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sequence in NNS, is defined. Also, lacunary .#-limit points and lacunary .¥ -cluster points
of sequences in NNS have been examined. Furthermore, lacunary Cauchy and lacunary
#-Cauchy sequences in NNS are introduced and some properties of these notions are
studied.

1. Introduction and background

Theory of fuzzy sets (FSs) was firstly given by Zadeh [1]. The publication of the paper affected deeply all the scientific fields. This notion is
significant for real-life conditions, but has not adequate solution to some problems and so these problems lead to original quests.
Intuitionistic fuzzy sets (IFSs) for such cases were initiated by Atanassov [2]. Atanassov et al. [3] used this concept in decision-making
problems. Kramosil and Michalek [4] investigated fuzzy metric space (FMS) utilizing the concepts fuzzy and probabilistic metric space. The
FMS as a distance between two points to be a non-negative fuzzy number was examined by Kaleva and Seikkala [5]. George and Veeramani
[6] gave some qualifications of FMS. Some basic features of FMS were given and significant theorems were proved in [7]. Moreover, FMS
has used by practical researches as for example decision-making, fixed point theory, medical imaging. Park [8] generalized FMSs and
defined IF metric space (IFMS). Park utilized George and Veeramani’s [6] opinion of using t-norm and t-conorm to the FMS meantime
describing IFMS and investigating its fundamental properties. Saadati and Park [9] initially examined properties of intuitionistic fuzzy
normed space (IFNS).

The statistical convergence initially introduced by [10]. Statistical convergence in IFNS was given by Karakus et al [11]. Notable results on
this topic can be found in [12]-[17].

By a lacunary sequence we mean an increasing integer sequence 0 = {k;} such that ky = 0 and &, = k, — k,_1 — oo as r — oo, Throughout
this paper the intervals determined by 6 will be indicated by I = (k,_1,k,]. Using lacunary sequence, Fridy and Orhan [18] examined the
concept of lacunary statistical convergence. The publication of the paper affected deeply all the scientific fields. Some works in lacunary
statistical convergence can be found in [19]-[23].

The concept neutrosophy implies impartial knowledge of thought and then neutral describes the basic difference between neutral, fuzzy,
intuitive fuzzy set and logic. The neutrosophic set (NS) was investigated by F. Smarandache [24] who defined the degree of indeterminacy (i)
as indepedent component. In [25], neutrosophic logic was firstly examined. It is a logic where each proposition is determined to have a
degree of truth (T), falsity (F), and indeterminacy (I). A Neutrosophic set (NS) is determined as a set where every component of the universe
has a degree of T, F and 1.

In IFSs the ‘degree of non-belongingness’ is not independent but it is dependent on the ‘degree of belongingness’. FSs can be thought as a
remarkable case of an IFS where the ‘degree of non-belongingness’ of an element is absolutely equal to ‘1- degree of belongingness’.
Uncertainty is based on the belongingness degree in IFSs, whereas the uncertainty in NS is considered independently from T and F values.
Since no any limitations among the degree of T, F, I, NSs are actually more general than IFS.

Neutrosophic soft linear spaces (NSLSs) were considered by Bera and Mahapatra [26]. Subsequently, in [27], the concept neutrosophic soft
normed linear (NSNLS) was defined and the features of (NSNLS) were examined. Significant results on this topic can be found in [28]-[32].
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Kirisci and Simgek [33] defined new concept known as neutrosophic metric space (NMS) with continuous t-norms and continuous t-conorms.
Some notable features of NMS have been examined.

Neutrosophic normed space (NNS) and statistical convergence in NNS has been investigated by Kirisci and Simsek [34]. Neutrosophic set
and neutrosophic logic has used by applied sciences and theoretical science such as decision making, robotics, summability theory. Some
noteworthy results on this topic can be examined in [35]-[39].

In [39], lacunary statistical convergence of sequences in NNS was examined. Also, lacunary statistically Cauchy sequence in NNS was given
and lacunary statistically completeness in connection with a neutrosophic normed space was presented.

Firstly, we recall some definitions used throughout the paper.

For K C Nand j € N, if

IKN{1,2,.... j}|
5j (K)= - s
J
then d; (K) is named jth partial density of K. If

1
0(K)=1lim —[{k<n:keK},|ie,6(K)=lim§; (K
(8= Jim (k< nk e K], (i 6K) = fim & (6))
exists, it is named the natural density of K. ¥ = {K C N: § (K) = 0} is denoted the zero density set.
A sequence (x,) is said to be statistically convergent to & if for every € > 0,

S({neN: [y ¢ >e}) =0,

ie.{neN:|x—&|>e}eW. We demonstrate st — limx, = & or x, - &, (n — oo).

In the wake of the study of ideal convergence defined by Kostyrko et al. [40], there has been comprehensive research to discover applications
and summability studies of the classical theories. Ideal convergence became a notable topic in summability theory after the researches of
[41]-[52].

