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İşcan have represented harmonically convex function and 
have proved inequalities related to its as follows (İşcan 
2014):

Definition 1. (İşcan 2014) Let R RI 01 " , be a real 
interval. A function : Rf I "  is said to be harmonically convex, 
if 
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for all x, y ∈ I and t ∈ [0,1]. If the inequality in (1.2) is 
reversed, then f is said to be harmonically concave. 

Proposition 1. (İşcan 2014) Let I R 01 " , be a real interval 
and : Rf I "  is function, then:  

1.  if ,I 0 31 ^ h and f is convex and nondecreasing function 
then f is harmonically convex. 

2.  if ,I 0 31 ^ h and f is harmonically convex and 
nonincreasing function then f is convex. 

3.  if ,I 031 -^ h and f is harmonically convex and 
nondecreasing function then f is convex. 

4.  if ,I 031 -^ h and f is convex and nonincreasing function 
then f is harmonically convex. 

1. Introduction
Lots of inequalities have been established for convex 
functions but the most famous is the Hermite-Hadamard 
inequality, due to its rich importance and applications, which 
is stated as follows: Let : R Rf I "3  be a convex function 
and a,b ∈ I with a < b. Then following double inequalities 
holds: 
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The inequalities (1.1) hold in reversed direction if f is 
concave.

Many researcher have studied on the Hermite-Hadamard 
inequalities for convex functions. (1.1) have been generalized 
and enhanced for many classes of convex functions. See 
therein (Latif et al. 2015, Noor et al. 2015, Mihai et al. 2015, 
Varosanec 2007, Xi and Qi 2013, Xi et al. 2013).
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The following definitions and mathematical preliminaries of 
fractional calculus theory are used further in this paper. 

Definition 2. (Kilbas et al. 2006) Let ,f L a b! 6 @. The 
Riemann-Liouville integrals J fa

a
+  and J fb

a
-  of order a > 0 with 

a ≥ 0 are defined by 
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and
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respectively, where aC^ h is the Gamma function defined by 

e t dtt 1
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- -^ h #  and J f x J f x f xa b
0 0= =+ -^ ^ ^h h h. 

Theorem 1. (İşcan 2014) Let R\I 01 " , be a harmonically 
convex function on I0, a,b ∈ I0 with a<b. If f ∈ L([a,b]) then the 
following inequalities hold 
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The above inequalities are sharp. 

Latif et al. showed the following definition (Latif et al. 
2015): 

Definition 3. (Latif et al. 2015) A function 
: , R\ Rg a b 0 "36 @ " ,  is said to be harmonically symmetric 

with respect to 2ab / a+b, if 

g x g
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holds for all x ∈ [a,b]. 

İşcan and Wu have revealed Hermite-Hadamard’s 
inequalities for harmonically convex function via fractional 
integrals as follow (İşcan and Wu 2014): 

Theorem 2. (İşcan and Wu 2014) Let : , Rf I 0 "33 ^ h  be 
a function such that ,f L a b! 6 @, where a,b ∈ I with a<b. If f 
is a harmonically convex function on [a,b], then the following 
inequalities for fractional integrals hold: 
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with a > 0. 

Chen and Wu represented Hermite-Hadamard-Fejér 
inequality for harmonically convex functions as follow 
(Chen and Wu 2014):

Theorem 3. (Chen and Wu 2014) Let : R\ Rf I 0 "3 " ,  
be a harmonically convex function and a,b ∈ I with a<b. 
If ,f L a b! 6 @ and : , R\ Rg a b 0 "36 @ " ,  is nonnegative 
integrable and harmonically symmetric with respect to 2ab/a+b 
then 
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İşcan and Kunt showed Hermite-Hadamard-Fejér type 
inequality for harmonically convex functions in fractional 
integral forms and established following identity as follow 
(İşcan and Kunt 2015):

Theorem 4. (İşcan and Kunt 2015) Let : , Rf a b "6 @  be 
harmonically convex function with a<b and ,f L a b! 6 @
. If : , Rg a b "6 @  is nonnegative, integrable and harmonically 
symmetric with respect to 2ab/a+b then the following inequalities 
for fractional integrals holds: 
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with a >0 and / , ,h x x x b a1 1 1
!=^ h : D. 

Definition 4. (Noor et al. 2015) Let : , Rh J0 1 "36 @  be a 
non-negative function. A function : , Rf I 0 "31 ^ h  is said to 
be harmonically h-convex function, if 

f
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, , ,x y I t 0 16 ! ! ^ h. Note that for t 2
1= , we have Jensen’s 

type harmonically h-convex function or harmonically-
arithmetically (HA) h-convex functions 

f x y
xy

h f x f y
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Remark 1. (Noor et al. 2015) It is obvious that for 
( ) , ( ) , ( ) , ( )h t t h t t h t h t t1 1s= = = =  and ( )h t t

1
s=  in 

Definition 4, we have the definitions of harmonically convex 
functions, harmonically s-convex functions of second kind, 
harmonically P-functions, harmonically Godunova-Levin 
functions and harmonically s-Godunova-Levin functions of 
second kind respectively. 

