1 = k(T�f � f) � gk � kT�f � fkX kgkX0 :

Similarly we have

kT� (f � g)� f � gk1 � kfkX kT�g � gkX0 :

These relations directly imply the validity of the following theorem.

Theorem 7. Let X be a norm-invariant Banach function space. Then

kf � gk1 � kfkX kgkX0 ;8f 2 X;8g 2 X 0:

Moreover, the convolution operation f � g is continuous in L1 if either f 2 Xs
or g 2 X 0

s.
Let X be a norm-invariant Banach function space and f : [��; �]! R be some

simple function, i.e. let [��; �] =
Sr
k=1Ek be some division of segment [��; �] and

f (x) = ck, 8x 2 Ek, k = 1; r. Take an arbitrary function g 2 Xb and consider

(f � g) (x) =
Z �

��
f (x� y) g (y) dy =

Z �

��
f (y) g (x� y) dy =

=
rX

k=1

ck

Z
Ek

g (x� y) dy;8x 2 [��; �] :

Consequently,

kf � gkX �
rX

k=1

jckj




Z

Ek

g (x� y) dy





X

�
rX

k=1

jckj
Z
Ek

kg (� � y)kX dy =

=
rX

k=1

jckj kgkX
Z
Ek

1dy = kfkL1 kgkX ;8f 2 S [��; �] ;

where S [��; �] is a set of all simple functions on [��; �]. So the following inequality
holds:

kf � gkX � kfkL1 kgkX ;8f 2 S [��; �] : (2)

Let f 2 L1 (��; �) be an arbitrary function. Consider
8 ffngn2N � S [��; �] : kfn � fkL1 ! 0; n!1:

Since S [��; �] is dense in L1 (��; �), the choice of such a sequence is always possi-
ble. Then it follows directly from the inequality (2) that the sequence ffn � ggn2N
is fundamental in X. Assume

(f � g)1 = lim
n!1

fn � g:
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By virtue of inequality (2), the de�nition of (f � g)1 does not depend on the choice
of the sequence ffngn2N � S [��; �]. On the other hand, it is clear that the
sequence ffn � ggn2N converges to (f � g)1 also in L1 (��; �). As f ; g 2 L1 (��; �),
by classical facts (see, e.g., [19]), there exists a convolution f � g and, moreover,
fn � g ! f � g, n!1, in L1 (��; �). Then it is clear that (f � g)1 (x) = (f � g) (x)
a.e. x 2 [��; �]. So the following theorem is true.

Theorem 8. Let X be a norm-invariant Banach function space and f 2 L1 (��; �)^
g 2 X be arbitrary functions. Then f � g 2 X and the following inequality holds:

kf � gkX � kfkL1 kgkX ;8f 2 L1 (��; �) ;8g 2 X: (3)

Denote by M the space of measures on [��; �], i.e. M contains a distribution
F 2 D (D is a space of distributions on [��; �]) satisfying the inequality

jF (u)j � c kuk1 ;8u 2 C
1
0 ;

where C10 are in�nitely di¤erentiable functions with compact support on T =
(��; �). Such measures are called Radon measures. It is known (see Riesz-Markov-
Kakutani theorem for compact space) that every functional (distribution) can be
represented as an integral with respect to the unique regular Borel measure � on
T :

F (u) = � (u) =

Z
T

u (x) d� (x) :

M is a Banach space with respect to the norm

k�k1 = sup fj� (u)j : u 2 C [��; �] ; kuk1 � 1g :

For more details on these facts we refer the reader to [19].
Let � 2 M and f; g 2 C [��; �] be arbitrary functions. Then, as shown in the

monograph [19] (see p. 93), we have the relation

1

2�

Z �

��
(� � f) gdx = �

�
�f � g

�
;

where �f (t) = f (�t). It directly follows���� 12�
Z �

��
(� � f) gdx

���� � k�k1 kf � gk1 :
Applying Theorem 7, we obtain���� 12�

Z �

��
(� � f) gdx

���� � k�k1 kfkX kgkX0 : (4)

Passing to the limit, we see that the inequality (4) holds for 8f 2 Xb and 8g 2 (X 0)b.
So the following lemma is true.
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Lemma 9. Let X be a norm-invariant Banach function space and � 2 M be a
Radon measure. Then the following inequality holds���� 12�

Z �

��
(� � f) gdx

���� � k�k1 kfkX kgkX0 ;8f 2 Xb;8g 2 (X 0)b : (5)

Now let�s assume that X has an absolutely continuous norm. Then, as is known
(see, e.g., [17], Theorem 4.1, p. 20), X = Xb and X 0 = X� (X� is a conjugate
space). Lemma 9 and the inequality (5) imply that � � f 2 X and

k� � fkX � k�k1 kfkX : (6)

So the following theorem is true.

