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Abstract
In the past decade, mixed-effects modeling has received a great deal of attention in the
applied and theoretical statistical literature. They are very flexible tools in analyzing
repeated measures, panel data, cross-sectional data, and hierarchical data. However, the
complex nature of these models has motivated researchers to study different aspects of
this problem. One of which is to test the significance of random effects used to model
unobserved heterogeneity in the population. The method of likelihood ratio test based
on the normality assumption of the error term and random effects has been proposed.
However, this assumption does not necessarily hold in practice. In this paper, we propose
an optimal test based on the so-called uniform local asymptotic normality to detect the
possible presence of random effects in linear mixed models. We show that the proposed
test statistic is, consistent, locally asymptotically optimal even for a model that does not
require the traditional assumption of normality and is comparable to the classical L.ratio-
test when the standard assumptions are met. Finally, simulation studies and real data
analysis are also conducted to empirically examine the performance of this procedure.
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1. Introduction
The linear mixed-effects (LME) modeling (e.g.[16]) has been generating increasing in-

terest in current statistical literature in last years [6,25]. These models are widely used to
describe heterogeneity in a population and suitable to analyze repeated measures and hi-
erarchical data in a wide variety of fields, such as health sciences, biology, economics, and
pharmacokinetics. This because, both the intra and inter-subject variability in data with
possible correlation structures can be modeled with appropriate random effects in addition
to the error terms (e.g.[27]). They offer a suitable balance between over-parameterized
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models separately fitted to each individual, and global models that do not take into ac-
count inter-individual parameter variability. A crucial issue when adjusting such a model
to data consists of identifying fixed and/or random effects. Testing the nullity of the
variances of random effects can be useful for checking unobserved heterogeneity of the
population, which means determining whether there are significant individual-specific de-
viations from the population mean. In this context, one way to do so is through a standard
likelihood ratio tests (LRT), as suggested by Morrell [20]. However, this test is based on
the assumption that the random effects and the error terms follow a multivariate normal
distribution, which is not always the case in reality. More recently, this approach has
been considered by several authors in conjunction with empirical Bayesian and permuta-
tion test (e.g.[24]) while Drikvandi and Noorian [7] have considered the permutation test
for a more broad class of linear mixed models with correlated errors. The results were
shown that both tests to perform well, albeit the permutation test with the likelihood ratio
statistic tends to provide a relatively higher power when testing multiple random effects.
Our study is, to some extent, complementary to this paper. As an alternative to LR-test,
Bayesian and permutation test, particularly concerning detecting the randomness in the
coefficients of individual effects in longitudinal and clustered data, we present a paramet-
ric and non-parametric test locally and asymptotically optimal. Practical examples of a
model building using Uniform Local Asymptotic Normality (ULAN) optimal test models
can be found in [1, 4, 10,19] among many others.

In this paper, the problem of testing random-slope model are studied, including the
situation when the assumption of normality of random effects and error components is not
met, we consider the specific model of the following form:

Yij = β0 + (β1 + ηi)Xij + εij , i = 1, . . . , n, j = 1, . . . ,m, (1.1)
where

– Yij is the observed response for jth observation of individual i,
– Xij is a non-stochastic exogenous regressor,
– β0 and β1 are, respectively, the fixed effects for the intercept and the slope,
– εij is an i.i.d error terms of sequence unobserved with probability density
f : ε 7→ f(ε) := (1/σ)f1(ε/σ),

– ηi is an i.i.d unobserved sequence of random effects with zero mean, σ2
η variance

and density h : η 7→ h(η) := (1/ση)h1(η/ση),
– ηi and εij are independent for all i and j.

Under the null hypothesis the model (1.1) is reduced to
Yij = β0 + β1Xij + εij , i = 1, . . . , n, j = 1, . . . ,m. (1.2)

It is therefore, important to be able to conduct a preliminary test of the null hypothesis
H0 : σ2

η = 0 , with unspecified β0, β1, and f versus the alternative H1 : σ2
η > 0 (still, with

unspecified β0, β1, f , and h).

The Likelihood Ratio Test (LRT) statistic is an asymptotic test statistic which has an χ2

distribution with degrees of freedom given by the difference in the number of parameters
between the alternative and null hypotheses (see [11] and [20]), the test statistics (using
REML log-likelihood) is

LRT = 2(L1 − L0) (1.3)
where L1 is the log-likelihood of the alternative hypothesis and L0 is the log-likelihood of
the null hypothesis.

Note that the LRT test is built with f1 Gaussian. In the same sense, we try to derive
parametric test using the ULAN. Of particular interest is the Gaussian test (where its
square coincides with the LRT), with the proper standardization, we show that this test
is valid on the class of all densities f1 with finished fourth-order moments.
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The procedures described above require specified-f1. These procedures are, therefore
highly parametric. However, this parameter is generally unknown, and should, therefore,
be considered a nuisance parameter. In order to eliminate this nuisance, we use a principle
of invariance, and it is in this context that tools such as rank tests appear (van der
Waerden, Wilcoxon and student).

The paper is organized as follows. In section 2.1, we collect the key assumptions and
the main definitions. In section 2.2, we establish the result of ULAN. It allows us to build
locally and asymptotically optimal parametric tests (Section 3.1). In section 3.2 we propose
the special case of the pseudo-Gaussian test (optimal under Gaussian densities). These
optimal parametric procedures are, however, only an intermediate step in the construction
process (Sections 4.1 and 4.2) of the most important optimal rank-based optimal tests.
Particular cases (van der Warden and Wilcoxon) are considered in section 4.4. We apply
our test procedure to the real famous dental growth dataset from [23], using the R package
lme4 [3]. The technical proofs are given in the Appendix.

2. Uniform local asymptotic normality
2.1. Notation and basic assumptions

To investigate the asymptotic behavior of the test statistics proposed and described
below, first of all, we introduce the following notations and assumptions used throughout
this document.

Let P(n)
β0,β1,σ2,σ2

η ;f1,h1
denotes the probability distribution of the sequence of observed

variables Y(n) := (Y(n)
1 ,Y(n)

2 , ...,Y(n)
m )′, where Y(n)

i := (Y (n)
i1 , Y

(n)
i2 , ..., Y

(n)
im )′ satisfying the

regression model defined by equation (1.1), described above. In this formula, h1 and f1
stand for the standardized densities of the individual random effects and the errors, respec-
tively. Under the null hypothesis (σ2

η = 0), this last distribution reduced to P(n)
β0,β1,σ2,0;f1

.
For a median zero and median absolute deviation one, we can consider the family of
standardized densities:

F0 :=
{
f1 :

∫ 1

−1
f1(z)dz = 0.5 =

∫ 0

−∞
f1(z)dz

}
,

which has no effect on our testing procedure and does not require any moment conditions,
see [10] for example of such standardized densities.

The derivation of locally and asymptotically optimal tests at a given f1 of density will
be based on the ULAN, with respect to (β0, β1, σ

2, σ2
η)′, at (β0, β1, σ

2, 0)′ of the families
of distributions

P
(n)
f1,h1

:=
{

P(n)
β0,β1,σ2,σ2

η ;f1,h1
: (β0, β1)′ ∈ R2, σ2 > 0 and σ2

η ≥ 0
}
.

An important precaution for ULAN property is that some regularity conditions must
be imposed which go back to [13]. Summarizing this, we throughout assume that the
following assumption holds:
Assumption (A) The density f1 is such that

(A.1) f1 ∈ F0,
(A.2) f1(z) > 0 for all z ∈ R,
(A.3) f1 is C2, with derivatives ḟ1 and f̈1; letting ϕf1 := −ḟ1/f1 and ψf1 := f̈1/f1,

assume that

Iϕ(f1) :=
∫
R
ϕ2
f1(z)f1(z)dz < ∞, Iψ(f1) :=

∫
R
ψ2
f1(z)f1(z)dz < ∞,

Jϕ(f1) :=
∫
R
z2ϕ2

f1(z)f1(z)dz < ∞, and Kϕϕ(f1) :=
∫
R
zϕ2

f1(z)f1(z)dz < ∞.
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Note that (A3) automatically also entails

Iϕψ(f1) :=
∫
R
ϕf1(z)ψf1(z)f1(z)dz < ∞ and Kϕψ(f1) :=

∫
zϕf1(z)ψf1(z)f1(z)dz < ∞.

Denote by FA the class of all densities satisfying Assumption (A), note that for any
f1 ∈ FA,

(i)
∫
ϕf1(z)f1(z)dz =

∫
z2ϕf1(z)f1(z)dz =

∫
ψf1(z)f1(z)dz =

∫
zψf1(z)f1(z)dz = 0,

(ii)
∫
zϕf1(z)f1(z)dz = 1 and

∫
z2ψf1(z)f1(z)dz = 2,

(iii) the mapping θ 7→ Γf1(θ) is continuous for all θ ∈ R2 × R+
0 × R+.

The following assumption concerns the asymptotic behavior of regression coefficients, it is
standard in the context of rank-based inference. Let

M
(n)
k := 1

nm

n∑
i=1

m∑
j=1

(X(n)
ij )k, k = 1, . . . , 4

X̄
(n)2
i• = 1

m

m∑
j=1

(X(n)
ij )2 and ¯̄X(n)2

•• := 1
n

n∑
i=1

(
X̄

(n)2
i•

)2

Assumption (B) The covariates Xij = X
(n)
ij , i = 1, . . . n and j = 1, . . . ,m are such that,

(B.1) the classical Noether [21] condition here holds: namely,

lim
n→∞

max
1≤i≤n

(
X

(n)
ij − X̄(n))2/ n∑

i=1

m∑
j=1

(
X

(n)
ij − X̄(n))2 = 0, j = 1, . . . ,m,

(B.2) the sequence M (n)
4 is bounded as n → ∞,

(B.3) ¯̄X(n)2
•• and M

(n)
k converge to µX̄

2
••

2 and µXk , respectively, k = 1, . . . , 4; particularly,
M

(n)
1 = X̄(n) converges to µX1 .

Note that, asymptotic results hold under (B.1)-(B.2), as n → ∞. But those requiring the
convergence of local experiment to obtain ULAN property, only hold as n tends to infinity
under (B.3).

Assumption (C) Hypothesis (C) concerns density (normalized) h1 of random coeffi-
cient. Define Gz,x(η, y) =

m∏
j=1

f1(zj − xjyη), G̈z,x(η, y) := ∂2Gz,x(η,y)
∂y2 for y > 0, x =

(x1, x2, ..., xm)′ ∈ Rm, x2 = (x2
1, x

2
2, ..., x

2
m)′ ∈ Rm and, z = (z1, z2, ..., zm)′ ∈ Rm.

