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A Note on Nearly Hyperbolic Cosymplectic Manifolds

Highlights

Sub manifods of nearly hyperbolic cosymplectic manifolds were investigated.
Distrubutions of Sub manifods were defined.

Integrability conditions were investigated.

Integrability conditions were determined for the distributions of these sub manifolds.
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A pseudo submanifold M of a nearly Mhyperbolic cosymplectic manifold which is totally geodesic, Dg.D ,
distributions with Du @ (¢)and Dy D D# are proved integrable but D, € (§) or not.

Graphical Abstract

' Itis shown thef [X, Y] € Dg @ D,, for any vector fields X, ¥ in Dg @ D),. On the other hand,
i) TM=Dy @ D, 6 @), (Vxg)(¥.8) = Vxg(¥,§) - g(Vy¥,§) - g(¥,VxE) = 0

2y —
X =X +q(X)% and from the last equation;
gX.8) =n(x), 7€) = -1 i) Dyi istribution wi T gV =0

1) Dy slan disibuton withsantangle 2" forany vector fields X, Y in Dg () D,.. In the same way. it can be written.
e(§)=0,7°¢=0 T %8 =0

A . crl
i) Du i anti-variant, thats; rpDn <M. for any vector fields X and ¥ in Dy € D,,. 1f (3.14) and (3.15) use, it can be defined by

(X ¥ =0
for any vector fields X, ¥ in Dy € D),. In this case, the proof is complete.

g(pX, @) = g(X,¥) = (X)n(Y)

Aim
Determine the integrability requirements of the distribution for the sub manifolds of the Nearly Hyperbolic
Cosimplectic Manifolds.

Design & Methodology
Definition, theorem and proof method are used.

Originality
Setting the distribution integrability requirements for the sub manifolds of Nearly Hyperbolic Cosimplectic Manifolds.

Findings
A pseudo submanifold M of a nearly hyperbolic cosymplectic manifold M which is totally geodesic, Dg.D,
distributions with D, @ (¢)and Dy B D, are proved integrable but D, & (¢) or not.

Conclusion

It is think that, the results which are obtained in this study are important for differential geometers who are dealing
with nearly hyperbolic cosymplectic metric manifolds, the results which are stated in this study can be handled in

different form.
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oz
Son yillarda hiperbolik kosimplektik manifoldlara olan ilgi artmaktadir. Bu galismada bir nearly hiperbolik kosimplektik
manifoldun pseudo-slant altmanifoldlari derinlemesine arastirilip incelenmistir. Ozellikle bu tip manifoldlarin distribusyonlarinin

integrallenebilirlik kosullar1 arastirilnustir. Bdylece total geodezik bir nearly hiperbolik kosimplektik M manifoldunun pseudo slant
M altmanifoldu i¢in Dg ve D distribusyonlariile D , & (§)veDg B D , i integrallenebilir oldugu, D ; & (&) min integrallenebilir

olmadig1 ispatlanmustir.
Anahtar Kelimeler: Pseudo slant altmanifold, nearly hiperbolik kosimplektik manifold, integrallenebilirlik sartlari.

A Note on Nearly Hyperbolic Cosymplectic Manifolds

ABSTRACT

Interest in hyperbolic cosymplectic manifolds has increased in recent years. In this paper, pseudo slant submanifolds of a nearly
hyperbolic cosymplectic manifold have been explored deeply. In particular, the integrability conditions of distributions on such
manifolds have been investigated. So, for a pseudo slant submanifold M of a nearly hyperbolic cosymplectic manifold M which is

totally geodesic, Dg,D , distributions with D @ (§) and Dy @ D , are proved integrable but D , @ (£) or not.

Keywords: Pseudo slant submanifold, nearly hyperbolic cosymplectic manifold, integrability condition.