Theorem 10. Let X be a Banach function space with absolutely continuous and
invariant norm. Then for 8� 2 M and 8f 2 X the relation � � f 2 X and the
inequality (6) hold.

In the sequel, we will need some direct corollaries of Theorem 8. Let all conditions
of this theorem hold. Then from the inequality (3) we obtain

kf � gkX � C kfkX kgkX ;8f 2 Xb;8g 2 X; (7)

and
kf � gkX � C kfk(X0)b

kgkX ;8f 2 (X
0)b ;8g 2 X; (8)

where C is a constant depending only on X. As L1 (��; �) is dense in Xb (in
(X 0)b), these inequalities follow from (3) by passage to the limit. So the following
statement is true.

Proposition 11. Let X be a norm-invariant Banach function space. Then for
8f 2 Xb (or 8f 2 (X 0)b ) and 8g 2 X : f �g 2 X and the inequalities (7), (8) hold.

A question naturally arises: does Proposition 11 hold for 8f 2 X? It is absolutely
clear that 8f ; g 2 X the convolution f � g is de�ned like an element of the space
L1 (��; �). Let S0 = f# 2 X 0 : k#kX0 � 1g. Then, by Theorem 5, we have

kf � gkX = sup
#2S0

����Z �

��
(f � g) (x)# (x) dx

���� = sup
#2S0

����Z �

��

Z �

��
f (x� t) g (t)# (x) dtdx

���� =
= sup

#2S0

����Z �

��

Z �

��
f (x� t)# (x) dxg (t) dt

���� � Z �

��
sup
#2S0

����Z �

��
f (x� t)# (x) dx

���� jg (t)j dt =
=

Z �

��
kf (� � t)kX jg (t)j dt = kfkX

Z �

��
jg (t)j dt = kfkX kgkL1 :

So the following lemma is true.

Lemma 12. Let X be a norm-invariant Banach function space. Then for 8f ; g 2
X: f � g belongs to X and

kf � gkX � kfkX kgkL1 ;8f ; g 2 X;
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The following main theorem follows direcly from this lemma.

Theorem 13. Let X be a norm-invariant Banach function space. Then for 8f ; g 2
X: f � g 2 X and

kf � gkX � C kfkX kgkX ;8f ; g 2 X;
where C is a constant independent of f and g.

3.2. Approximation of convolution by shifts. Let�s prove the theorem below
following the classical case.

Theorem 14. Let X be a r.i.s. with Boyd indices �X ;�X 2 (0; 1). Let f 2
L1 (��; �) and g 2 E, where E denotes any one of the spaces C [��; �] or Xb.
Then the convolution f � g in E can be approximated by �nite linear combinations
of shifts g, i.e. 8" > 0, 9 fakgn1 � [��; �] ^ f�kg

n
1 � R:




f � g �

nX
k=1

�kTakg







E

< ":

Proof. The case of E = C [��; �] is known (see, e.g.,[19]). Consider the case of
E = Xb. Following the classical scheme, as a subset S0, such that the �nite linear
combinations of elements from S0 are dense in L1, we take a set of functions f ,
each of which coincides on [��; �] with the characteristic function of some interval
M = [a; b], �� < a < b < �, and continues further on periodically.
Let 8" > 0 be arbitrary. Let�s divide M into a �nite number of subintervals Ik

of length jIkj < �. Take 8ak 2 Ik. Let f (x) = �M (x) : We have

(f � g) (x)�
X
k

jIkj g (x� ak) =
Z
S
k Ik

g (x� y) dy�

�
X
k

Z
Ik

g (x� ak) dy =
X
k

Z
Ik

[g (x� y)� g (x� ak)] dy =
X
k

hk (x) ;

where

hk (x) =

Z
Ik

[g (x� y)� g (x� ak)] dy:

Consequently 




(f � g) (�)�X
k

jIkj g (� � ak)






X

�
X
k

khkkX :

We have

khkkX = sup
#2S1

����Z �

��
hk (t)# (t) dt

���� = sup
#2S0

����Z �

��

Z
Ik

[g (t� x)� g (t� ak)] dx# (t) dt
���� =

= sup
#2S0

����Z �

��

Z �

��
[g (t� x)� g (t� ak)]�Ik (x)# (t) dxdt

���� =
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= sup
#2S0

����Z �

��

Z �

��
[g (t� x)� g (t� ak)]# (t) dt�Ik (x) dx

���� �
�
Z �

��
sup
#2S0

����Z �

��
[g (t� x)� g (t� ak)]# (t) dt�Ik (x) dx

���� =
=

Z
Ik

kg (� � x)� g (� � ak)kX dx:

So the following relation is valid

khkkX �
Z
Ik

kg (� � x)� g (� � ak)kX dx: (9)

In the sequel, we will assume that X is a r.i.s. with Boyd indies �X ; �X 2
(0; 1). Then it follows from Corollary 6.11 of [17] (see p. 165) that trigonometric
polynomials are dense in Xb, and hence, by Lemma 6, the shifts are continuus in
Xb. Therefore, for 8" > 0, 9� > 0:

kTxg � TakgkX < ";8x 2 Ik:
Considering this relation in (9), we obtain

khkkX � jIkj ";
and hence 




(f � g) (�)�X

k

jIkj g (� � ak)






X

� jIj " � 2�":

Since
P

k jIkjTakg is a �nite linear combination of shifts g, it is clear that f �g 2 �Vg,
where �Vg is a closed linear subspace in E, generated by shifts Tag of the function
g. Let f 2 L1 (��; �) be an arbitrary element. Then for 8" > 0 there exist a
partition of [��; �] into a �nite number of intervals Mk and a number �k such that
the inequality 




f (�)�X

k

�k�Mk
(�)






L1

< "

holds. It follows directly from the previous result that F � g 2 �Vg, where F (�) =P
k �k�Mk

(�). Then there exists a �nite linear combination of shifts
P

n �nTang
such that 




F � g �X

n

�nTang







X

< ":

By Lemma 12, we obtain




f � g �X
n

�nTang







X

� kf � g � F � gkX +





F � g �X

n

�nTang







X

�

� "+ kf � FkL1 kgkX � " (1 + kgkX) :
The arbitrariness of " > 0 implies f � g 2 �Vg. The theorem is proved. �
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3.3. Approximate identity. Let�s consider the approximate identities for convo-
lutions in the space Xb. By the approximate identity (for convolution) we meann
K
(�)
n

o
n2N

� L1 (��; �) such that
�)sup

n
kKnkL1 < +1;

�)lim
n

1
2�

R �
��Kn (x) dx = 1;


) lim
n!1

R
��jxj�� jKn (x) dxj = 0 ; 8� 2 (0; �) :

The following theorem is true.

Theorem 15. Let X be a r.i.s. with Boyd indices �X ;�X 2 (0; 1) and fKngn2N
be an approximate identity. Then

lim
n!1

kKn � f � fkX = 0;8f 2 Xb:

Proof. Take 8f 2 Xb. Let " > 0 be an arbitrary number. It is clear that 9g 2
C [��; �]:

kf � gkX < ":
We have

kKn � f �Kn � gkX � kKnkL1 kf � gkX �M";
where M = sup

n
kKnkL1 . As is known (see, e.g., [19]),

lim
n!1

kKn � g � gk1 = 0:

Then 9n0 2 N :
kKn � g � gk1 < ";8n � n0:

We have
kKn � g � gkX � " k1kX = C";8n � n0:

Hence
kKn � f � fkX � kKn � f �Kn � gkX + kKn � g � gkX +

+ kg � fkX � (M + C + 1) ";8n � n0:
The theorem is proved. �
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