(C.1)
∫
R ηh1(η)dη = 0 and

∫
R η

2h1(η)dη = 1,
(C.2) the Fisher information associated with ση is

Ix
ψϕ(f1; y) :=


1
y2
∫
Rm

[
∫ y
w=0

∫
R G̈z,x(η,w)h1(η)dηdw]2∫

R

m∏
j=1

f1(zj−xyη)h1(η)dη
dz if y > 0

mx2Iψ(f1) +mI2
ϕ(f1)

(
m(x̄)2 − x2

)
if y = 0.

(2.1)

Note that the function y 7→ Ix
ψϕ(f1; y) is continuous from the right at y = 0 for all

x = (x1, x2, . . . , xm)′.
Assumption (C2) actually is an assumption involving the couple (f1, h1) for all f1 ∈ FA,
let

FC|f1 := {h1| h1 satisfies (C.1) and (f1, h1) satisfy (C.2)} .
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2.2. Uniform local asymptotic normality
In the following, for a fixed density f1 ∈ FA, we establish the ULAN result with respect

to intercept, regression coefficient, scale parameter σ2, and the parameter of interest σ2
η =

0, the reader is referred to [18].
We denote by K(n)

2 :=
(
M

(n)
2
)−1/2, K(n)

4 :=
(
M

(n)
4
)−1/2 , and θ+n−1/2ξ(n)τ (n) sequences

by small perturbations of the parameter θ := (β0, β1, σ
2, 0)′ under alternative where,

ξ(n) :=


1 0 0 0
0 K(n)

2 0 0
0 0 1 0
0 0 0 K(n)

4

 (2.2)

and τ (n) :=
(
τ

(n)
1 , τ

(n)
2 , τ

(n)
3 , τ

(n)
4

)′
∈ R3 × R+ is such that supn(τ (n))′τ (n) < ∞.

Define the standardized residual Zij by

Zij = Zij(β0, β1, σ
2) := (Yij − β0 − β1Xij)

σ
, i = 1, . . . , n, j = 1, . . . ,m,

and note that, under P(n)
β0,β1,σ2,0;f1

, Zij coincides with εij/σ. We then have the following
proposition (see Appendix (A) for a proof).

Proposition 2.1 (ULAN). Let Assumptions (B.1), (B.2) and (C) hold. Fix f1 ∈ FA

and h1 ∈ FC|f1. Then, the family P
(n)
f1,h1

is ULAN (for n −→ ∞ with fixed m) at any
θ := (β0, β1, σ

2, 0)′ with central sequence

∆(n)
f1

(θ) :=



∆(n)
f1;1(θ)

∆(n)
f1;2(θ)

∆(n)
f1;3(θ)

∆(n)
f1;4(θ)


= 1

σ
√
n



n∑
i=1

m∑
j=1

ϕf1(Zij)

K
(n)
2

n∑
i=1

m∑
j=1

ϕf1(Zij)Xij

1
2σ

n∑
i=1

m∑
j=1

(Zijϕf1(Zij) − 1)

K
(n)
4

2σ
n∑
i=1


m∑
j=1

ψf1(Zij)X2
ij +

m∑
j=1

m∑
l=1
l 6=j

ϕf1(Zij)ϕf1(Zil)XijXil




(2.3)

and information matrix

Γ(n)
f1

(θ) := m

σ2



Γ(n)
f1;11(θ) Γ(n)

f1;12(θ) Γ(n)
f1;13(θ) Γ(n)

f1;14(θ)

Γ(n)
f1;12(θ) Γ(n)

f1;22(θ) Γ(n)
f1;23(θ) Γ(n)

f1;24(θ)

Γ(n)
f1;13(θ) Γ(n)

f1;23(θ) Γ(n)
f1;33(θ) Γ(n)

f1;34(θ)

Γ(n)
f1;14(θ) Γ(n)

f1;24(θ) Γ(n)
f1;34(θ) Γ(n)

f1;44(θ)


, (2.4)

with
Γ(n)
f1;11(θ) := Iϕ(f1), Γ(n)

f1;12(θ) := M
(n)
1(

M
(n)
2

)1/2 Iϕ(f1), Γ(n)
f1;13(θ) := 1

2σKϕϕ(f1),

Γ(n)
f1;14(θ) := M

(n)
2

2σ
(
M

(n)
4

)1/2 Iϕψ(f1), Γ(n)
f1;22(θ) := Iϕ(f1), Γ(n)

f1;23(θ) := M
(n)
1

2σ
(
M

(n)
2

)1/2 Kϕϕ(f1),

Γ(n)
f1;24(θ) := M

(n)
3

2σ
(
M

(n)
2 M

(n)
4

)1/2 Iϕψ(f1), Γ(n)
f1;34(θ) := M

(n)
2

4σ2
(
M

(n)
4

)1/2 Kϕψ(f1),

Γ(n)
f1;33(θ) := 1

4σ2 (Jϕ(f1) − 1) , and
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Γ(n)
f1;44(θ) := 1

4σ2
(
M

(n)
4

) (Iψ(f1)M (n)
4 + 2I2

ϕ(f1)(m ¯̄X(n)2
•• −M

(n)
4 )

)
.

More specifically, for any sequence θ(n) := (β(n)
0 , β

(n)
1 , (σ(n))2, 0)′, such that n1/2(β(n)

0 −
β0), n1/2(K(n)

2
)−1 (

β
(n)
1 − β1

)
and n1/2((σ(n))2 −σ2) are O (1). For any bounded sequence

τ (n) ∈ R3 × R+ under P(n)
θ(n);f1

(as n −→ ∞ with fixed m), we have

Λ(n)
θ(n)+n−1/2ξ(n)τ (n)/θ(n);f1,h1

: = log

dP(n)
θ(n)+n−1/2ξ(n)τ (n);f1,h1

dP(n)
θ(n);f1


= τ (n)′∆(n)

f1
(θ(n)) − 1

2
τ (n)′Γ(n)

f1
(θ)τ (n) + oP(1)

(2.5)

and (
Γ(n)
f1

(θ)
)−1/2

∆(n)
f1

(θ(n)) L−→ N (0, I) . (2.6)

Let Assumption (B.3), Γ(n)
f1

(θ) converges to

Γf1(θ) := m
σ2



Iϕ(f1) µX1(
µX2

)1/2 Iϕ(f1) 1
2σKϕϕ(f1) µX2

2σ
(
µX4

)1/2 Iϕψ(f1)

µX1(
µX2

)1/2 Iϕ(f1) Iϕ(f1) µX1

2σ
(
µX2

)1/2 Kϕϕ(f1) µX3

2σ
(
µX2 µ

X
4

)1/2 Iϕψ(f1)

1
2σKϕϕ(f1) µX1

2σ
(
µX2

)1/2 Kϕϕ(f1) 1
4σ2 (Jϕ(f1) − 1) µX2

4σ2
(
µX4

)1/2 Kϕψ(f1)

µX2

2σ
(
µX4

)1/2 Iϕψ(f1) µX3

2σ
(
µX2 µ

X
4

)1/2 Iϕψ(f1) µX2

4σ2
(
µX4

)1/2 Kϕψ(f1) Γf1;44(θ)


(2.7)

where
Γf1;44(θ) := 1

4σ2(µX4 )1/2

{
µX4 (Iψ(f1) − 2I2

ϕ(f1)) + 2mI2
ϕ(f1)µX̄

2
••

2

}
.

Return to ∆(n)
f1

(θ), via Le Cam’s Third Lemma, under P(n)
θ+n−1/2ξ(n)τ ;f1,h1

, as n → ∞, we
can proof that:

∆(n)
f1

(θ) L−→ N (Γf1(θ)τ ,Γf1(θ)) .

We have also the asymptotic relative linearity of central sequences, namely,

∆(n)
f1

(θ + ξ(n)τ ) − ∆(n)
f1

(θ) = −Γ(n)
f1

(θ)τ + oP(1) (2.8)

for all τ under P(n)
θ;f1

, as n → ∞, which allows us to estimate the unknown parameter θ in
the test statistic.

The non-diagonal form of Γ(n)
f1

(θ) implies that the nuisance parameters β0, β1, σ
2, in

general, are not information-orthogonal to the parameter of interest σ2
η. Point out that

the density h1 of the random coefficient does not appear in the central sequence (2.3) and
the information matrix (2.4). Therefore, it does not influence the optimal test statistics.

3. Optimal parametric and pseudo-Gaussian tests
We are interested in testing the null hypothesis of absence of random slope (σ2

η = 0) in
(1.1). It can be formally written

H
(n)
0 :=

⋃
g1∈F0

H
(n)
0 (g1) :=

⋃
g1∈F0

⋃
β0∈R

⋃
β1∈R

⋃
σ2>0

{
P(n)
β0,β1,σ2,0;g1

}
,
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where the (standardized) noise density remains an unspecified semiparametric hypothesis.
Parametric alternatives will be considered, of the form, for a fixed density f1 ∈ FA,

H
(n)
1 (f1) :=

⋃
β0∈R

⋃
β1∈R

⋃
σ2>0

⋃
σ2
η>0

⋃
h1∈FC|f1

{
P(n)
β0,β1,σ2,σ2

η ;f1,h1

}
.

The parameters β0, β1, and σ2 are nuisance parameters, while σ2
η is the parameter of

interest. Let us first study the problem parametric tests H
(n)
0 (f1) against H

(n)
1 (f1).

3.1. Optimal parametric tests
We suppose that the innovation density f1 is specified, the main consequence of the

ULAN results imply that the local experiments{
P(n)
θ+n−1/2ξ(n)τ ;f1,h1

|τ ∈ R3 × R+, h1 ∈ FC|f1

}
converges to the Gaussian shift experiment (Γf1 given in 2.7){

N (Γf1(θ)τ ,Γf1(θ)) | τ ∈ R3 × R+
}
. (3.1)

ULAN and this convergence imply that locally optimal test must be based on the residual
of ∆4 with respect to (∆1,∆2,∆3)′ , computed at ∆(n)

f1;4(θ) and (∆(n)
f1;1(θ),∆(n)

f1;2(θ),∆(n)
f1;3(θ))′

(see, for instance [17]). That residual takes the form

∆∗(n)
f1;4 (θ) := ∆(n)

f1;4(θ) − (Γf1;14(θ),Γf1;24(θ),Γf1;34(θ))

×

Γf1;11(θ) Γf1;12(θ) Γf1;13(θ)
Γf1;12(θ) Γf1;22(θ) Γf1;23(θ)
Γf1;13(θ) Γf1;23(θ) Γf1;33(θ)

−1


∆(n)
f1;1(θ)

∆(n)
f1;2(θ)

∆(n)
f1;3(θ)


= ∆(n)

f1;4(θ) − Γ∗
f1;1(θ)∆(n)

f1;1(θ) − Γ∗
f1;2(θ)∆(n)

f1;2(θ) − Γ∗
f1;3(θ)∆(n)

f1;3(θ),

(3.2)

∆∗(n)
f1;4 (θ) is asymptotically normal under P(n)

θ;f1
with mean zero and variance

Γ∗
f1;44(θ) := Γf1;44(θ) − (Γf1;14(θ),Γf1;24(θ),Γf1;34(θ))

×

Γf1;11(θ) Γf1;12(θ) Γf1;13(θ)
Γf1;12(θ) Γf1;22(θ) Γf1;23(θ)
Γf1;13(θ) Γf1;23(θ) Γf1;33(θ)

−1Γf1;14(θ)
Γf1;24(θ)
Γf1;34(θ)


= Γf1;44(θ) − Γ∗

f1;1(θ)Γf1;14(θ) − Γ∗
f1;2(θ)Γf1;24(θ) − Γ∗

f1;3(θ)Γf1;34(θ).