Let @ # S be a set, and then a non empty class .# C P(S) is said to be an ideal on S iff (i) @ € .7, (ii) .# is additive under union, (iii) for
each A € . and each B C A we find B € .#. An ideal .7 is called non-trivial if .# #0 and S ¢ .#. A non-empty family of sets .% is called
filter on S iff (i) 0 ¢ .7, (ii) for each A,B € .¥ we get ANB € %, (iii) for every A € .% and each B D A, we obtain B € .%. Relationship
between ideal and filter is given as follows:

F(I)={KCS:Ke I},

where K¢ =S —K.
A non-trivial ideal .# is (i) an admissible ideal on S iff it contains all singletons.
A sequence (x,) is named to be ideal convergent to & if for every € > 0, i.e.

A(e)={neN:|x,—&|>¢e}es.

We take .# as admissible ideal throughout the paper.

Triangular norms (t-norms) (TN) were given by Menger [53]. TNs are used to generalize with the probability distribution of triangle
inequality in metric space terms. Triangular conorms (t-conorms) (TC) known as dual operations of TNs. TNs and TCs are important for
fuzzy operations (intersections and unions).

Definition 1.1. ([53]) Let % : [0,1] x [0,1] — [0, 1] be an operation. When o satisfies following situations, it is called continuous TN. Take
p:q:rs €[0,1],

(Cl) pxl=p,

b)If p<rand q<s, then pxq <rxs,
(¢) = is continuous,

(d) * associative and commutative.

Definition 1.2. ([53]) Let ¢ : [0,1] x [0,1] — [0, 1] be an operation. When { satisfies following situations, it is said to be continuous TC.

(a) pO0 = p,

(b) If p <rand q<s, then pOg < ris,
(¢) ¢ is continuous,

(d) O associative and commutative.

Definition 1.3. (/34]) Let F be a vector space, N = {(u, ¥4 (u), 2B (u),% (u)) : u € F} be anormed space (NS) such that A :F x Rt — [0, 1].
While following conditions hold, V = (F, N, x,0) is called to be NNS. For each u,v € F and A, > 0 and for all ¢ # 0,

(@)0<Y (u,A)<1,0< B(u,A)<1,0< ¥ (u,A) <1VA € RY,
(b)Y (M) + B (u,A)+% (u,A) <3 (for L € RT),

(¢)9 (u,A)=1 (for A >0) iff u=0,

(d)¥9 (ou,A) :(f(u%)

(e) 4 (u,pu) x9 (vA) <G (u+v,u+A),

(f) 9 (u,.) is non-decreasing continuous function,

( hml%wg("ﬁl) = 17

(
(
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) B(u,u) OB (v,A) > B(u+v,u+A),
2P (u,.) is non-decreasing continuous function,

) limy 0 B (u,A) =0,
& (u,A) =0 (for A >0) iff u=0
Y (Gu M) = @ﬁ)
Y (u, ) 0% (v,A) > (u+v,u+21),
p) % (u,.) is non-decreasing continuous function,
r)limy . & (u,A) =0,
$)If A <0, thend (u,A) =0,% (u,A) =1 and % (u,A) =1
Then N = (9,8B.,%) is called Neutrosophic norm (NN).

Definition 1.4. ([34]) Let V be an NNS, the sequence (xi) inV, € € (0,1) and A > 0. Then, the sequence (x;) is converges to & iff there is
NeNsuchthat G (xp—E,A) > 1—€, B(x;—E,A) <& ¥ (x—E,A) <e. Thatis, limye Y (xp —E,A) = 1, limpyee B (x, — E,A) =
and limy,_ @ (x;, —E,A) =0as A > 0. In that case, the sequence (x) is named a convergent sequence in'V. The convergent in NNS is
indicated by N —limx;, = &.

Definition 1.5. ([34]) A sequence (xi) inV, € € (0,1) and A > 0. Then, the sequence (x;) is Cauchy in NNS'V if there is a N € N such that
G (X —xm, L) > 1—€ B(xp —xm,A) < & ¥ (X — X, L) < € fork,m > N.

Definition 1.6. ([34]) A sequence (x,,) is said to be statistically convergent to & € F with regards to NN (SC-NN), if, for each A > 0 and
€ > 0 the set

Pei={m<n:9(xm—86,A)<l—€orBxm—E,A)>¢€ ¥ (xm—E,A) > €}
or equivalently
Per={m<n:9(xn—CEA)>1—corB(xm—E,L) <& ¥ (xn—E,A) <&},

has ND zero. That is d(Pe) =0 or

im L [{m<n: D (m—EA)<1—€or Blam—EA)>6 Y (xm—EA) > e} =

n—oo 1
It is denoted by S _y-limx,, = & or xy — & (S_y). The set of SC-NN will be denoted by S .