M. Aslam Noor et al. gave theorem for harmonically 
h-convex function as follow (Noor et al. 2015):
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Theorem 5. (Noor et al. 2015) Let : Rf I "  be harmonically 
h-convex function where a,b ∈ I with a<b. If ,f L a b! 6 @, then 
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Corollary 1. (Noor et al. 2015) Let : Rf I "  be harmonically 
P-function where a,b ∈ I with a<b. If ,f L a b! 6 @, then 
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Theorem 6. (Noor et al. 2015) Let : Rf I "  be differentiable 
function on Io where a,b ∈ I with a<b and ,f L a b!l 6 @. If 
,f q 0q $l  is harmonically h-convex function, then we have 
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where 
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respectively. 

İşcan et al. identities for harmonically convex function as 
follow (İşcan et al. 2016):

Lemma 1. (İşcan et al. 2016) : R\ Rf I 0 "3 " ,  be a 
differentiable function on I0, : , ,h a b 0" 3h6 6@  be differentiable 
function on I, a,b ∈ I and a<b. If ,f L a b!l 6 @ then the following 
equality holds: 
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where 
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In this paper, we study both Fejér and Fejér fractional of 
new Hermite-Hadamard’s inequalities related to both right 

and left of the inequalities for harmonically quasi convex 
functions.

2. Material and Methods 

Throughout in this section, we will use the notations 
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Theorem 7. Let : , Rf I 0 "33 ^ h  be differentiable mapping 
on I0, a,b ∈ I with a<b. If : , ,h a b 0" 3h6 6@  is a differentiable 
function and f ql  is harmonically-P-function on [a,b] for q ≥ 
1, the following inequality holds:
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Proof. Firstly, we use power mean inequality in (1.14), we 
get 
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Since ,f q 1q $l , is harmonically-P-function, it is obtained
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and 
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By using (2.5) and (2.6) in (2.4)
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If we write the following integral in (2.7) 
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If we use , , ,a b a b a b r2 0 1r r r r1 2# #+ +- ^ h  inequality in 
(2.8) the proof is completed. 

So the proof is complete. 

Corollary 2. Let : , ,g a b 0" 3h6 6@  be a positive continuous 
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(2.4)

If we use g function that be harmonically symmetric (i.e 

a b
ab2
+ ) in the simple calculation, we get
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As you can see, since f l is increasing and convex then f l 
is harmonically-P-function. Because f l is harmonically 
convex, f l is harmonically-P-function. 

We use the following special functions in other applications 
(Kilbas et al. 2006):

1. The Beta function:
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2. The hypergeometric function:
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Corollary 4 p>4, I be an interval, : , Rf I 0 "33 ^ h , be a 
differentiable on I0, a,b ∈ I with a<b. If we take f(x) = xp-1, p>4 
that is harmonically-P-function in Corollary 3 (2), we get
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where 
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Proof. We get 
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If we apply variable changes 
,t a a b u dt a b du1 1 1 1 1= - - =- -a ak k  on the last integral, 

we have for 0<a<b and a>0 
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 (3.2)

 If we use the same method, we get 

Corollary 3.   

1. If we take q = 1, a = 1 in (2.3), we get 
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where 
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2. If we take q = 1, g(x) = 1,  in (2.3), we get 
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(2.10)

3. If we take a = 1, g(x) = 1 in (2.3), we get
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3. Applications
In this section we apply some of the above established 
inequalities of Hermite-Hadamard type involving the 
product of a quasi geometrically convex function and 
geometrically symetric function to construct inequalities for 
special means.

For positive numbers a,b > 0 with a ≠ b

, , , , , ,
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b a G a b ab
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are the arithmetic mean, the logarithmic mean, geometric 
mean, harmonic mean respectively.

Now let f x xp 1= -^ h  for x>0, p>4. Then
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(3.3)

From the combination of (3.2) and (3.3), the proof is 
completed. 

4. Conflict of Interests
The author declares that there is no conflict of interests 
regarding the publication of this paper.

5. References 
Alomari, MW., Darus, M., Kirmaci, US. 2010. Refinements of 

Hadamard-type inequalities for quasi-convex functions with 
applications to trapezoidal formula and to special means, 
Comp. and Math. with Appl., 59: 225-232. 

Burai, P., Hazy, A. 2011. On approximately h-convex functions, J. 
Convex Anal., 18(2): 447-454. 

Kilbas, AA., Srivastava, HM., Trujillo, JJ. 2006. Theory and 
applications of fractional differential equations. Elsevier, 
Amsterdam.

Chen, F., Wu, S. 2014. Fejér and Hermite-Hadamard type 
inqequalities for harmonically convex functions, J. Appl. Math., 
article id:386806, 6 pp. 

İşcan, İ., Wu, S. 2014. Hermite-Hadamard type inequalities for 
harmonically convex functions via fractional integrals, Appl. 
Math. Comput., 238: 237-244. 