(3.3)

Therefore a test locally uniformly asymptotically most powerful for the sequence
{P(n)

β0,β1,σ2,0;f1
} of null hypotheses against the alternatives {P(n)

β0,β1,σ2,σ2
η ;f1,h1

|σ2
η > 0, h1 ∈

FC|f1} can be based on the test statistic T ∗(n)
f1

(θ), where

T
∗(n)
f1

(θ) :=
(
Γ∗(n)
f1;44(θ)

)−1/2
∆∗(n)
f1;4 (θ). (3.4)

Recall that θ remains unknown, so it should be replaced by an adequate estimator θ̂(n).
Thus, let us show that

T
∗(n)
f1

(θ) − T
∗(n)
f1

(θ̂(n)) = oP(1) under P(n)
θ;f1

, as n → ∞ (3.5)

where, θ = (β0, β1, σ
2, 0)′ and θ̂(n) = (β̂(n)

0 , β̂
(n)
1 , σ̂2(n), 0)′ satisfies the following assump-

tions.
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Assumption (D)

(D.1) n1/2(ξ(n))−1(θ̂(n) − θ) = OP(1) under any P(n)
θ;f1

, as n → ∞,
(D.2) θ̂(n) is locally asymptotically discrete, that is, let us denote by B(r) the ball with

radius r and center at the origin, the number of possible values of θ̂(n) in shrinking
ellipsoids of the form θ + ξ(n)B(r) is finite.

Assumption (D.1) is a constancy assumption of the optimal rate, always under the null
hypothesis. As also the assumption (D.2), it is standard in this context; in fact, any
satisfactory estimator (D.1) can be converted into a satisfactory estimator (D.1) - (D.2)
by discretization its three components first on mesh grids cn−1/2, cn−1/2K(n)

2 and cn−1/2,
respectively (c > 0 arbitrary).

Given the hypothesis (D.1), in the definition of T ∗(n)
f1

, the continuous mapping theorem,
therefore, implies that replacing

(
Γ∗(n)
f1;44(θ)

)
with

(
Γ∗(n)
f1;44(θ̂(n))

)
only has oP(1) impact.

Proof. of (3.5). Recall that ULAN implies (2.8) for all τ (n), due to (D.1)-(D.2), that
gives way, under P(n)

θ;f1
, as n → ∞,

∆∗(n)
f1;4 (θ̂(n)) − ∆∗(n)

f1;4 (θ)

= ∆(n)
f1;4(θ̂(n)) − ∆(n)

f1;4(θ)

−
(
Γ14, Γ24, Γ34

) Γ11 Γ12 Γ13
Γ21 Γ22 Γ23
Γ31 Γ32 Γ33

−1


∆(n)
f1;1(θ̂(n)) − ∆(n)

f1;1(θ)
∆(n)
f1;2(θ̂(n)) − ∆(n)

f1;2(θ)
∆(n)
f1;3(θ̂(n)) − ∆(n)

f1;3(θ)



= − (Γ41, Γ42, Γ43) (ξ(n))−1

 β̂
(n)
0 − β0

β̂1
(n) − β1

(σ̂(n))2 − σ2


+
(
Γ41, Γ42, Γ43

) Γ11 Γ12 Γ13
Γ21 Γ22 Γ23
Γ31 Γ32 Γ33

−1

×

 Γ11 Γ12 Γ13
Γ21 Γ22 Γ23
Γ31 Γ32 Γ33

 (ξ(n))−1

 β̂
(n)
0 − β0

β̂1
(n) − β1

(σ̂(n))2 − σ2

+ oP(1)

= oP(1).

Consequently,

T
∗(n)
f1

(θ̂(n)) − T
∗(n)
f1

(θ) = oP(1) under P(n)
θ;f1

, as n → ∞.

�

More precisely, from the application of Le Cam’s third Lemma, we have the following
result.

Proposition 3.1. Let θ̂(n) satisfy Assumptions (D), let Assumptions (B) and (C) hold,
and fix f1 ∈ FA. Then,

(i) for any θ = (β0, β1, σ
2, 0)′, T ∗(n)

f1
(θ̂(n)) is asymptotically normal, with mean zero

under P(n)
θ;f1

, mean
(
Γ∗
f1;44(θ)

)1/2
τ4 under P(n)

θ+n−1/2ξ(n)τ ;f1,h1
, and variance one un-

der both,
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(ii) The sequence of tests rejecting the null hypothesis H
(n)
0 (f1) as soon as T ∗(n)

f1
(θ̂(n))

exceeds the (1−α) standard normal quantile of the standard normal distribution, is
locally asymptotically most powerful unbiased, at asymptotic level α, for H

(n)
0 (f1)

against alternatives of the form⋃
β0

⋃
β1

⋃
σ2

⋃
σ2
η>0

⋃
h1∈FC|f1

{
P(n)
β0,β1,σ2,σ2

η ;f1,h1

}
.

An important case is the Gaussian versions (f1 = ϕ1). It is easily verified that (2.3)
and (2.7) becomes

∆(n)
ϕ1

(θ) = a

σ
√
n



n∑
i=1

m∑
j=1

Zij

K
(n)
2

n∑
i=1

m∑
j=1

ZijXij

1
2σ

n∑
i=1

m∑
j=1

(
Z2
ij − 1

a

)
aK

(n)
4

2σ
n∑
i=1


m∑
j=1

(
Z2
ij − 1

a

)
X2
ij +

m∑
j=1

m∑
l=1
l 6=j

ZijZilXijXil




, (3.6)

and

Γϕ1(θ) = m

σ2



a
aµX1(
µX2

)1/2 0 0

aµX1(
µX2

)1/2 a 0 0

0 0 1
2σ2

aµX2

2σ2
(
µX4

)1/2

0 0 aµX2

2σ2
(
µX4

)1/2
ma2µ

X̄2
••

2

2σ2
(
µX4

)1/2


. (3.7)

3.2. Pseudo-Gaussian test
The Gaussian versions of (3.2) and (3.3), obtained from (3.6) and (3.7), are as follows

∆∗(n)
ϕ1;4(θ) = a2K(n)

4
2σ2√

n

n∑
i=1


m∑
j=1

Z2
ij

(
X2
ij −M

(n)
2

)
+

m∑
j=1

m∑
l=1
l 6=j

ZijZilXijXil

 , (3.8)

Γ∗
ϕ1;44(θ) = a2

2σ4µX4

(
m(mµX̄

2
••

2 − (µX2 )2)
)
. (3.9)

The Gaussian central sequence ∆∗(n)
ϕ1;4(θ) in (3.8) allows having optimal asymptotic tests

under g1 = ϕ1. Define

m
(n)
1 := 1

nm

n∑
i=1

m∑
j=1

Zij , µ1(g1) :=
∫
zg1(z)dz,

and µk(g1) :=
∫

(z − µ1(g1))kg1(z)dz for k = 2, 3, 4.

Let us show that the Gaussian optimal test is valid under densities g1 in a broad class
of densities, which is of course highly desirable. This is indeed possible, and that a small
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modification in (3.8) leads to a pseudo-Gaussian test, which remains valid when the actual
density g1 ∈ F2

A, where F2
A the class of all densities g1 ∈ FA such that µ4(g1) < ∞. Define

∆•(n)
ϕ1;4(θ) = a2K(n)

4
2σ2√

n

n∑
i=1


m∑
j=1

Z2
ij

(
X2
ij −M

(n)
2

)
+

m∑
j=1

m∑
l=1
l6=j

(Zij −m
(n)
1 )(Zil −m

(n)
1 )XijXil

 .
Decomposing (Zij −m

(n)
1 ) into (Zij −µ1(g1)) + (µ1(g1) −m

(n)
1 ), it easily follows from this

consistency that

∆•(n)
ϕ1;4(θ) = a2K(n)

4
2σ2√

n

n∑
i=1


m∑
j=1

Z2
ij

(
X2
ij −M

(n)
2

)
+

m∑
j=1

m∑
l=1
l 6=j

(Zij − µ1(g1))(Zil − µ1(g1))XijXil

+ oP(1). (3.10)

Under P(n)
θ;g1

(with g1 ∈ F2
A), ∆•(n)

ϕ1;4(θ) is asymptotically normal with mean zero and
variance

Γ•
ϕ1,g1;44(θ) = a4

4σ4µX4

(
m
(
µX4 − (µX2 )2)(µ4(g1) − (µ2(g1))2)+ 2m(µ2(g1))2

(
mµ

X̄2
••

2 − µX4

))
. (3.11)

Consequently under P(n)
θ;g1

, as n → ∞, for any g1 ∈ F2
A,

T
•(n)
ϕ1

(θ) :=
(
Γ•
ϕ1,g1;44(θ)

)−1/2
∆•(n)
ϕ1;4(θ) (3.12)

is asymptotically standard normal.
In practice, the pseudo-Gaussian test will be based on the statistics T •(n)

ϕ1
(θ), when

µ4(g1), µ2(g1), and µ1(g1) replaced by 1
nm

n∑
i=1

m∑
j=1

(Zij − m
(n)
1 )4, 1

nm

n∑
i=1

m∑
j=1

(Zij − m
(n)
1 )2,

and 1
nm

n∑
i=1

m∑
j=1

(Zij −m
(n)
1 ), respectively.

The parameter θ remains unspecified under the null hypothesis, so it should be replaced
by estimator θ̂. It means that under P(n)

θ;g1
, for any g1 ∈ F2

A,
T

•(n)
ϕ1

(θ̂(n)) − T
•(n)
ϕ1

(θ) is oP(1). For that, we have to show ∆∗(n)
ϕ1;4(θ̂(n)) − ∆∗(n)

ϕ1;4(θ) is oP(1).