Definition 1.7. ([34]) The sequence (x) is called statistical Cauchy with regards to NN ./ (SCa-NN) in NNS'V, if there exists N = N(¢),
for every € >0 and A > 0 such that

Ce={m<n:9(xu—xn,A)<1—€0rB(xm—xn,A) > ¥ (xm—xn,A) > €}
has ND zero. That is, d (Cg¢) =
Definition 1.8. (/34]) Let V be an NNS. For A >0, w € F and € € (0,1),
BweAd)={ucF:9Yw—ud)>1—¢ Bw—u,A) <& % (w—u,A) <&}

is called open ball with center w, radius €.

2. Main results

Definition 2.1. Take an NNS V. For a lacunary sequence 0, a sequence x = (x;) is named to be lacunary convergent to & € F with regards
to NN (LC-NN), if for every A > 0 and € € (0,1), there is ry € N such that

hzg _£2) >1—£and—2%’ gz)<e,hizmxk—g,z)<s

T kel, hy kel T kel,
forall r > ry. We indicate (g,%’,@)e —limx=&.

Theorem 2.2. Let V be an NNS. If x is lacunary convergent with regards to NN, then (4, 8,% )9 — limx is unique.

Proof. Presume that (¢,2,%)° —limx = & and (4,2.%)% —limx = &,. Given £ > 0, select p € (0,1) such that (1 —p)*(1—p) >1—¢
and pQp < €. For each A > 0, there is r| € N such that

1
rkgig —&1,1) >1—8andh—rk§;,@( —&L,2) kg}@ —&1,0)
for all r > r. Also, there is r, € N such that

1 1
h Zg 627 >]_£andFZ%(Xk—€2,l)<€,;Z@(Xk—éz,k)<£

T kel, T kel, T kel,
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for all r > rp. Think ro = max {ry,r,}. Then, for r > ry, we take a m € N such that

%(xm—él,%> > %%{%(xk—él,%) >1-p,

g()%*éz,%) > hlrkg%(xkféz,%) >1-p.
Then, we obtain
G -&A) = 9 (wm-6.3) (x-&%)

> (1—-p)x(l—p)>1-—=¢.
Since € > 0 is abritrary, we get ¢ (& — &;,A) = 1 for all A > 0, which gives that & = &,. O

Definition 2.3. Let 0 = (k;) be a lacunary sequence, ¥ 2N and let V be an NNS. A sequence x = (xg) is said to be lacunary .7 -convergent
to & € F with regards to NN (%9 C-NN), if, for every € € (0,1) and A > 0, the set

reN: 4 z G —E N <l—¢
A
or - 2ﬁ<xk—§ Mze LY (w-gA)z ©

GBY) _Jimx = E.

& is called the lacunary 7 -limit of the sequence of (x;), and we demonstrate Fy
Now, we prepare an example to denote the sequence .#g-convergent in an NNS.

Example 2.4. Let (F,||.||) be a NNS, .# be a non-trivial admissible ideal. For all u,v € [0,1], take the TN u*v = uv and the TC
uQv =min{u+v,1}. Forall x € F and every A > 0, we contemplate 9 (x,A) = A B(x,A)= HXH K and % (x,A) = M . Then, V is

+lIx”
an NNS. We define a sequence (x;) by
wol L ifk=1%(reN)
k=3 0, otherwise.
Then, for any A > 0 and for all € € (0,1), the following set
_ LA [l | [EA
A(S,)L) = kEN m —Eor lJerkH 78,T2£}

keN: uxku>1 = or [l zmz}
={keN:|x|l=1}={keN:k=1*(reN)}

A(E,l)z{rENZ‘ka, <1780r—z%’xk, > Zi’/xk, _}

kel hy kel, hy kel,

(4,.BY)

will be a finite set. So, 6 (A(€,A)) =0, and as a result A (€,1) € .7. We show that .7 —limx =0.

Lemma 2.5. For every € > 0 and A > 0, the following situations are equivalent.

(a) fé%"%’g‘y) —limx =&,

(b){reN ):g(xk—él)<l—€}eﬂand

kel,

{reN:hlr Y ,%’(xk—§77t)28}€],

{reN ):Q/(xkél)>8}ef
" kel

reN: it Zg(xk*§71)>178
(C) (ll’ld ke] gg(xk é 2’) S y(j%
hr Z g(xk_é )L)<8

(d)qreN: L Y G —EA)> 1€ € F(SF)and
" kel,

{reN: hi, Y %’(xké,l)<e} e F(S),

kel,

reN: ):gf(xkf«ﬁ A)<epeF(I)and
" kel,

(€) £ _tim (x5 — &, 2) = 1and 7777 —1im B (x,— &, 1) = 0, 7777 _tim@ (x —E,4) =
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(@B

Theorem 2.6. If a sequence x = (xy) is lacunary .% -convergent with regards to the NN, then .7 —limx is unique.