1. INTRODUCTION

Upadhyay and Dube [1] have investigated and described
almost hyperbolic metric (¢, ¢,n, g) structure. Joshi and
Dube [2] have explored semi invariant submanifolds of
an almost r-contact hyperbolic submanifold. Dogan and
Karadag [3] have researched on slant submanifolds of an
almost hyperbolic contact metric manifolds. Uddin,
Wong and Mustafa [4] have surveyed on warped product
pseudo slant submanifolds of a nearly cosymplectic
manifold. Ahmad and Ali [5] have introduced the notion
of semi invariant submanifolds of a nearly hyperbolic
cosymplectic manifold. In addition ; Ahmad and Ali [6]
have studied CR-submanifolds of a nearly hyperbolic
cosymplectic manifold. Pseudo-slant submanifolds of a
Sasakian manifold is studied by Khan and Khan [7]. De
and Sarkar [8] have studied pseudo-slant submanifolds of
trans-sasakian manifold. Blair [9] has been working on
geometry of contact and symplectic manifolds for a long
time. Fujumoto and Olszak [10,11] have many studies on
cosymplectic manifolds. In [12] and [13] have studied
contact metric manifolds. Endo, Yano and Goldberg have
studied on almost cosymplectic manifolds [14,15].
Pseudo slant submanifolds of a nearly hyperbolic
cosymplectic manifold hava been explored and then a
solution has been tried to find on a pseudo submanifold
of a nearly hyperbolic cosymplectic manifold has been
evaluated and determined. In this study, pseudo slant
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submanifolds of nearly hyperbolic cosymplectic
manifold have been examined and some results have
been obtained on this manifolds.In particular, the
integrability conditions of the distributions of these
manifolds have been investigated. Firstly, n-dimensional
almost hyperbolic contact metric manifold M which is
given with almost hyperbolic contact metric structure
(¢, &,m, g) has been defined. Also, it is obtained some
interesting results for integrability of a nearly hyperbolic
cosymplectic manifold.

2. MATERIAL AND METHOD
2. 1. Preliminaries

The aim of this study was redefined and studied for
nearly cosymplectic metric manifolds based on [1], [2]
and [4]. Now, it can give a brief description and some
results on distribution of nearly hyperbolic cosymplectic
manifolds. Let M be an (2n + 1)-dimensional almost
hyperbolic contact metric manifold with almost
hyperbolic contact metric structure (¢, &,7, g). Here ¢ is
a tensor of type (1,1), € is a vector field called structure
vector field and n is the 1-form which are satisfying the
followings

0*X =X +n(X)¢ 1)
9X, &) =nX), n) =-1 (2
9)=0,ncp=0 3)
9(@X, oY) = gX,Y) —n(Xn(Y) 4
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for any vector fields X and Y in TM. Also, it is showed
that

9(@X,Y) = —g(X, 9Y) ®)
An almost hyperbolic contact metric manifold with

almost hyperbolic contact metric structure (¢, ¢,1n,g) is
said to be nearly hyperbolic cosymplectic manifold [4] if

(Vxo)Y + o(VyX) =0 (6)
vxf =0 (7
forall X,Y € TM.

Let M be submanifold of a nearly hyperbolic

cosymplectic manifold M with induced metric g and if
Vand V+ are the induced connections on the tangent
bundle TM and the normal bundle T M of M,
respectively, then Gauss and Weingarten formulae are
given by

VY = VY + h(X,Y) 8)
and
VyN = —ApyX + VxN 9)

For all X,Y in TM and N € T "M, where h and Ay are
the second fundamental form and the shape operator,
respectively. Also, it is showed that:

g(h(X,Y),N) = g(AyX,Y) (10)
where g denotes the Riemannian metric on M as well as
induced on M. For any vector field X in TM, let

©X = PX + FX, (11)

where PX is the tangential component and FX is the
normal component of ¢X, respectively. Similarly, for
any N € TtM, let

@N =tN + fN , 12)

where tN is the tangential component and fN is the
normal component of N, respectively.

A submanifold M of a nearly hyperbolic cosymplectic
manifold M is said to be a pseudo slant submanifold if
there exist two orthogonal complementary distributions
Dg and D,, satisfy such that [4] ;

i-) TM =Dy @ D, ® (5),
ii-) Dy is slant distribution with slant angle 6 # %
iii-) D isanti-invariant, that is; D , < TM.

A pseudo slant submanifold M of a nearly hyperbolic
cosymplectic manifold /7 is totally geodesic if

hX,Y) =0
for any vector fields X,Y in TM.

(13)

3. RESULTS AND DISCUSSION
3.1. Integrability Conditions

In this section, it works out integrability conditions of
distributions on these manifolds as [7] and also, obtain a
few interesting results of this setting.

Let M be a pseudo slant submanifold of a nearly
hyperbolic cosymplectic manifold M and Dy, D, be
distributions and & be the vector field. Thus, it can be
given following theorems:

Theorem 1 Let M be a pseudo slant submanifold of a
nearly hyperbolic cosymplectic manifold M. If M is total
geodesic, then D, is integrable.

Proof. It is assume that M be a pseudo slant submanifold
of a nearly hyperbolic cosymplectic manifold M. From
Eg. 6, it can show

(Vzo)W + o(VyZ) =0 (14)
(VZ‘P)W - ‘P(vzW) + ‘P(ﬁwz) =0 (15)
(Vz0)W = o[z,W] (16)
for any vector fields Z, W in D,,.

Now, if takes scalar product

(Vz0)W and X in TM, from Eq. 9, it is obtained
9(Vz0W, X) = —g(ApwZ,X) + g(VzW,X)  (17)
9(V2oW, X) = —g(h(Z,X), W) (18)

for any vector fields Z, W in D, and X € TM.

Since M is totally geodesic and g is non degenere it is
obtained

g(VzoW,X) = 0. (19)

Thus, equation can be defined as V,oW € T*M. From
(16), itis seen that [Z, W] € D,.. Hence D, is integrable.

Theorem 2 Let M be a pseudo slant submanifold of a
nearly hyperbolic cosymplectic manifold . Then the
slant distribution Dy is integrable.

Proof. It is shown that [X,Y] € Dy for any vector field
X,Y € Dg. Since M is nearly hyperbolic cosymplectic
manifold, from Eq. 6; f or any vector field X,Y € Dy

(Vxo)Y + o(VyX) = 0. (20)
In this case, it is obtained for X,Y € Dq

Vi@ — @VyY + @VyX =0 (21)
and

VypY = ¢[X,Y]. (22)
If it uses Eq.11 in Eq. 22, it can get

V4PY + V4FY = P[X,Y] + F[X,Y] (23)

for any vector fields X, Y € Dgy. Ifit uses Eq. 8 and Eq. 9
in Eg. 23 and it can be considered tangent and normal
component, it can be obtained

V PY — ApyX = P[X, Y] (24)
and
h(X,PY) + V;FY = F[X,Y] (25)

for any vector fields X,Y € Dy.

Let 6 be an angle between P[X,Y]and ¢[X,Y]. it is
shown that 8 is constant. It can be defined,
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_ gPIXYlelxY]D
€00 = P eI
for any vector fields X,Y € Dy. From equations 8, 9, 11,
22 and 24, it is shown that

g(PIX,Y1VxeY)
IPx.Y1llllelx. Yl ’

(26)

cosf =

_ g(PIX,Y1VxPY)
TP Y Lx YT

g(PIX,Y],VxFY)
IPxyllllex. Y’
g(P[X,Y],—AFyX)
IPxyllllex. Yl ’

_ g(PIX,Y1VxPY)
TP Y Lx YT
_ g(PIXYLPIXY])

TP Yl Y
_lIelxYIl
= ol constant, 27)

then @ is constant . In this case, it is seen that [X,Y] €
Dg. Thus, Dy is integrable.