Using the linearity of ∆(n)
ϕ1

(θ) under P(n)
θ;g1

, for any τ = (τ1, τ2, τ3, 0)′, g ∈ F2
A,

∆(n)
ϕ1

(θ + ξ(n)τ ) − ∆(n)
ϕ1

(θ) = −Γ(n)
ϕ1;g1

(θ)τ + oP(1). (3.13)

Following the same steps as in proof of (3.5), we can easily find the equivalence between
∆∗(n)
ϕ1;4(θ̂(n)) and ∆∗(n)

ϕ1;4(θ), therefore between T •(n)
ϕ1

(θ̂(n)) and T •(n)
ϕ1

(θ). In summary, we have
the following result.
Proposition 3.2. Let θ̂(n) satisfy Assumptions (D), let Assumptions (B) and (C) hold,
for any g1 ∈ F2

A. Then,
(i) for any θ = (β0, β1, σ

2, 0)′, T •(n)
ϕ1

(θ̂(n)) is asymptotically normal, with mean zero
under P(n)

θ;g1
, mean

(
Γ∗
ϕ1;44(θ)

)(
Γ•
ϕ1,g1;44(θ)

)−1/2
τ4 under P(n)

θ+n−1/2ξ(n)τ ;g1,h1
, and vari-

ance one under both,
(ii) The sequence of tests rejecting the null hypothesis H

(n)2
A :=

⋃
g1∈F2

A

H
(n)
0 (g1) as soon

as T •(n)
ϕ1

(θ̂(n)) exceeds the (1 −α) standard normal quantile of the standard normal
distribution, is locally asymptotically most powerful unbiased, at asymptotic level
α, for H

(n)2
A against alternatives of the form⋃

β0

⋃
β1

⋃
σ2

⋃
σ2
η>0

⋃
h1∈FC|ϕ1

{
P(n)
β0,β1,σ2,σ2

η ;ϕ1,h1

}
.
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4. Optimal rank tests
Regarding parametric tests obtained in Section 3.1, their drawback is that the validity

of these tests is limited to f1 must be specified, and for the pseudo-Gaussian test in Section
3.2, it still needs finite order moments four.

Its performances are likely based on the actual underlying density. In practice, a correct
specification of the actual density g1 is totally unrealistic, the problem must be considered
a semi-parametric standpoint, where g1 plays the role of a nuisance, however, it is more
delicate than in the parametric case (see [9]).

4.1. From parametric to semiparametric experiments

The central sequences ∆(n)
f1

(θ) and the information matrices Γ(n)
f1

(θ) are defined as if f1
is specified, it means that until now the approach is purely parametric, which leads us to
consider the semiparametric approach under which f or f1 remains completely unspecified
is more reasonable. Then, the number of parameters of interest reduced from four to two,
the only remaining parameters are therefore, β1 and σ2

η. Redifine Z(n)
ij (β1) := Yij −β1Xij ,

∆(n)
f (β1) :=

 ∆(n)
f ;2(β1)

∆(n)
f ;4(β1)

 =


K

(n)
2√
n

n∑
i=1

m∑
j=1

ϕf (Zij)Xij

K
(n)
4

2
√
n

n∑
i=1


m∑
j=1

ψf (Zij)X2
ij +

m∑
j=1

m∑
l=1
l6=j

ϕf (Zij)ϕf (Zil)XijXil



 (4.1)

and

Γ(n)
f (β1) :=

 Γ(n)
f ;22(β1) Γ(n)

f ;24(β1)
Γ(n)
f ;24(β1) Γ(n)

f ;44(β1)

 , converging, along (B.3) − subsequences, to

Γf (β1) =


mIϕ(f) mµX3

2
(
µX2 µ

X
4

)1/2 Iϕψ(f)

mµX3

2
(
µX2 µ

X
4

)1/2 Iϕψ(f) Γf ;44(β1)


where Γf ;44(β1) := m

4
(
µX4

)1/2

{
µX4 (Iψ(f) − 2I2

ϕ(f)) + 2mI2
ϕ(f)µX̄

2
••

2

}
.

4.2. Rank-based versions of central sequences
A general result concerning the relationship between efficient semiparametric procedures

and rank-based procedures was established in [14]. In such a context, semiparametrically
efficient tests can be obtained by conditioning the f -central sequence on the maximal in-
variant associated with some appropriate generating group.

Denote by, R(n)
ij (β1) the rank of the residual Z(n)

ij (β1) among the residuals

Z
(n)
11 (β1), ..., Z(n)

nm(β1) and R(n) = R(n)(β1) := (R(n)
11 (β1), . . . , R(n)

nm(β1)).

From the results of [14], under the null hypothesis P(n)
β1,0;f , the version of the semipara-

metrically efficient (at f and θ = (β1, 0)) obtained conditioning ∆(n)
f by the rank vector

R(n)(β1),
∆˜(n)
f (β1) := E

[
∆(n)
f (β1)

∣∣ R(n)(β1)
]
. (4.2)

The conditional definition (4.2) allows us to obtain a statistical test based on the ranks.
In practice, this definition of ∆˜(n)

f (an exact-score) is not appropriate, and the explicit
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approximate-score form (as for the exact-score version, for simplicity using the same no-
tation)

∆˜ (n)
f (β1) =

(
∆˜ (n)

f ;2(β1)
∆˜ (n)

f ;4(β1)

)

:=


K(n)

2√
n

n∑
i=1

m∑
j=1

[
Φf

( R
(n)
ij

N + 1

)
− ϕ

(n)
f

]
Xij

K
(n)
4

2
√

n

n∑
i=1

{
m∑

j=1

[
Ψf ( R

(n)
ij

N+1 ) − ψ
(n)
f

]
X2

ij +
m∑

j=1

m∑
l=1
l 6=j

[
Φf ( R

(n)
ij

N+1 ))Φf ( R
(n)
il

N+1 ) − C
(n)
f

]
XijXil

}


=


K(n)

2√
n

n∑
i=1

m∑
j=1

Φf

( R
(n)
ij

N + 1

)[
Xij −M

(n)
1

]
K

(n)
4

2
√

n

n∑
i=1

{
m∑

j=1
Ψf ( R

(n)
ij

N+1 )
[
X2

ij −M
(n)
2

]
+

m∑
j=1

m∑
l=1
l 6=j

Φf ( R
(n)
ij

N+1 )Φf ( R
(n)
il

N+1 )
[
XijXil − C(n)

]}
 ,

with ϕ
(n)
f := 1

N

N∑
r=1

ϕf
(
F−1

( r

N + 1

))
, ψ(n)

f := 1
N

N∑
r=1

ψf
(
F−1

( r

N + 1

))
,

C
(n)
f := 1

N(N − 1)
N∑
r=1

N∑
s=1
r 6=s

ϕf
(
F−1

( r

N + 1

))
ϕf
(
F−1

( s

N + 1

))
, Φf = ϕf ◦ F−1, Ψf =

ψf ◦ F−1 and C(n) = m

m− 1
¯̄X(n)

•• − 1
m− 1

M
(n)
1 .

Let us add the following assumption on f , in order to have the equivalence between the
approximate-f -score rank statistics and the exact-f -score rank statistics.

(A.5) The density f is such that ϕf and ψf are monotones, or the difference between two
monotone functions.

Based on Hájek’s projection theorem (for more details see, [12]), with f satisfying
Assumption (A.5) and under P(n)

β1,0;g, we have

∆˜(n)
f (β1) = ∆(n)

f (β1) + oP(1)

:=



K(n)
2√
n

n∑
i=1

m∑
j=1

Φf

(
G(Z(n)

ij (β1))
)[
Xij −M

(n)
1

]
K

(n)
4

2
√
n

n∑
i=1

{
m∑
j=1

Ψf

(
G(Z(n)

ij (β1))
)[
X2
ij −M

(n)
2

]
+

m∑
j=1

m∑
l=1
l 6=j

Φf

(
G(Z(n)

ij (β1))
)
Φf

(
G(Z(n)

il (β1))
)[
XijXil − C(n)

]}


+ oP(1).

Let Assumptions (A) and (B) hold, under P(n)
β1,0;g, ∆˜(n)

f (β1) is normal with mean zero and
covariance matrix

Γ˜ (n)
f (β1) :=

Γ̃(n)
f ;22(β1) Γ̃(n)

f ;24(β1)
Γ̃(n)
f ;24(β1) Γ̃(n)

f ;44(β1)

 , (4.3)

with

Γ˜(n)
f ;22(θ) :=

m

(
M

(n)
2 −

(
M

(n)
1
)2)

M
(n)
2

Iϕ(f), Γ˜(n)
f ;24(θ) :=

m

(
M

(n)
3 −M

(n)
1 M

(n)
2

)
2
(
M

(n)
2 M

(n)
4
)1/2 Iϕψ(f), and
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Γ˜(n)
f ;44(θ) := 1

4M (n)
4

{
m

(
M

(n)
4 −

(
M

(n)
2
)2)Iψ(f) + 2

n
I2
ϕ(f)

n∑
i=1

m∑
j=1

m∑
l=1
l 6=j

[
XijXil − C(n)

]2}
.

4.3. Semiparametrically optimal rank tests

The rank based version of ∆∗(n)
f ;4 (β1) defined in (3.2) is

∆˜ ∗(n)
f ;4 (β1) := ∆˜ (n)

f ;4(β1) −
Γ˜(n)
f ;24(β1)

Γ˜(n)
f ;22(β1)

∆˜ (n)
f ;2(β1) (4.4)

with
Γ˜(n)
f ;24(β1)

Γ˜(n)
f ;22(β1)

=
(
M

(n)
2
)1/2(

M
(n)
3 −M

(n)
1 M

(n)
2
)

2
(
M

(n)
4
)1/2(

M
(n)
2 −

(
M

(n)
1
)2) Iϕψ(f)

Iϕ(f)
.

∆˜ ∗(n)
f ;4 (β1) is normal, under P(n)

θ;f1
with mean zero and variance

Γ˜∗(n)
f ;4 (β1) := Γ˜(n)

f ;44(β1) −
(
Γ˜(n)
f ;24(β1)

)2
Γ˜(n)
f ;22(β1)

= Γ˜(n)
f ;44(β1) − m

4

(
M

(n)
3 −M

(n)
1 M

(n)
2
)2

M
(n)
4
(
M

(n)
2 −

(
M

(n)
1
)2) I2

ϕψ(f)
Iϕ(f)

.