Proof. Presume that fég’%’@/) limx = &; and ]( —limx = &,. Select € € (0,1). Then, for a given p € (0,1), (1—p)x(1—p) >

1—¢and pOp < €. Forany A > 0, let’s denote the following sets:

G BY)

Ky (p.2)={reN:t ¥ 9 (w—&.4)<1-p ;.

kel,

Kn(pA)=reN: k¥ 4 (u-&4) <1-p¢,
kel,

Kz (p.A) = VGN:%,Z@(J%—&,% >p¢s
kel,

Kao (p,A) = FGNZ%Z%(&—Q% >py,
kel,

)
)

K (ph)=qreN:k ¥ (v—&.4)2p ).
(w-e%)

Ky (p,A) = VGNI;,%Z@ w-&,4)>p

(4, BY) (9.2.Y)

Since .7, —limx = &;, using Lemma 2.5, we obtain Ky (p,A), K1 (p,A). Ko 1 (p,A) € #. Utilizing 7,

get Ky (P A), Kao (p,A), Ko (p,A) € 7.
Let

—limx = &,, we

Kyzw (0,A) = (Kg1(p,A) UKy (p,A)) N (K1 (P, A) UK (P, 1))
N(Kz1(p,A)UKz2 (p,4)).
Then, Ky 5,5 (p,A) € 7, which implies that 0 # K5, , 5 (p,A) € F(F). If r €K 4 5 (p,A), then we have three possible cases. That is,
re (KS, (p,A)NKS, (p,4)). re (K, (p,A) MK, (p,2)) orre( %1 (psA)NKY, (p,A)). First, think that r € (KS, (p,A) NKG, (p,1)).
Then, we obtain
G (x— &1, >1-— and gx,7&>1,_
kgl (k 512> p Z (k 522) p

Now, obviously, we get a m € N such that
g(xm—&%) > hi r g(&-éu%) >1-p,
kel,
%(xm—éz%) >h%_k21%(xk—£z,%) >1-p
€l

(e.g., consider max {g (xk — &, %) G (xk — &, %) tke Ir} and select that k as m for which the maximum occurs).
Then, we get

Y (81 —&,4) 254()@,,—517%)*{4()%,527%)
>(1—p)x(l—p)>1-e

Since € > 0 is arbitrary, we get 4 (& —&;,A) =1 for all A > 0, which yields that & = &. On the other hand, if we take r €
(K%, (P, A) UK, (p,A)), then we can write

B (81 —E, 1) S«@(xm—él,%) O%(xm—ﬁ%%) <pdp<e.

Therefore, we can see that 2 (&; — &;,4) < €. For all A > 0, we obtain £ (§; — &;,A) = 0, which implies that §&; = &,. Again, for the
situation r € (K$,, (p,A)NKS, (p,A)), then, utilizing a same method, it can be proved that & (& — &,,A) < € for all A > 0 and arbitrary

(@.BY)

€ >0, and thus &; = &. Hence, in all cases, we conclude that the .7 -limit is unique. O

Theorem 2.7. If (4, 2,%)° —limx = &, then 7y"7?) —limx = &.
Proof. Let (4,%.%)° —limx = &. Then, for every A > 0 and € € (0,1), there is ry € N such that
1
—Z% —&,0) >178andh—zf@ é,l)<£,h—2?2/(xkf§,),)<£

hy kel, I kel, T kel,
for all » > rg. Therefore, we obtain

reN: Z%(xk—él)<1—8
" kel,

or,%,kzl Blo—EN) 2ok LI (u-EA)>e
cl, €l

C{1,2,...kg—1}.

(4,BY)

If we accept .# as admissible ideal, we get T € .#. Hence, .7, —limx=¢&. O
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Theorem 2.8. If (¥, 2,%)% —limx = &, then there is a subsequence (xp,) of x such that (¥, BY)° — limx,, =¢&.

Proof. Take (¢, 2.2)°% —limx = £. Then, for every A > 0 and & € (0, 1), there is ry € N such that
1
Z% lfsand—Z%(xk Z@
hy kel, hy kel, T kel,

for all r > ry. Obviously, for each > rg, we choose p € I, such that

(xm &, /l) > i Z G(xp—EA)>1—¢,
B(xp—E.2) < hi)e: B(x—E,A) <e,
Y (xp,—E2) < hi)e: (xx—&,4) <e.

It follows that (¥, 2,%)° —limx,, = &. 0

Definition 2.9. Take an NNS V. A sequence x = (x;) is named to be lacunary Cauchy with regards to the NN A" (LCa-NN) if, for every
€€ (0,1) and A > 0, there are ry, p € N satisfying

ng(xkfxpﬂ)>178and12¢%’(xkfxp, Z@/ —xp, A <£
hy kel, hy kel, hy kel,
forallr > rg.

Definition 2.10. Ler V be an NNS. A sequence x = (xi) is called to be lacunary .%-Cauchy (9g-Cauchy) with regards to the NN N
(#9Ca-NN) if, for every € € (0,1) and A > O, there is p € N satisfying

rEN:% Yy %(xkfxp,l)>178
" kel

1 € F(S).
and %kg‘l %(xkfxp,l) <Eg, hirkg-@(xkfxp,l) <e ()

Definition 2.11. Take an NNS V. A sequence x = (x) is named to be 95 -Cauchy with regards to the NN A" if there is a set M =
{p1 <p2<..<pr<.}ofNsuchthat the set M' = {r € N: p € I} € F(7) and the subsequence (xp, ) is a lacunary Cauchy sequence
with regards to the NN N

The following theorems are similar of previous theorems, so the proof follows easily.
Theorem 2.12. If a sequence x = (xi) in NNS is lacunary Cauchy with regards to NN AN, then it is Fg-Cauchy with regards to the same.