Theorem 3 Let M be a pseudo slant submanifold of a
nearly hyperbolic cosymplectic manifold M. In this case
D . @ (&) isintegrable.

Proof. Let M be a pseudo slant submanifold of a nearly
hyperbolic cosymplectic manifold M. If M is totally
geodesic, then D, is integrable.

It can be shown that [X, ¢] € D, for any vector field X
inD, ,and ¢[X,¢] € T*M, for a vector field Y in TM,
from Eq. 7, it can be defined by

9(p[X,81LY) = g(9Vx$,Y) — g(oVeX,Y), (28)
9(plX,81,Y) = —g(pVeX,Y),

= 9((Ve)X = VepX,Y), (29)
for any vector field X in D,,.
From Eq. 6 and 7, it can be seen that
(Ve )X + @Vx€=0 (30)
(Vep)X =0 31)

for any vector field X in D,,. From Eq.7 , it can be defined
by

Vyé=0 (32)
h(¥,§) =0 (33)
for any vector field Y in TM. If it uses Eq. 31 in Eq. 29,
it can be get

9(lX,€1,Y) = —g(Ve, X, Y)
and from Eq. 9, 10 and 33.

= 9(Ayx§,Y) = g(h(Y,§),X) = 0 (35)
Then, [X,¢] € D, and in addition to [X,¢] € D, @ (¢).
In this case, D, @ (&) is always integrable.
Theorem 4 Let M be a pseudo slant submanifold of a

nearly hyperbolic cosymplectic manifold M. In this
case D, @ (¢) is not integrable.

(34)

Proof. Let us assume M be a pseudo slant submanifold
of a nearly hyperbolic cosymplectic manifold M. We
must show that [X, &] € D, for any vector field X in Dy.
Let 6 be an angle between P[X, ¢] and @[X, é]. Then, it
can be written as

g(PIX.&lelX.ED

€00 = oz lllo A (36)
for a vector field X in Dg. From (2.6),

(Vx@)Y + oVyX =0 (37)
V@Y — @VyY + @V, X =0 (38)
VoY = [X,Y] (39)

for any vector field Y in TM and from this last above
equation,

9[X,§] = Vxps =0 (40)
for a vector field X in Dg. If equation 36 in Eq. 40 use, it
can be defined by

cosf =0,
thus 6 = (g) + 2km, (keZ) (6 is not equal to (g))

As aresult of the definition of a pseudo slant submanifold
of a nearly hyperbolic cosymplectic manifold; then it can
be said that Dy @ (£) isn’t integrable.

Theorem 5 Let M be a pseudo slant submanifold of a
nearly hyperbolic cosymplectic manifold M. Then D, @
D, isintegrable.

Proof. It is shown thatt [X, Y] € Dy & D, for any vector
fields X,Y in Dy @ D,,. On the other hand,

(ng)(Y, §) = vX.Q(Y' $) - g(vXY, f) - g(Y,va)

(41)

=0 42)
and from the last equation;
g(Vx¥, &) =0 (43)

for any vector fields X,Y in Dy @ D,. In the same way,
it can be written,

g(VyX,§) =0 (44)
for any vector fields X and Y in Dg €0 D,. If (43) and (44)
use, it can be defined by

9([X,Y],§) =0 (45)
for any vector fields X,Y in Dy @ D,. In this case, the
proof is complete.

4. CONCLUSION

In the recent years, the geometry of the contact metric
manifolds were studied. So the notion of pseudo slant
submanifold on a nearly hyperbolic cosymplectic
manifold were introduced. A lot of mathematicians with
I have obtained some results on slant submanifolds on it.
In this study, | have given some conditions for a slant
submanifold of a nearly hyperbolic cosymplectic
manifolds. It can be think that, the results which are
obtained in this study are important for differential
geometers which are dealing with nearly hyperbolic
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cosymplectic metric manifolds, the results which are
stated in this study can be handled in different form.
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