Therefore, the test statistic is

T˜∗(n)
f (β1) :=

(
Γ˜∗(n)
f ;4 (β1)

)−1/2∆˜ ∗(n)
f ;4 (β1). (4.5)

Not that β1 remains unknown, so it should be replaced by adequate estimator β̂1. That es-
timator should be such that both the asymptotic standard normal distribution of T˜∗(n)

f (β̂1)
under P(n)

β1,0;g, and the asymptotic optimality under P(n)
β1,0;f of the resulting test be pre-

served. Thus, let’s show that it is possible, but requires a small change in (4.5) indeed
in the central sequence ∆˜ ∗(n)

f ;4 (β1), that we will then note it by ∆˜ •(n)
f ;4 (β1). Note that this

modification only has oP(1) imapct (the proof will appear later).
∆˜(n)
f (β1) is, under P(n)

β1,0;g, locally asymptotically linear in β1, that is, satisfies

∆˜(n)
f (β1 + n−1/2K(n)

2 τ2) − ∆˜(n)
f (β1) = −Γ˜ (n)

f,g (β1)
(
τ2
0

)
+ oP(1) (4.6)

= −

 Γ̃(n)
f,g;22(β1)

Γ̃(n)
f,g;42(β1)

 τ2 + oP(1)

with

Γ˜(n)
f,g;22(β1) =

m
(
M

(n)
2 −

(
M

(n)
1
)2)

M
(n)
2

Iϕ(f, g), Γ˜(n)
f,g;42(β1) =

m
(
M

(n)
3 −M

(n)
1 M

(n)
2

)
2
(
M

(n)
2 M

(n)
4
)1/2 Iψϕ(f, g),

Iϕ(f, g) :=
∫ 1

0
ϕf (F−1(u))ϕg(G−1(u))du and Iψϕ(f, g) :=

∫ 1

0
ψf (F−1(u))ϕg(G−1(u))du.
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Note that, for f = g, Iϕ(f, f) = Iϕ(f) and Iψϕ(f, f) = Iψϕ(f). Then, define

∆˜ •(n)
f ;4 (β1) := ∆˜ (n)

f ;4(β1) −
Γ˜(n)
f,g;42(β1)

Γ˜(n)
f,g;22(β1)

∆˜ (n)
f ;2(β1)

= ∆˜ (n)
f ;4(β1) −

(
M

(n)
2
)1/2(

M
(n)
3 −M

(n)
1 M

(n)
2
)

2
(
M

(n)
4
)1/2(

M
(n)
2 −

(
M

(n)
1
)2) Iψϕ(f, g)

Iϕ(f, g)
∆˜ (n)
f ;2(β1)

with variance

Γ˜•(n)
f,g;44(β1) := Γ˜(n)

f ;44(β1) −
(
M

(n)
3 −M

(n)
1 M

(n)
2
)2

4M (n)
4
(
M

(n)
2 −

(
M

(n)
1
)2) Iψϕ(f, g)

I2
ϕ(f, g)

×
[
2Iϕ(f, g)Iϕψ(f) − Iϕ(f)Iψϕ(f, g)

]
. (4.7)

While, under P(n)
β1,0;g (the f = g case),

∆˜ •(n)
f ;4 (β1) − ∆˜ ∗(n)

f ;4 (β1) =
[

−
Γ˜(n)
f,f ;42

Γ˜(n)
f,f ;22

+
Γ˜(n)
f ;42

Γ˜(n)
f ;22

]
∆˜ (n)
f ;2(β1) = 0.

Let β̂(n)
1 satisfy Assumption (D.1)-(D.2), it results from asymptotic linearity (4.6) and

Lemma 4.4 in [15], under P(n)
β1,0;g

∆˜ •(n)
f ;4 (β̂(n)

1 ) − ∆˜ •(n)
f ;4 (β1) =

(
− Γ˜(n)

f,g;42 +
Γ˜(n)
f,g;42

Γ˜(n)
f,g;22

Γ˜(n)
f,g;22

)
n1/2(K(n)

2
)−1(β̂(n)

1 − β1) + oP(1)

= oP(1).

The last problem that remains to be solved is that the statistics based on ranks
T˜•(n)
f (β̂(n)

1 ), indeed the variance Γ˜•(n)
f ;4 (β̂(n)

1 ) depends on the cross-information quantities
Iϕ(f, g) and Iψϕ(f, g) that are unknown and also depends on the unspecified density g.
We propose here the simplest ones (see [5] and [10])

Î(n)
ϕ;f (β̂1) := M

(n)
2

mc

(
M

(n)
2 −

(
M

(n)
1
)2)

(
∆˜ (n)
f ;2(β̂1) − ∆˜ (n)

f ;2(β̂1 + n−1/2K(n)
2 )

)

= Iϕ(f, g) + oP(1) (4.8)

and

Î(n)
ψϕ;f (β̂1) :=

2
(
M

(n)
2 M

(n)
4
)1/2

md

(
M

(n)
3 −

(
M

(n)
1 M

(n)
2
))
(
∆˜ (n)
f ;4(β̂1) − ∆˜ (n)

f ;4(β̂1 + n−1/2K(n)
2 )

)

= Iψϕ(f, g) + oP(1). (4.9)

where c 6= 0 and d 6= 0 are arbitrary constants, whose consistency easily results from
asymptotic linearity property (4.6).

We substitute Iϕ(f, g) and Iψϕ(f, g) by Î(n)
ϕ;f (β̂1) and Î(n)

ψϕ;f (β̂1), respectively. The rank-
based test statistic is T˜•(n)

f (β̂(n)
1 ), with

T˜•(n)
f (β̂1) :=

(
Γ˜•(n)
f ;4 (β̂1)

)−1/2∆˜ •(n)
f ;4 (β̂1). (4.10)
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It is easy to verify that the test statistics T˜•(n)
f (β̂1) and T˜•(n)

f1
(β1) coincide, the following

proposition summarizes the results (follows from a straightforward application of Le Cam’s
third lemma).

Proposition 4.1. Let β̂(n)
1 satisfy Assumptions (D), let Assumptions (B) and (C) hold,

fix a density f such that f1 ∈ FA satisfies (A.5). Then, for any g1 ∈ FA, the sequence
of tests rejecting the hypothesis

⋃
g1∈FA

H
(n)
0 (g1) whenever T˜•(n)

f1
(β̂1

(n)) exceeds the (1 − α)

standard normal quantile zα
(i) has asymptotic level α,

(ii) is, along (B.3)-subsequences, semiparametrically locally asymptotically most pow-
erful unbiased, at asymptotic level α, against alternatives of the form⋃
β1

⋃
σ2
η>0

⋃
h1∈FC|f1

{
P(n)
β1,σ2

η ;f1,h1

}
.

(iii) still along (B.3)-subsequences, this test has asymptotic power
1 − Φ

(
zα −

(
Γ˜•
f,g;44(β1)

)−1/2
(

Γ˜f,g;44(β) − Γ˜f,g;42(β1)Γ˜f,g;24(β1)
Γ˜f,g;22(β1)

)
τ4

)
, where Φ, as

usual, stands for the standard normal distribution function,
against P(n)

β1,n−1/2K
(n)
4 τ4;g1,h1

.

4.4. The Wilcoxon and van der Waerden test statistics
Particular cases most importantly are the van der Waerden and the Wilcoxon, which

are optimal under normal and logistic densities, respectively.

• The van der Waerden test statistic (normal scores): given for f = ϕ, where
ψf
(
F−1 (u)

)
=
(
Φ−1 (u)

)2 − 1 and ϕf
(
F−1 (u)

)
= Φ−1 (u) takes the form:

T˜•(n)
vdW (β1) := n−1/2

s
(n)
vdW

{
n∑
i=1

m∑
j=1

(
Φ−1

( R
(n)
ij

N + 1

))2[
X2
ij −M

(n)
2
]

− (M (n)
3 −M

(n)
1 M

(n)
2 )Îψϕ;vdW

(M (n)
2 − (M (n)

1 )2)Îϕ;vdW

n∑
i=1

m∑
j=1

Φ−1
( R

(n)
ij

N + 1

)[
Xij −M

(n)
1

]

+
n∑
i=1

m∑
j=1

m∑
l=1
l 6=j

Φ−1
( R

(n)
ij

N + 1

)
Φ−1

( R
(n)
il

N + 1

)[
XijXil − C(n)

]}

with(
s

(n)
vdW

)2 = 2m
(
M

(n)
4 −

(
M

(n)
2
)2)+m

(M (n)
3 −M

(n)
1 M

(n)
2 )

(M (n)
2 − (M (n)

1 )2)

( Îψϕ;vdW

Îϕ;vdW

)2

+ 2m
(
m ¯̄X(n)2

•• −M
(n)
4 − (m− 1)C(n)2

)
where Îϕ;vdW and Îψϕ;vdW stand for Îϕ;f (β̂1) and Îψϕ;f (β̂1) respectively (f the
normal density).

• The Wilcoxon test statistic (logistic scores): given for f = ℓ, where ψf
(
F−1 (u)

)
=

6u(u− 1) + 1 and ϕf
(
F−1 (u)

)
= 2u− 1 takes the form:
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T˜•(n)
W (β1) := n−1/2

s
(n)
W

{
3

n∑
i=1

m∑
j=1

( R
(n)
ij

N + 1

)( R
(n)
ij

N + 1
− 1

)[
X2
ij −M

(n)
2
]

− (M (n)
3 −M

(n)
1 M

(n)
2 )Îψϕ;vdW

(M (n)
2 − (M (n)

1 )2)Îϕ;vdW

n∑
i=1

m∑
j=1

( R
(n)
ij

N + 1

)[
Xij −M

(n)
1

]

+ 2
n∑
i=1

m∑
j=1

m∑
l=1
l 6=j

( R
(n)
ij

N + 1

)( R
(n)
il

N + 1

)[
XijXil − C(n)

]}

with

(
s

(n)
W

)2 = m

20

(
M

(n)
4 −

(
M

(n)
2
)2)+ m

12
(M (n)

3 −M
(n)
1 M

(n)
2 )

(M (n)
2 − (M (n)

1 )2)

( Îψϕ;vdW

Îϕ;vdW

)2

+ m

18

(
m ¯̄X(n)2

•• −M
(n)
4 − (m− 1)C(n)2

)
where Îϕ;W and Îψϕ;W stand for Îϕ;f (β̂1) and Îψϕ;f (β̂1) respectively (f the logistic
density).

5. Simulation
The objective of this section is to evaluate the performance of the proposed tests at the

asymptotic level α = 5%. Using R-programming, we consider a simulation of N = 2 500
independent samples of size nm = 100 ∗ 5 from the model:

Yij = β0 + (β1 + ηi)Xij + εij , i = 1, . . . , 100, j = 1, . . . , 5,

where
(a) β0 = 1 and β1 = 10,
(b) the Xij ’s are i.i.d. normal (0, 1),
(c) the ηi’s are i.i.d. Gaussian with mean zero and standard deviation ση = 0 (for

null hypothesis), = 0.1, 0.15, 0.2, 0.25 or 0.3 (for increasing alternatives),
(d) the εij ’s are i.i.d. with symmetric densities: Gaussian (ϕ1), logistic (ℓ1), student(t5);

with asymmetric densities: skew normal (sN), skew Student t5 (st5)†(both with
skewness parameter value δ = 3).

For each replication, we performed the following tests at the asymptotic level α = 5%:
The Likelihood Ratio Test (LRT ) on (1.3), the square of Gaussian test based on T

∗(n)
ϕ1

,
the pseudo-Gaussian test based on T

•(n)
ϕ1

, the van der Waerden test based on T˜ (n)
vdW , the

Wilcoxon test based on T˜ (n)
W and the rank tests based on Student scores with 5 degrees of

freedom T˜ (n)
t5 . Rejection frequencies are reported in Table 1.