Theorem 2.13. If a sequence x = (x;.) in NNS is lacunary Cauchy with regards to NN .V, then there is a subsequence of x which is ordinary
Cauchy with regards to the same.

Theorem 2.14. If a sequence x = (xi) in NNS is .7 -Cauchy with regards to NN ./, then it is Zg-Cauchy as well.
Theorem 2.15. If a sequence x = (x;) in NNS is Zg-convergent with regards to NN N, then it is #y-Cauchy with regards to NN .

Proof. Let ﬂég’%’% —limx = &. Select € > 0. Then, fora given p € (0,1), (1—p)*(1—p) >1—¢€and pOp < €. Then, for A > 0, we
get,

reN: zg(xk—g l)<1—p

Kip.2) = EE %(xk—é SRR TR e <7 @D

which gives that

Y9 —EA)>1-p
kel

1
© Ry
b7 K p,A) = ,,He: Bl-E1) <k T ¥ (n-E2) <

€ F(S).

Letm € K°(p,A). But then, for every A > 0 we have, 4 (x, —E,A) > 1 —p and B (xy —E,A) < p, ¥ (xn— &, 1) < p. If we take

reN: Zg(xk—xm,l)gl—s

_ he e,
Blp.2)= orh% Y PB(xp—xm,A) > €, % Y & (g —xmA)>¢e [’
kel kel

then to demonstrate the result it is sufficient to prove B(p,A) is included in K(p,A). Let k € B(p, 1), then we get 4 (xk —Xm, %) <l-egor

B (xk — X, %) >e % (xk — X, %) > g, for A > 0. We have three possible cases.
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Case (i) We first think that ¢ (x; — x,,,A) < 1 — €. Then, we have ¢ <xk —é&, %) <1 —p and therefore, k € K(p,A). As otherwise i.e., if
%(xk—é,j) > 1—p, then we get

178254(xk7xm,l)254()6;{75,%)*%()%76,%)

>(1—p)x(1—p)>1—c¢
which is not possible. So, B(p,1) C K(p,A).
Case (ii) If 2 (x; —xm,A) > €, then we get # (xk -é, %) > p and therefore k € K(p,A). As otherwise i.e., if 2 (xk -£, %) < p, then
we obtain

gg%(xk—xm7%> 2%()6/{—57%)0«@()@11—5»%)

<pOp <&

which is not possible. Hence, B(p,A) C K(p,A). The last case, again we get B(p,A) C K(p,A). Thus, in all cases we obtain B(p,1) C
K(p,A). By 2.1, B(p,A) € .. This shows that (x;) is .#y-Cauchy sequence with regards to NN .4 O

Definition 2.16. Let V be an NNS and take x = (x;.) in NNS.

(a) An element £ € F is named to be lacunary .#-limit point of x = (x;) if there isset M = {p; < pr < ... < pp < ..} CN
such that the set

M={reN:ipclt¢ s

and (¢, 28.%)° —limx,, =&.
(b) An element & € F is called to be lacunary .#-cluster point of x = (x;) if, for every A > 0 and € € (0,1), we get

rEN:hi Y G —EA)>1—¢
" kel,

andhlrkz}@l(xkfé,k)<6,h%kz} (g —EA)<e £
el, el,

Let A< G.BY) (x) demonstrate the set of all lacunary .#-limit points and Fﬁ,,@,@) (x) indicate the set of all lacunary .#-cluster points in
NNS, respectlvely

Theorem 2.17. For each sequence x = (x;) in NNS, we have A(,g B) (x) C F(j 9 BY) ().

Proof. Let & € A(({;,ﬂ@/) (x). So, there is a set M C N such that the set M’ ¢ .#, where M and M’ are as in Definition 2.16, satisfies
(@, 5.2)° - limx,, = &. Hence, for every A > 0 and € € (0, 1), there is ry € N such that

—Z(’xpk §A)>lf£and—2%xpk §A)<£—Zg/xpk EA)<e

hy kel hy kel, I kel,

for all » > ry. Therefore,
N:it LG (-8 A)>1—¢
kel,
hLZ (xk_év)t')<€’h%zg(xk_é7l)<8
kel, kel,

DM\ {p1.p2,. Pk } -
Now, with .# being admissible, we must have M'\ { p1, p2, ..., px, } ¢ -# and as such B ¢ .#. Hence, & € r’e @B (x). O
Theorem 2.18. For each sequence x = (x;) in NNS, the set F<w 29) (x) is closed in NNS with regards to the usual topology induced by the

NN ¥

Proof. Letyel"(@ ﬁ%( x). Take A > 0 and € € (0,1). Then, there is & GF )( xX)NB(y,e,A). Select & > 0 such that B(&y,5,4) C
B(y,e,1). We obtain
reN:hi Y G(xx—yA)>1—¢

G- kel
and ;- Z Bxp—yA)<e - LY (-l <e
" kel,

hlg (i —&o,A)>1-08
and 3 ¥ Z(xq—80,A) <8, 1 ¥ ¥ (x—&,A) <8
" kel,

kel,

1

Thus, H ¢ ., and so G ¢ .. Hence, yer(gﬁ,%() O
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Theorem 2.19. The following situations are equivalent.