These simulations shows that the Likelihood Ratio test and the square of Gaussian
test T ∗(n)

ϕ1
coincides. It shows also that the pseudo-Gaussian test T •(n)

ϕ1
confirms the good

overall performance. More under asymmetric densities (skew normal and skew-Student),
it shows the superiority of ranking tests over pseudo-Gaussian tests.

†for a definition of skew-normal and skew-Student densities. See, for details, [2]
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Table 1. Rejection frequencies (out of 2500 replications), for ση = 0 (null hypoth-
esis) and various non-zero values of ση (local alternative hypothesis), with error
distribution that is normal (ϕ1), logistic (ℓ1), Student(t5), skew-normal(sN(3))
and skew-Student (st5(3)) of Likelihood Ratio test, square of the Gaussian test,
the pseudo-Gaussian test, the van der Waerden test, the Wilcoxon test. The sam-
ple size is 500 (n = 100 and m = 5).

g1 Test ση
0 0.1 0.15 0.2 0.25 0.3

LRT 0.0488 0.0968 0.1848 0.3720 0.5780 0.7928
(T (n)•
ϕ1

)2 0.0408 0.0924 0.1776 0.3680 0.5884 0.7980
ϕ1 T

(n)•
ϕ1

0.0548 0.1276 0.2376 0.4328 0.6504 0.8472
T˜ (n)
vdW 0.0584 0.1588 0.2636 0.4516 0.6624 0.8576
T˜ (n)
W 0.0528 0.1424 0.2456 0.4324 0.6460 0.8184

T˜ (n)
t5 0.0516 0.1456 0.2620 0.4196 0.5960 0.7904

LRT 0.0480 0.1000 0.1592 0.3080 0.4960 0.6960
(T (n)•
ϕ1

)2 0.0420 0.1080 0.1620 0.3112 0.5160 0.7040
l1 T

(n)•
ϕ1

0.0524 0.1340 0.2324 0.4252 0.6348 0.8204
T˜ (n)
vdW 0.0520 0.1344 0.2352 0.4328 0.6420 0.8252
T˜ (n)
W 0.0560 0.1544 0.2904 0.5016 0.6984 0.8720

T˜ (n)
t5 0.0532 0.1492 0.2840 0.4808 0.6996 0.8692

LRT 0.0480 0.1092 0.1960 0.3600 0.5680 0.7400
(T (n)•
ϕ1

)2 0.0492 0.0922 0.1860 0.3360 0.5560 0.7440
t5 T

(n)•
ϕ1

0.0512 0.1596 0.2864 0.4756 0.6736 0.8464
T˜ (n)
vdW 0.0532 0.1684 0.3296 0.5216 0.7196 0.8932
T˜ (n)
W 0.0568 0.1808 0.3164 0.5444 0.7520 0.9084

T˜ (n)
t5 0.0572 0.1916 0.3620 0.5604 0.7932 0.9492

LRT 0.0480 0.1040 0.2020 0.3916 0.6004 0.7764
(T (n)•
ϕ1

)2 0.0424 0.1000 0.1960 0.3660 0.5976 0.7640
sN(3) T

(n)•
ϕ1

0.0512 0.1832 0.3372 0.5388 0.7492 0.8912
T˜ (n)
vdW 0.0576 0.1932 0.3556 0.5920 0.8048 0.9324
T˜ (n)
W 0.0564 0.1968 0.3456 0.5492 0.7620 0.9196

T˜ (n)
t5 0.0528 0.1692 0.3028 0.4916 0.7232 0.8612

LRT 0.0484 0.1164 0.2040 0.3464 0.5364 0.7328
(T (n)•
ϕ1

)2 0.0496 0.1288 0.2120 0.3532 0.5404 0.7324
st5(3) T

(n)•
ϕ1

0.0504 0.1656 0.2856 0.4856 0.6932 0.8664
T˜ (n)
vdW 0.0584 0.2348 0.4896 0.6824 0.8932 0.9692
T˜ (n)
W 0.0524 0.2116 0.4192 0.6428 0.8440 0.9508

T˜ (n)
t5 0.0516 0.2064 0.4012 0.6244 0.8252 0.9436

6. Real data analysis
In this section, we illustrate an application of the usual likelihood ratio test (LRT), the

pseudo-Gaussian test T •(n)
ϕ1

, and the van der Waerden test T˜•(n)
vdW in a real dataset. Our
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study is related to a growth curve (Longitudinal data, where individuals are repeatedly
measured over time) problem from dentistry. The original data set is from ([23]) available,
under the name "Orthodont", in the packages lme4 and nlme in R ([3,22]). The Orthodont
data has measurement on the distance (y) (in millimeters) between two positions on the
skull (the center of the pituitary and the pterygomaxillary fissure), taken every two years
from 8 until age (x) 14 (i.e. at the ages 8, 10, 12, and 14), on 16 males and 11 females.
This distance was measured four times for each of the 27 subjects (individual children).
In this example, we are interest on the random slope for the simple linear mixed model
with equal intercepts. Consider here:

yij = β0 + (β1 + ηi)xij + εij for i = 1, . . . , 27 and j = 1, . . . , 4 (6.1)

with
• β0 and β1 are, respectively, the fixed effects for the intercept and the slope,
• εij ∼ N

(
0, σ2),

• ηi ∼ N
(
0, σ2

η

)
.

We will use the likelihood ratio test (LRT), the pseudo-Gaussian test T •(n)
ϕ1

, and the van
der Waerden test T˜•(n)

vdW to test the null hypothesis H0 : σ2
η = 0, versus the alternative

H1 : σ2
η > 0, comparing a fitted full-model (6.1) with the parameter of interest (i.e:

random-slope) having (p1 = 4) estimable parameters and a fitted model having (p2 = 3)
estimable parameters without the parameter of interest (i.e.: reduced model, without
random-slope)

yij = β0 + β1xij + εij for i = 1, . . . , 27 and j = 1, . . . , 4. (6.2)

Note that if the calculated value of LRT, T •(n)
ϕ1

, and T˜•(n)
vdW is larger than the critical value

of the chi-squared distribution with (p1 − p2 =1) degrees of freedom, and the normal dis-
tribution respectively, the parameter of interest should be retained in the model. At the
usual significance level (α = 5%), the following table presents the result:

Test Calculated value critical value
LRT 64.08381 χ2(1) = 3.84
T

•(n)
ϕ1

8.112118 Zα = 1.644854
T˜•(n)
vdW 8.352332 Zα = 1.644854

The observed values of the statistical tests are LRT= 64.08381 (p-value=1.192×10−15),
T

•(n)
ϕ1

= 8.112118 (p-value 2.487 × 10−16) and T˜•(n)
vdW = 8.352332 (p-value=3.346 × 10−17),

shows that the three tests lead to the same conclusion, namely that H0 should be rejected
at the usual significance levels. The results suggest the proposed test appears to be more
powerful than LR test, for detecting the random slope. This conclusion agrees with the
results of the permutation tests, described in [8] and applied in the orthodontic data, for
testing the intercept and/or slope random effects in linear growth curve model. Recall
that, the permutation test is obtained by conditioning with respect to the order statistic.
Whereas invariance arguments lead to rank-based tests, unbiasedness arguments thus lead
to permutation tests. In choosing between the two tests, we prefer rank test for detecting
the random slope.

7. Conclusion
For testing randomness in the linear mixed models, we propose a test statistics valid

for a large class of densities rather than the likelihood ratio test which is restricted to the
Gaussian one. Those tests are constructed using Le Cam methodology, their performance
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are remarkably high compared to the conventional ones.

The simulations, based on the rejection frequency, for different tests, guarantee the good
performance of the proposed tests. It also appears that skewed and heavy-tailed densities
signficantly improves the superiority of rank tests over the Likelihood ratio procedure.
A real example of longitudinal data is used to illustrate the behavior of the new test.
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Appendix A. Proof of Proposition 2.1
The proof of 2.1 is to ensure that the six conditions (Conditions 1.2 to 1.7) in Lemma 1

[26] are satisfied, the only delicate one actually is condition (1.2). This condition is a direct
result (see Lemma 2 Swensen) of the quadratic mean differentiability in the neighborhood
of any (β0, β1, σ

2, 0).

(β0, β1, σ
2, σ2

η) 7−→ q
1/2
β0,β1,σ2,σ2

η ;f1
(y) :=

{
1
σm
∫
R
∏m
j=1 f1

(
1
σ (yj − β0 − β1xj − σηηxj)

)
h(η)dη

}1/2
,

with y = (y1, y2, ..., ym)′ ∈ Rm.

Quadratic mean differentiability is established in the following lemma.

Lemma A.1. Let assumptions (B) and (C) hold and fix f1 ∈ FA. Define, for y ∈ Rm,

Dβ0q
1/2
β0,β1,σ2,0;f1

(y) := 1
2σ
q

1/2
β0,β1,σ2,0;f1

(y)
m∑
j=1

ϕf1

(
yj − β0 − β1xj

σ

)
,

Dβ1q
1/2
β0,β1,σ2,0;f1

(y) := 1
2σ
q

1/2
β0,β1,σ2,0;f1

(y)
m∑
j=1

ϕf1

(
yj − β0 − β1xj

σ

)
K

(n)
1 xj ,

Dσ2q
1/2
β0,β1,σ2,0;f1

(y) := 1
2σ
q

1/2
β0,β1,σ2,0;f1

(y)
m∑
j=1

[(
yj − β0 − β1xj

σ

)
ϕf1

(
yj − β0 − β1xj

σ

)
− 1

]
,

and

Dσ2
η
q

1/2
β0,β1,σ2,σ2

η ;f1
(y)|σ2

η=0 := 1
4σ2 q

1/2
β0,β1,σ2,0;f1

(y)
[

m∑
j=1

ψf1

(
yj − β0 − β1xj

σ

)
x2
j

+
m∑
j=1

m∑
l=1
l 6=j

ϕf1

(
yj − β0 − β1xj

σ

)
ϕf1

(
yl − β0 − β1xl

σ

)
xjxl

]
.

(A.1)
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Then as t, s, v, and r → 0,

(i) ∫ [
q

1/2
β0+t,β1+s,σ2+v,r2;f1

(y) − q
1/2
β0+t,β1+s,σ2+v,0;f1

(y) − r2Dσ2
η
q

1/2
β0+t,β+s,σ2+v,σ2

η ;f1
(y)|σ2

η=0

]2

dy = o(r4),

(ii) ∫ [
q

1/2
β0+t,β1+s,σ2+v,0;f1

(y) − q
1/2
β0,β1,σ2,0;f1

(y) − (t, s, v)


Dβ0q

1/2
β0,β1,σ2,0;f1

(y)
Dβ1q

1/2
β0,β1,σ2,0;f1

(y)
Dσ2q

1/2
β0,β1,σ2,0;f1

(y)


]2

dy = o(||(t, s, v)′||2),

(iii)
∫ [

Dσ2
η
q

1/2
β0+t,β1+s,σ2+v,σ2

η ;f1
(y)|σ2

η=0 −Dσ2
η
q

1/2
β0,β1,σ2,σ2

η ;f1
(y)|σ2

η=0

]2

dy = o(1) and

(iv) ∫ [
q

1/2
β0+t,β1+s,σ2+v,r2;f1

(y) − q
1/2
β0,β1,σ2,0;f1

(y) − (t, s, v, r2)


Dβ0q

1/2
β0,β1,σ2,0;f1

(y)
Dβ1q

1/2
β0,β1,σ2,0;f1

(y)
Dσ2q

1/2
β0,β1,σ2,0;f1

(y)
Dσ2

η
q

1/2
β0,β1,σ2,σ2

η ;f1
(y)|σ2

η=0


]2

dy = o(||(t, s, v, r2)′||2).