(a) 5 EA%%” )( )'
(b) There are two sequences y = (y¢) and z = (z¢) in NNS such that x = y+z and (¢,2.%)% —limy = & and

{reN:ikel,z#£0}e .7,

where 6 indicates zero element of NNS.

Proof. Presume that (a) holds. Then there are M and M’ are as above such that M’ ¢ .# and (¥, 8.%)° — limxp, = &. Take the sequences
y and z as follows:

| xx, ifk€l suchthatre M’
Tk= &,  otherwise

and

|8, if k € I, such that r € M’
k=1 x—&, otherwise.

It sufficies to think the case k € I, such that r € N\ M’. Foreach A >0and € € (0,1), we get 4 (yxy —E,A)=1>1—¢cand B(yy — &, 1) =
0<e & (yp—&,A) =0< €. Thus, in this statement,

1 1
h—rkgg(yk—é,)t):l>1—8andh—rk§<@(yk—§7/l):0<e rkg@yk—él) 0<e.

Hence, (%,%’,@)9 —limy = &. Now,
{reN:kel, z #6} CN\M'.
But N\M’ € .#, and so
{reN:kel, z#0}c 7.

Now, assume that (b) holds. Let M’ = {r e N:k € I, zy = 0}. Then, obviously M’ € .Z (.#) and so it is an infinite set. Construct the

set M = {p; < pa <...< pg <...} C Nsuch that p; € I, and z,, = 6. Since x,,, =y, and (%%’,@)6 —limy = & we get (g7,93,@)9 -

limx,, =¢&. O
Pk

Definition 2.20. A mapping T : V — V is called to be continuous at yg € F with regards to the NN A if for every € > 0 and a €
(0,1), there are 6 > 0 and B € (0,1) such that, for ally € F, 4 (y—y0,6) > 1= and B(y—y0,6) < B, # (y—y9,0) < B give that
G(T()—T(),e)>1—oand B(T (y)—T (yo),€) <o, Z (T (y)—T (y9),€) < c. If T is continuous on all point of V, then T is called
to be continuous on'V.

Definition 2.21. A mapping T :V — 'V is called to be sequentially continuous at yo € F with regards to the NN A if for any sequence {y;},
with (4,98,% ) —limyy, = yo implies that (4,8,% ) —1imT (y;) =T (yo). If T is sequentially continuous at all point of V, then T is said to
be sequentially continuous on'V.

Theorem 2.22. A mapping T : V — V is continuous with regards to the NN A iff it is sequentially continuous with regards to the same.
(@.BY) (@.B)

Definition 2.23. A lineer operator T :V — 'V is called to preserve 9 -convergence in NNS if 9

fé(/ BY)

—limx; = &€ gives that
(4. BY)
—1limT (x) =T (&) for each sequence x = (xi) in NNS which is 9 -convergentto & € F.

(@.B)

Theorem 2.24. A linear operator T :V — 'V preserves %, -convergence in'V iff T is continuous on'V.

Proof. Let J(w #Y) —limx; = £. If T is continuous, then for every € >0 and a € (0, 1), there are § > 0 and 8 € (0, 1) such that, for

yeF,ify 63(5,,3,5), then T (y) € B(T (§), c,€). But then, we obtain

reN:hirkZ[%(xkfﬁ,S)>lfﬁ
el,

COMZ it 2 P28 <Bk L V(-8 <P
reN higg(T(xk)—T(é),e)>l—oc
d;%kgl%(T(Xk)—T(é),SKa,h%kg?’(T(xk)—T(é)ﬁKa

=D(e,a).

(@, BY)

Since C(6,B) € 7 (&), we get D (g, ) € .7 (7). Hence .#, —limT (x;) =T (§).
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To demonstrate the converse, assume 7' be not continuous at same & € F. Then, there is some € > 0 and & € (0, 1) such that 6 > 0 and
Be(0,1),ifyeB(&,B,8), then T (y) ¢ B(T (£),a,€), where y € F. Now we get a sequence x = (x;) such that (¢, 8,2 )% —limx;, = &
but (¢, 8.2)% —limT (x;) # T (£). Then, we obtain

reN:h%kZ[%(xkfé,S)>lfﬁ
el,

CODT a5 An-8.8) <} T 7 (v-8.8)<p
rGN:hirkglg(T(xk)fT(é),e)Slfa
S| ok L AT -TE) 2k Y V(T ) -T(E).e)2a
kel, kel,

=D'(g,).

S 4.29)

Now, C'(8,B) € #(.#), and as aresult D' (¢, ) € .7 (7). Therefore .7 —limT (x;) # T (§). O

3. Conclusion

We have examined lacunary ideal convergence of sequences in NNS. The fundamental characteristic features of this type of convergence
in NNS has been studied. The notions of lacunary .#-convergence, lacunary .#-Cauchy and lacunary .#*-Cauchy for sequences in NNS
are investigated and noteworthy results are established. The results of the paper are expected to be a source for researchers in the areas of
convergence methods for sequences and applications in NNS. In future studies on this topic, it is also possible to work with the idea of
"Lacunary ideal convergence in Probabilistic metric space" using neutrosophic probability.

Acknowledgements

The authors would like to express their sincere thanks to the editor and the anonymous reviewers for their helpful comments and suggestions.

Funding

There is no funding for this work.

Availability of data and materials

Not applicable.

Competing interests

The authors declare that they have no competing interests.

Author’s contributions

All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

References

[1] L.A.Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338-353.
[2] K.T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Syst., 20 (1986), 87-96.
[3] K.T. Atanassov, G. Pasi, R. Yager, Intuitionistic fuzzy interpretations of multi-person multicriteria decision making, Proceedings of First International
IEEE Symposium Intelligent Systems, 1 (2002), 115-119.
[4] I Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetika, 11 (1975), 336-344.
[5] O.Kaleva, S. Seikkala, On fuzzy metric spaces, Fuzzy Sets Syst., 12 (1984), 215-229.
[6] A. George, P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets Syst., 64 (1994), 395-399.
[7] A. George, P. Veeramani, On some results of analysis for fuzzy metric spaces, Fuzzy Sets and Syst., 90 (1997), 365-368.
[81 J. H. Park, Intuitionistic fuzzy metric spaces, Chaos Solitons Fractals, 22 (2004), 1039-1046.
[9] R. Saadati, J. H. Park, On the intuitionistic fuzzy topological spaces, Chaos Solitons Fractals, 27 (2006), 331-344.
[10] H. Fast, Sur la convergence statistique, Colloq. Math., 2 (1951), 241-244.
[11] S. Karakus, K. Demirci, O. Duman, Statistical convergence on intuitionistic fuzzy normed spaces, Chaos Solitons Fractals, 35 (2008), 763-769.
[12] M. Kirisci, Fibonacci statistical convergence on intuitionistic fuzzy normed spaces, J. Intell. Fuzzy Systems, 36 (2019), 5597-5604.
[13] S.A. Mohiuddine, Q. M. Danish Lohani, On generalized statistical convergence in intuitionistic fuzzy normed space, Chaos Solitons Fractals, 42 (2009),
1731-1737.
[14] E. Savas, M. Giirdal, Certain summability methods in intuitionistic fuzzy normed spaces, J. Intell. Fuzzy Systems, 27(4) (2014), 1621-1629.

[15] E. Savas, M. Giirdal, Generalized statistically convergent sequences of functions in fuzzy 2-normed spaces, J. Intell. Fuzzy Systems, 27(4) (2014),

2067-2075.
[16] E. Savas, M. Giirdal, A generalized statistical convergence in intuitionistic fuzzy normed spaces, Science Asia, 41 (2015), 289-294.

[17] E. Yavuz, On the logarithmic summability of sequences in intuitionistic fuzzy normed spaces, Fundam. J. Math. Appl., 3(2) (2020), 101-108.
[18] J.A. Fridy, C. Orhan, Lacunary statistical convergence, Pac. J. Math., 160(1) (1993), 43-51.

[19] J.A. Fridy, C. Orhan, Lacunary statistical summability, J. Math. Anal. Appl., 173(2) (1993), 497-504.

[20] F. Nuray, Lacunary statistical convergence of sequences of fuzzy numbers, Fuzzy Sets Syst., 99(3) (1998), 353-355.

[21] P. Debnath, Lacunary ideal convergence in intuitionistic fuzzy normed linear spaces, Comput. Math. Appl., 63 (2012), 708-715.

[22] U. Yamanci, M. Giirdal, On lacunary ideal convergence in random n-normed space, J. Math., (2013), Article ID 868457, 8 pages.



76 Fundamental Journal of Mathematics and Applications

[23] M. Mursaleen, S.A. Mohiuddine, On lacunary statistical convergence with respect to the intuitionistic fuzzy normed space, J. Comput. Appl. Math.,
233(2) (2009), 142-149.

[24] F. Smarandache, Neutrosophic set, a generalisation of the intuitionistic fuzzy sets, Int. J. Pure Appl. Math., 24 (2005), 287-297.

[25] F. Smarandache, Neutrosophy. Neutrosophic Probability, Set, and Logic, ProQuest Information & Learning, Ann Arbor, Michigan, USA (1998).

[26] T. Bera, N.K. Mahapatra, On neutrosophic soft linear spaces, Fuzzy Inform. Engineering, 9 (3) (2017), 299-324.

[27] T. Bera, N.K. Mahapatra, Neutrosophic soft normed linear spaces, Neutrosophic Sets and Systems, 23 (2018), 52-71.

[28] T. Bera, N.K. Mahapatra, On neutrosophic soft metric space, Int. J. Adv. Math., 2018(1) (2018), 180-200.

[29] T. Bera, N.K. Mahapatra, Compactness and Continuity on Neutrosophic Soft Metric Space, Int. J. Adv. Math., 2018(4) (2018), 1-24.

[30] T. Bera, N. K. Mahapatra, Continuity and Convergence on neutrosophic soft normed linear spaces, Int. J. Fuzzy Comput. Modelling, 3(2) (2020),
156-186.

[31] T.K. Samanta, Igbal H. Jebril, Finite dimensional intuitionistic fuzzy normed linear space, Int. J. Open Problems Compt. Math., 2(4) (2009), 574-591.

[32] T.Bag, S.K. Samanta, Finite dimensional fuzzy normed linear spaces, Ann. Fuzzy Math. Inform., 6(2) (2013), 271-283.

[33] M. Kirisci, N. Simsek, Neutrosophic metric spaces, Math. Sci, 14 (2020), 241-248.

[34] M. Kirisci, N. Simsek, Neutrosophic normed spaces and statistical convergence, The Journal of Analysis, 28 (2020), 1059-1073.

[35] F. Smarandache, A unifying field in logics: Neutrosophic logic. Neutrosophy, Neutrosophic Set, Neutrosophic Probability and Statistics, Phoenix: Xiquan
(2003).

[36] F. Smarandache, Introduction to neutrosophic measure, neutrosophic integral, and neutrosophic probability, Sitech-Education, Columbus, Craiova,
(2013), 1-143.

[37] N. Simgek, M. Kirisci, Fixed point theorems in neutrosophic metric spaces, Sigma J. Eng. Nat. Sci., 10(2) (2019), 221-230.

[38] M. Kirisci, N. Simsek, M. Akyigit, Fixed point results for a new metric space, Math. Meth. Appl. Sci., 2020 1-7. doi: 10.1002/mma.6189.

[39] O. Kisi, Lacunary statistical convergence of sequences in neutrosophic normed spaces, 4th International Conference on Mathematics: An Istanbul
Meeting for World Mathematicians, Istanbul, 2020, 345-354.

[40] P. Kostyrko, T. Salat and W. Wilczynsski, .7 -convergence, Real Anal. Exchange, 26(2) (2000), 669-686.

[41] P. Kostyrko, M. Macaj, T. §alét, M. Sleziak, .¥ -convergence and extremal .% -limit points, Math. Slovaca, 55 (2005), 443-464.

[42] A. A.Nabiev, S. Pehlivan, M. Giirdal, On . -Cauchy sequences, Taiwanese J. Math., 11(2) (2007), 569-566.

[43] M. Giirdal, On ideal convergent sequences in 2-normed spaces, Thai J. Math., 4(1) (2012), 85-91.

[44] U. Yamanci, M. Giirdal, .# -statistical convergence in 2-normed space, Arab J. Math. Sci., 20(1) (2014), 41-47.

[45] U. Yamanci, M. Giirdal, .# -statistically preCauchy double sequences, Glob. J. Math. Anal., 2(4) (2014), 297-303.

[46] E. Diindar, M. R. Tiirkmen, On .%,-Cauchy double sequences in fuzzy normed spaces, Commun. Adv. Math. Sci., 2(2) (2019), 154-160.

[47] O.Kisi, E. Giiler, .#-Cesdro Summability of a Sequence of Order o of Random Variables in Probability, Fundam. J. Math. Appl., 1(2) (2018), 157-161.

[48] S. A. Mohiuddine, B. Hazarika, M. A. Alghamdi, Ideal relatively uniform convergence with Korovkin and Voronovskaya types approximation theorems,
Filomat, 33(14) (2019), 4549-4560.

[49] S. A. Mohiuddine, B. Hazarika, Some classes of ideal convergent sequences and generalized difference matrix operator, Filomat, 31(6) (2017),
1827-1834.

[50] K. Raj, S. A. Mohiuddine, Applications of lacunary sequences to develop fuzzy sequence spaces for ideal convergence and orlicz function, Eur. J. Pure
Appl. Math., 13(5) (2020), 1131-1148.

[51] V.A. Khan, S.A.A. Abdulla, K.M.A.S. Alshlool, Paranorm ideal convergent fibonacci difference sequence spaces, Commun. Adv. Math. Sci., 2(4)
(2019), 293-302.

[52] M. Mursaleen, S.A. Mohiuddine, O.H.H. Edely, On the ideal convergence of double sequences in intuitionistic fuzzy normed spaces, Comput. Math.
Appl, 59 (2010), 603-611.

[53] K. Menger, Statistical metrics, Proc. Nat. Acad. Sci., 28(12) (1942), 535-537.



	Introduction and background
	Main results
	Conclusion