Proof. (i) Let zj = yj − (β0 + t) − (β1 + s)xj and z := (z1, z2, ..., zm)′, the left part
of point (i) shall take the following form:∫

Rm

[{
1

(σ2 + v)m/2

∫
R

m∏
j=1

f1

(
zj − rηxj

(σ2 + v)1/2

)
h(η)dη

}1/2

−

{
1

(σ2 + v)m/2

m∏
j=1

f1

(
zj

(σ2 + v)1/2

)}1/2

− r2

4(σ2 + v)

{
1

(σ2 + v)m/2

m∏
j=1

f1

(
zj

(σ2 + v)1/2

)}1/2

×


m∑
j=1

ψf1

(
zj

(σ2 + v)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l 6=j

ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
xjxl


]2

dz

which is equivalent to

∫
Rm

[
∫
R

m∏
j=1

f (zj − rηxj)h(η)dη


1/2

−


m∏
j=1

f (zj)


1/2

− r2

4


m∏
j=1

f (zj)


1/2

×


m∑
j=1

ψf (zj)x2
j +

m∑
j=1

m∑
l=1
l6=j

ϕf (zj)ϕf (zl)xjxl


]2

dz.

In order to prove (i), it is thus sufficient to establish differentiability in quadratic
mean with respect to r2. This quadratic mean differentiability property, however,
is somewhat nonstandard, as it involves the second-order derivatives of the product( m∏
j=1

f (zj)
)
. As in Akharif and Hallin (2003), the proof is decomposed into three

parts.
(a) y2 7→ lz,x(y) :=

∫
RGz,x(η, y)h(η) dη ,with Gz,x(η, y) =

m∏
j=1

f(zj − xjyη) is

absolutely continuous in a right-neighborhood of y = 0 with a.e. derivative

Dz(y) = 1
2y

∫ y

w=0

∫
R

[
m∑

j=1
f̈(zj − xjwη)x2

j

m∏
l=1
l6=j

f(zl − xlwη)

+
m∑

j=1

m∑
l=1
l 6=j

ḟ(zj − xjwη)ḟ(zl − xlwη)xjxl

m∏
s=1
s6=l
s6=j

f(zs − xswη)

]
η2h(η) dη dw.

(A.2)
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We obtain

lz,x(y) − lz,x(0) =
∫
R

(Gz,x(η, y) −Gz,x(η, 0))h(η)dη

=
∫
R

∫ y

b=0
Ġz,x(η, b) db h(η) dη

=
∫
R

∫ y

b=0

(
Ġz,x(η, b) − Ġz,x(η, 0)

)
db h(η)dη

+
∫
R

∫ y

b=0
Ġz,x(η, 0)db h(η)dη

=
∫
R

∫ y

b=0

∫ b

w=0
G̈z,x(η, w) dw db h(η) dη

= 1
2

∫ y2

a=0
a

−1
2

∫ a
1
2

w=0

∫
R
G̈z,x(η, w) h(η) dη dw da,

(A.3)

where

G̈z,x(η, w) :=
m∑
j=1

f̈(zj − xjwη)x2
jη

2
m∏
l=1
l6=j

f(zl − xlwη)

+
m∑
j=1

m∑
l=1
l6=j

ḟ(zj − xjwη)ḟ(zl − xlwη)xjxlη2
m∏
s=1
s 6=l
s 6=j

f(zs − xswη).

The value (A.2) of the a.e. derivative for y > 0 follows. At y = 0, the right
derivative is defined as the limit, as y −→ 0, of (lz,x(y)− lz,x(0))/y2, for which
(A.3) yields 0/0. Applying L’Hospital’s rule,

1
2

[
m∑
j=1

f̈(zj)x2
j

m∏
l=1
l6=j

f(zl) +
m∑
j=1

m∑
l=1
l 6=j

ḟ(zj)ḟ(zl)xjxl
m∏
s=1
s 6=l
s 6=j

f(zs)
]

(b) It follows that y2 7→ sz,x(y) := [lz,x(y)]1/2 is absolutely continuous in a neigh-
borhood of y = 0, with a.e. derivative

ṡz,x(y) = 1
4y

∫ y

w=0

∫
R G̈z,x(η, w)h(η)dη

[
∫
RGz(η, y)h(η) dη]

1
2
dw. (A.4)

L’Hospital’s rule at y = 0 yields

ṡz,x(0) = 1
4

(
m∏
j=1

f(zj)
)−1

2


m∑
j=1

f̈(zj)x2
j

m∏
l=1
l 6=j

f(zl) +
m∑
j=1

m∑
l=1
l6=j

ḟ(zj)ḟ(zl)xjxl
m∏
s=1
s 6=l
s 6=j

f(zs)

 .
Consequently, for all z

lim
y→0

[sz,x(y) − sz,x(0)] /y2 = ṡz,x(0). (A.5)

(c) The partial quadratic mean differentiablity property to be proved takes the
form :

lim
y→0

∫
Rm

{ 1
y2 [sz,x(y) − sz,x(0)] − ṡz,x(0)

}2
dz = 0. (A.6)

From (b) abov,{ 1
y2 [sz,x(y) − sz,x(0)]

}2
=
( 1
y2

)2( ∫ y2

λ=0
ṡz,x(

√
λ)dλ

)2
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for all z. Fubini’s theorem and (A.4) yield

∫
Rm

{ 1
y2 [sz,x(y) − sz,x(0)]

}2
dz ≤ 1

y2

∫ y2

λ=0

∫
Rm

(
ṡz,x(

√
λ)
)2
dzdλ (A.7)

= 1
16y2

∫ y2

λ=0
Ixψϕ(f ;

√
λ)dλ, (A.8)

with Ixψϕ defined (2.1). From the continuity assumption in (C.2), this latter
quantity converges, as y → 0, to Ixψϕ(f ; 0)/16 =

∫
Rm (ṡz,x(0))2 dz, which

together with (A.7), entails that

lim sup
y−→0

∫
Rm

{ 1
y2 [sz,x(y) − sz,x(0)]

}2
dz ≤

∫
Rm

(ṡz,x(0))2 dz. (A.9)

In view of Theorem V.I.3 of Hájek and Šidák (1967), (A.5) and (A.8) jointly
imply (A.6). This completes the proof of (i).

(ii) The problem here reduces to the classical case of linear models considered by [26].
(iii) First note that, as t, s → 0,

∫
Rm

{
Dσ2

η
q

1/2
β0+t,β1+s,σ2+v,σ2

η ;f1
(y)|σ2

η=0 −Dσ2
η
q

1/2
β0,β1,σ2,σ2

η ;f1
(y)|σ2

η=0

}2
dy = o(1).

For the perturbation of σ2, let zj = yj − β0 − β1xj for j = 1, 2, ...,m, we have

Qσ2 :=
∫
Rm

{
Dσ2

η
q

1/2
β0+t,β1+s,σ2+v,σ2

η ;f1
(y)|σ2

η=0 −Dσ2
η
q

1/2
β0,β1,σ2,σ2

η ;f1
(y)|σ2

η=0

}2
dy

=
∫
Rm

{
1

4(σ2 + v)(m+4)/4

[
m∏
j=1

f
1/2
1

(
yj − β0 − β1xj

(σ2 + v)1/2

)]

×

[
m∑
j=1

ψf1

(
yj − β0 − β1xj

(σ2 + v)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l 6=j

ϕf1

(
yj − β0 − β1xj

(σ2 + v)1/2

)
ϕf1

(
yl − β0 − β1xl

(σ2 + v)1/2

)
xjxl

]

− 1
4(σ2)(m+4)/4

[
m∏
j=1

f
1/2
1

(
yj − β0 − β1xj

(σ2)1/2

)]

×

[
m∑
j=1

ψf1

(
yj − β0 − β1xj

(σ2)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l 6=j

ϕf1

(
yj − β0 − β1xj

(σ2)1/2

)
ϕf1

(
yl − β0 − β1xl

(σ2)1/2

)
xjxl

]}2

dy

=
∫
Rm

{
1

4(σ2 + v)(m+4)/4

[
m∏
j=1

f
1/2
1

(
zj

(σ2 + v)1/2

)]

×

[
m∑
j=1

ψf1

(
zj

(σ2 + v)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l6=j

ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
xjxl

]

− 1
4(σ2)(m+4)/4

[
m∏
j=1

f
1/2
1

(
zj

(σ2)1/2

)]

×

[
m∑
j=1

ψf1

(
zj

(σ2)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l 6=j

ϕf1

(
zj

(σ2)1/2

)
ϕf1

(
zl

(σ2)1/2

)
xjxl

]}2

dz
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=
∫
Rm

{
1
4

[
1

(σ2 + v)

m∏
j=1

1
(σ2 + v)1/4 f

1/2
1

(
zj

(σ2 + v)1/2

)
− 1
σ2

m∏
j=1

1
σ1/2 f

1/2
1

(
zj
σ

)]

×

[
m∑
j=1

ψf1

(
zj

(σ2 + v)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l 6=j

ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
xjxl

]

+1
4

1
σ2

[
m∏
j=1

1
(σ2)1/4 f

1/2
1

(
zj
σ

)]{ m∑
j=1

[
ψf1

(
zj

(σ2 + v)1/2

)
− ψf1

(
zj
σ

)]
x2
j

+
m∑
j=1

m∑
l=1
l 6=j

[
ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
− ϕf1

(
zj
σ

)
ϕf1

(
zl
σ

)]
xjxl

}}2

dz

=
∫
Rm

{
1
4

[
1

(σ2 + v) − 1
σ2

]
m∏
j=1

1
(σ2 + v)1/4 f

1/2
1

(
zj

(σ2 + v)1/2

)

×

[
m∑
j=1

ψf1

(
zj

(σ2 + v)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l 6=j

ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
xjxl

]

+1
4

[
1
σ2

m∏
j=1

1
(σ2 + v)1/4 f

1/2
1

(
zj

(σ2 + v)1/2

)
− 1
σ2

m∏
j=1

1
σ1/2 f

1/2
1

(
zj
σ

)]

×

[
m∑
j=1

ψf1

(
zj

(σ2 + v)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l 6=j

ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
xjxl

]

+1
4

1
σ2

[
m∏
j=1

1
(σ2)1/4 f

1/2
1

(
zj
σ

)]{ m∑
j=1

[
ψf1

(
zj

(σ2 + v)1/2

)
− ψf1

(
zj
σ

)]
x2
j

+
m∑
j=1

m∑
l=1
l 6=j

[
ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
− ϕf1

(
zj
σ

)
ϕf1

(
zl
σ

)]
xjxl

}}2

dz

≤C(Q1 +Q2 +Q3).

where

Q1 :=
∫
Rm

{
1
4

[
1

(σ2 + v) − 1
σ2

]
m∏
j=1

1
(σ2 + v)1/4 f

1/2
1

(
zj

(σ2 + v)1/2

)

×

[
m∑
j=1

ψf1

(
zj

(σ2 + v)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l6=j

ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
xjxl

]}2

dz,

Q2 :=
∫
Rm

{
1

4σ2

[
m∏
j=1

1
(σ2 + v)1/4 f

1/2
1

(
zj

(σ2 + v)1/2

)
− 1
σ2

m∏
j=1

1
σ1/2 f

1/2
1

(
zj
σ

)]

×

[
m∑
j=1

ψf1

(
zj

(σ2 + v)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l6=j

ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
xjxl

]}2

dz,

and

Q3 :=
∫
Rm

{
1

4σ2

[
m∏
j=1

1
(σ2)1/4 f

1/2
1

(
zj
σ

)]{ m∑
j=1

[
ψf1

(
zj

(σ2 + v)1/2

)
− ψf1

(
zj
σ

)]
x2
j

+
m∑
j=1

m∑
l=1
l 6=j

[
ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
− ϕf1

(
zj
σ

)
ϕf1

(
zl
σ

)]
xjxl

}}2

dz.
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Clearly, Q1 = O

(
[(σ2 + v)−1 − σ−2]2

(
Iψ(f1)x2 + I2

ϕ(f1)(m(x̄)2 − x2)
))

, which

implies that Q1 = o(1), as v −→ 0.

With regard to Q2, we have

Q2 =
∫
Rm

{
1

4σ2

{
m∑
j=1

[
1

(σ2 + v)1/4 f
1/2
1

(
zj

(σ2 + v)1/2

)
− 1
σ1/2 f

1/2
1

(
zj
σ

)]

×
j−1∏
k=1

1
(σ2 + v)1/4 f

1/2
1

(
zk

(σ2 + v)1/2

) m∏
k=j+1

1
(σ2)1/4 f

1/2
1

(
zk
σ

)

×

[
m∑
j=1

ψf1

(
zj

(σ2 + v)1/2

)
x2
j +

m∑
j=1

m∑
l=1
l 6=j

ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)
xjxl

]}}2

dz

=
∫
Rm

{
1

4σ2

{
m∑
j=1

m∑
l=1

[
1

(σ2 + v)1/4 f
1/2
1

(
zj

(σ2 + v)1/2

)
− 1
σ1/2 f

1/2
1

(
zj
σ

)]

× ψf1

(
zl

(σ2 + v)1/2

)
x2
l

j−1∏
k=1

1
(σ2 + v)1/4 f

1/2
1

(
zk

(σ2 + v)1/2

) m∏
k=j+1

1
(σ2)1/4 f

1/2
1

(
zk
σ

)}

+ 1
4σ2

m∑
j=1

m∑
l=1

m∑
t=1
t6=l

[
1

(σ2 + v)1/4 f
1/2
1

(
zj

(σ2 + v)1/2

)
− 1
σ1/2 f

1/2
1

(
zj
σ

)]
ϕf1

(
zl

(σ2 + v)1/2

)

× ϕf1

(
zt

(σ2 + v)1/2

)
xlxt

j−1∏
k=1

1
(σ2 + v)1/4 f

1/2
1

(
zk

(σ2 + v)1/2

) m∏
k=j+1

1
(σ2)1/4 f

1/2
1

(
zk
σ

)}2

dz

≤C1(Q1
2 +Q2

2)

where

Q1
2 :=

∫
Rm

{
1

4σ2

{
m∑
j=1

m∑
l=1

[
1

(σ2 + v)1/4 f
1/2
1

(
zj

(σ2 + v)1/2

)
− 1
σ1/2 f

1/2
1

(
zj
σ

)]

× ψf1

(
zl

(σ2 + v)1/2

)
x2
l

j−1∏
k=1

1
(σ2 + v)1/4 f

1/2
1

(
zk

(σ2 + v)1/2

) m∏
k=j+1

1
(σ2)1/4 f

1/2
1

(
zk
σ

)}}2

dz

and

Q2
2 :=

∫
Rm

{
1

4σ2

m∑
j=1

m∑
l=1

m∑
t=1
t6=l

[
1

(σ2 + v)1/4 f
1/2
1

(
zj

(σ2 + v)1/2

)
− 1
σ1/2 f

1/2
1

(
zj
σ

)]
ϕf1 ( zl

(σ2 + v)1/2 )

× ϕf1

(
zt

(σ2 + v)1/2

)
xlxt

j−1∏
k=1

1
(σ2 + v)1/4 f

1/2
1

(
zk

(σ2 + v)1/2

) m∏
k=j+1

1
(σ2)1/4 f

1/2
1

(
zk
σ

)}2

dz.

To show that Q2 = o(1) as v −→ 0, it is clearly sufficient to prove that Q2
2 and Q1

2
are o(1). We begin with Q1

2, which is bounded by A(Q11
2 + Q12

2 + Q13
2 ), where A is some

positive constant.
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Q11
2 :=

∫
Rm

{
m∑
j=1

[
1

(σ2 + v)1/4 f
1/2
1

(
zj

(σ2 + v)1/2

)
ψf1

(
zj

(σ2 + v)1/2

)
x2
j−

1
σ1/2 f

1/2
1

(
zj
σ

)
ψf1

(
zj
σ

)
x2
j

]
j−1∏
k=1

1
(σ2 + v)1/4 f

1/2
1

(
zk

(σ2 + v)1/2

)

×
m∏

k=j+1

1
(σ2)1/4 f

1/2
1

(
zk
σ

)}2

dz

≤ A1

∫
R

{
e

1
2 [u−ln(1+ v

σ2 )1/2]
f

1/2
1

(
e
u−ln(1+ v

σ2 )1/2
)
ψf1

(
e
u−ln(1+ v

σ2 )1/2
)

−e
1
2uf

1/2
1 (eu)ψf1 (eu)

}2

du,

(A.10)

Q12
2 :=

∫
Rm

{
m∑
j=1

[
ψf1

(
zj

(σ2 + v)1/2

)
− ψf1

(
zj
σ

)]
x2
j

1
σ1/2 f

1/2
1

(
zj
σ

)

×
j−1∏
k=1

1
(σ2 + v)1/4 f

1/2
1

(
zk

(σ2 + v)1/2

) m∏
k=j+1

1
(σ2)1/4 f

1/2
1

(
zk
σ

)}2

dz

≤A2

∫
R

{
ψf1

(
e
u−ln(1+ v

σ2 )1/2
)

− ψf1 (eu)

}2

euf1 (eu) du,

(A.11)

Q13
2 :=

∫
Rm

{
2

m∑
j=2

m−1∑
l=1

[
1

(σ2 + v)1/4 f
1/2
1

(
zj

(σ2 + v)1/2

)
− 1
σ1/2 f

1/2
1

(
zj
σ

)]

ψf1

(
zl

(σ2 + v)1/2

)
x2
l ×

j−1∏
k=1

1
(σ2 + v)1/4 f

1/2
1

(
zk

(σ2 + v)1/2

) m∏
k=j+1

1
(σ2)1/4 f

1/2
1

(
zk
σ

)}2

dz

≤ A3

∫
R

{
e

1
2 [u−ln(1+ v

σ2 )1/2]
f

1/2
1

(
e
u−ln(1+ v

σ2 )1/2
)

− e
1
2uf

1/2
1 (eu)

}2

du× Iψ(f1)x2.

(A.12)

As e
1
2uf

1/2
1 (eu), e

1
2uf

1/2
1 (eu)ψf1 (eu) and ψf1 (eu) are square integrable, quadratic mean

continuity implies that the integrals in (A.10), (A.11) and (A.12) are o(1) as h −→ 0.
In the same way, it is easily shown that:

Q11
2 ≤B

[∫
R

{
e

1
2 [u−ln(1+ v

σ2 )1/2]
f

1/2
1

(
e
u−ln(1+ v

σ2 )1/2
)
ϕf1

(
e
u−ln(1+ v

σ2 )1/2
)

− e
1
2uf

1/2
1 (eu)ϕf1 (eu)

}2
du

× Iϕ(f1)x+
∫
R

{
ϕf1

(
e
u−ln(1+ v

σ2 )1/2
)

− ϕf1 (eu)
}2
euf1 (eu) du× Iϕ(f1)x

+
∫
R

{
e

1
2 [u−ln(1+ v

σ2 )1/2]
f

1/2
1

(
e
u−ln(1+ v

σ2 )1/2
)

− e
1
2uf

1/2
1 (eu)

}2
du× I2

ϕ(f1)(m(x̄)2 − x2)

]
.

(A.13)

Since e
1
2uf

1/2
1 (eu), e

1
2uf

1/2
1 (eu)ϕf1 (eu) and ϕf1 (eu) are square integrable, then (A.13) is

o(1) as h −→ 0.
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With regard to Q3, note that Q3 ≤ D(Q1
3 +Q2

3) where

Q1
3 :=

∫
Rm

{
1

4σ2

[ m∏
j=1

1
(σ2)1/4 f

1/2
1

(
zj
σ

)]{ m∑
j=1

[
ψf1

(
zj

(σ2 + v)1/2

)
− ψf1

(
zj
σ

)]
x2
j

}}2

dz

≤ D1

∫
R

{
ψf1

(
e
u−ln(1+ v

σ2 )1/2
)

− ψf1 (eu)
}2
euf1 (eu) du = o(1), as h −→ 0,

and

Q2
3 :=

∫
Rm

{
1

4σ2

[ m∏
j=1

1
(σ2)1/4 f

1/2
1

(
zj
σ

)]{ m∑
j=1

m∑
l=1
l6=j

[
ϕf1

(
zj

(σ2 + v)1/2

)
ϕf1

(
zl

(σ2 + v)1/2

)

− ϕf1

(
zj
σ

)
ϕf1

(
zl
σ

)]
xjxl

}}2

dz

≤ D2

∫
R

{
ϕf1

(
e
u−ln(1+ v

σ2 )1/2
)

− ϕf1 (eu)
}2
euf1 (eu) du = o(1), as h −→ 0.

Since ψf1 (eu) and ϕf1 (eu) are square integrable. This completes the proof of Lemma A.1,
and therefore, that of Proposition 2.1. �


