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Abstract

In this paper, we define a particular n x n matrix H = [Hy, i, and its Hadamard exponential matrix et = [erf-f], where k; j = min(i, j)

and H, is the n'" harmonic number. Then we investigate the determinants and inverses of these matrices. Moreover, we presented the
Euclidean norm and two upper bounds and lower bounds for the spectral norm of these matrices. Finally, we present an illustrative example.
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1. Introduction

Matrices and matrix operations play an important role in almost every branch of mathematics, natural and social sciences and engineering. In
a general statement, a matrix norm is a map from all m x n matrices space to R which satisfies certain properties. The norm of a matrix is a
non-negative real number which is a measure of the magnitude of the matrix. It is a measure of how large its elements are. It is a way of
determining the “size” of a matrix that is not necessarily related to how many rows or columns the matrix has. There are several different
ways of defining a matrix norm but they all share the same certain properties. Let A = (a;;) be an n x n matrix, then the maximum column
length norm, denoted by ¢ (.), and the maximum row length norm, denoted by r|(.), are defined as following:

c1(A) = max; Z\a,-j|2 ,  1r1(A) =max; /Z|“5f|2' (L.1)
i J

The £, norm of A is defined by

n n

1A, = (¥ Y laij|7)7. (1.2)

i=1j=1
For p = 2, this norm is called Frobenius or Euclidean norm and denoted by ||A||g.
The spectral norm of A is defined by

[All2 =, / max 4;, (1.3)
1<i<n

where 4; is the eigenvalue of matrix AA? | here A™ is conjugate transpose of matrix A.
For m x n matrices A = (a;;) and B = (b;;), the Hadamard product is defined by A o B = (a;;b;;) and if A = B o C, the Hadamard product of
B and C satisfies as follow:

lAll2 < ri(B)er(C). 14

There is a relation between frobenius and spectral norm, that is

1
—Alle < ||All2 < ||Allg- 1.5
\/ﬁ\l e < [lAll2 < [|Alle (1.5)
The Hadamard exponential and Hadamard inverse of the matrix A = (a;;)mxn is defined by e®* = (%) and A = (L

aij

), respectively [2].
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Let us consider a square matrix M as below:

K b
=l

where K be an n X n nonsigular matrix and b is an n x 1 matrix, also c is a real number. The inverse of M is

1, lp—133Tr—1 _ 1g—1
M,IZ{K + 1K 'bb" K 1K 'b (1.6)

1T gpr—1 )
_TbK c

where I = c—bT Kb, [13].
The n/" harmonic number, denoted by H,,, is defined by

—y!
ik
where Hy = 0. It has a very long history, the famous Pythagoras of Samos was the first to encounter the harmonic series. In his famous

work, J. Stirling (1730) found the asymptotic formula for factorial n! and then L. Euler (1740) used harmonic numbers and introduced the
generalized harmonic numbers. The #/* harmonic number H,, also can be expressed by Stirling numbers,

S(n+1,2)

H, =
n!

where S(n,2) is the Stirling number of first kind.
From [3], [4] and [17], we have some interesting properties of harmonic numbers:

n—1

2:Hk:nH,,—n7 (1.7)
k=1

n

Y H = (n+1)Hy, — (2n+3)Hyp1 +2n42, (1.8)
k=1

1 n—1)(n+2 n?—3n—7 n?—9n—10

ZkH13=7( )2( )H3+1*fH11+I+T~ (1.9)
k=1

For more information about harmonic numbers and some generalizations of it one can see [3]-[5], [17] and [20].

In literature, many authors have investigated some properties of matrices such as inverse, determinants and norms, with entries some
well-known special numbers such as Fibonacci and Lucas numbers and harmonic numbers. In [1] the author studied Hadamard exponential
Hankel matrix and get some bounds for them. The authors, in [3], investigated spectral norm, determinant and inversion of particular matrices
of the form [H; ]:’ .y and [Hi ;] ij where H; is the k' harmonic number. Norms of circulant matrices and r—Circulant matrices with Hyper
harmonic numbers In [6], the authors determined bounds for the spectral and £, norm of Cauchy-Hankel matrices. The authors, 1n [71,

established a lower bound and upper bound for the £, norms of the Khatri-Rao product of Cauchy-Hankel matrix of the form H, = [+—— ey} lﬂ }

The authors, in [13], obtained some bounds for the spectral norm of particular matrix of the form A = [a””” b )L = where a is a real positive
number. In [16], the authors investigated some norms of Toeplitz matrices with Fibonacci and Lucas numbers. For more information one can
see [1] and [7]-[21].

2. Main Results

In this section, we consider a particular n X n matrix H = [Hk,/}, = o

and H,, is the n’" harmonic number. In other words, these matrices are represented as below:

, and its Hadamard exponential matrix e = [ef], where k; ; = min(i, j)

Hy H Hy - H,
H H, Hy - H,
H=[Hypp jlijmr = |70 7218 3 Q2.1
H H, Hy -  H,
11 1 1
11+% 1+ 1+
|1 Ty Ity I+3+3 2.2)
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and
el eft ot efh
el ot o2 et
o H Hy Hy . H;
ol — [el‘lyn,n(z./)+1]l(ij:1 _ |€ 4 4 e , 2.3)
eH] eHZ eHB eHn

where H,, is the k" harmonic number. The determinant, inverse and principal minors of these matrices are obtained. Then, we find some upper
and lower bounds for the spectral norm of these matrices. Moreover, some other spectacular properties of these matrices are represented.

Theorem 2.1. Let H be a matrix as in the matrix (2.2), then
1 1
det(H) =H H(Hl _Hifl) = o
=2 :

Proof. By using elementary row operations on the matrix (2.2), we have

H  H H& H,
0 H,—H, H,—H - H, —H
det(H) =det 0 0 Hy—Hy - H; —H)
0 0 0 H,—H,_4

So, we get
n n 1 1
det(H) =H [ [(His1 —H) =[]~ = -

|
i=2 =2 ! n:
O

Theorem 2.2. Let H be a matrix as in the matrix (2.1), then H is invertible and the inverse of H is a symmetric tridiagonal matrix of the form

s -2 0 0 0 0 07
-2 5 -3 0 0 0 0
0 -3 7 -4 0 0 0
g-l—-|0 0 -4 9 -5 0 0
o o o - 0 —(mn-1) 2n—1 -n
L O 0 o - 0 0 —n n |

Proof. By Theorem 2.1, it is known that H is nonsingular, so it is invertible.
Lets prove the inverse by principle mathematical induction (PMI), on n. It verifies for n =2, i.e.:

1 1
H*L 1+%]
then we have

3 =2
—-1 _
- 7

Assume that the result provides for n, that is, there exist H = [Hk‘.j]nxn, and H ! = [Hk‘.j],jxln. Thus, by taking b = (Hy,H,--- ,H,)T, b7
(H\,Hs,--- ,Hy) and ¢ = H, along with equation (1.6), the proof is completed for n+ 1. So the result is true for each n.

o

Theorem 2.3. Let H be a matrix as the matrix (2.1) then the Euclidean norm of H is

1H|[e = %H 1) {(H DH2, | — (3n+4)Hy1 + M].

Proof. By definition of the Euclidean norm, we have

2
HKif|2>%] :

1 = [(2 |

n
i=1j=

1

Thus,

n n n
IH|f =Y (n—2k+1)HE = (2n+1) Y. HZ—2)" kH}.
k=1 k=1 k=1

n n n
=(@2n+1)Y H; -2 (): kHE | + ZH,%nH,%H)
k=1 k=1 k=1
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n
=(@n-1)Y H} -2 ZkaH +2nH?, .
k=1 k=1
According to (1.8) and (1.9), we obtain
IHIE = n—1) [(n+ DHZ — @0+ 3)Hy + (2n+2)] +20H2,
(n+2)(n—1) , n?—3n-17 n? —9n—10
2 {f i m s Hap |-
By some computations, we have
Tn? +13n+6
IH || = (n-+1)Hz,y — (30 + Tn+4)H 1 + —s
Tn+6 1
= (n+1)2H? | —(3n+4)(n+1)H, n+1+%.
Thus, by taking the square root of the equation:
n+6
||H|E:\/(n+l) {(nJrl)H —(3n+4) n+1+7].
Thus the proof is completed.
O
Corollary 2.4. Let H be a matrix as in (2.1) Then we have the following upper and lower bounds for the spectral norm of H.
Tn+6
f\/”"‘] ’H‘ n+1 —(Bn+4)Hyi1 + } <|[H|
Tn+6
< \/(n—i- 1) [(n—l— l)Hr%+1 (Bn+4)H, 41 + 7} .
Proof. The proof can be seen easily by exploiting the inequality (1.5) and Corollary 2.4. O

Theorem 2.5. Let H be a matrix as in (2.1) then we have the following upper bound for the spectral norm of H.

1]l < /(o DH2, | — 04 3) g+ 20+ 2) (02 — 20+ 1)Hy + 20+ 1).

Proof. By definition of Hadamard product for matrix H, we have

H =20,
where
H, 1 1 - 1
H H 1 - 1
9 = H H, H; --- 1
H, H, H; --- H,
and
1 H H H,
1 1 H H,
9% — 1 1 1 H;

By definition of maximum row length norm and maximum column length norm, we have

ri(A) =max; [y |ajj|?
J

1/ZHL\/nH 2, — (2n+3)Hys1 +2n+2,
c1(B) = max; /Z|bu\2

n—1
Y HZ4+1= \/nH,%f (2n+1)H, +2n+1.
i=1

Consequently, by the Hadamard product (1.4), we get

il < /(- VB2, — @0t 3)Hyy + 20+ 2)(nHE — (20t DHy 420 41).
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Theorem 2.6. Let H be a matrix as the matrix (2.1), then H is a positive definite matrix and all eigenvalues of H are positive.

Proof. By Theorem 2.1, we know that for each n > 1, det(H) is positive. So all leading principal minors of H are positive. Thus, by [18], H
is positive definite matrix. Consequently, all eigenvalues of H are positive. O

Example 2.7. Let H be a matrix as in (2.1). Determinants and eigenvalues of H for some values of n are represented in Table 1 and Table 2.

Table 1: Determinants

det(H) (for n > 2 is rounded off to four decimal places)
0.5

0.1667

0.0417

0.0083

0.0014

0.0001984

NNk W NB

Table 2: Eigenvalues

Eigenvalues of H (is rounded off to four decimal places)
0.2192, 2.2808

0.1292, 0.3333, 3.0708

0.0913, 0.1763, 0.4545, 5.6945

0.0701, 0.1192, 0.2221, 0.5826, 7.7060

0.0567, 0.0890, 0.1450, 0.2685, 0.7164, 9.8745

0.0474, 0.0705, 0.1062, 0.1701, 0.3159, 0.8549, 12.1779

NN R W NB

Theorem 2.8. Let H be a matrix as in (2.1) and A, denotes the leading principal minor of H, in exact A} = 1,Ay = %,A3 = % L Ay = %
then we have

. _ n—1 A2
LA =50

i A A A =TTE &
Proof. 1t follows from Theorem 2.1 by direct calculation. O

Theorem 2.9. Let H be a matrix as in (2.1) then determinant of Hadamard inverse of H is

n —1
det(HN) =] -——o—"
el ) kl;lek—l(ka—l“'l)

Proof. Let H be a matrix as in (2.1). Then, by definition of Hadamard inverse, we have

1 1
H H H H
S S O
H, H, H, Hy
o) _ | A& L L 1
H = H H, H; H;
H, H, Hj H,

By using elementary row operations, we get

1 1 1 1
H, H,; H, H,
o L_-1 1T 1
Hg H] Hz f{| Hz Hl
det(H*CV) = der | 0 0 &m-m T H
| 1
0 0 0 H,  Hy,

So we get

Theorem 2.10. Let ¢ be a matrix as in (2.3), then we have

n n
det(e®) =e H(eH" —efle1y=¢ I_IeH**l (Fe—1).
k=2 k=2
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Proof. The proof of the theorem can be done by following the similar steps of Theorem 2.1.

. . - . . . -1
Theorem 2.11. Let ¢° be a matrix as in (2.3), then ¢ is invertible and the inverse of ¢ is (e”)” =
r—1 _1 s T
g S 0 0 0 0
1 1
Ao 5] o o3 e 0 0 0
1 .
)
" 1
0 0 0 e . P 0
1 1
0 0 0 B P g Hn—1 1 _Hn
1 ~1
L 0 0 0 0 1 _gHn i1 _gHn J
where
| efh et 1
H = ( efli et ot —eH3)eH2 ’
and
) el eln-1 1
'u'nil - ( o eHn—Z _eHn—] o an—l — eHn an—l ’

Proof. We can prove this theorem by similar method which is used in Theorem 2.2.

oH oH

Theorem 2.12. Let ¢° be a matrix as the matrix (2.1), then e is a positive definite matrix and all eigenvalues of e

Proof. From Theorem 2.10, we know that for each n > 1, the determinant of ¢°¥ is positive. So all leading principal minors of ¢

positive. Thus by [18], ¢°¥ is positive definite matrix. Consequently, all eigenvalues of ¢°” are positive.

Theorem 2.13. Assume that e° is a matrix which is given in (2.3). Then,

n n
|e°H|E\/2n+1 Z et —2'Y" ket

k=1

Proof. The Euclidean norm of e° can be written as

2
HH 2n—2k+ 1)t = (2n+1) Y 2 — 2 ket
e n— n e e
N k;]( Je Z Z

Thus, the proof is clear.

Corollary 2.14. Suppose that ¢ is a matrix as in the matrix form (2.3). Then,

n n n
f\/Zn-i-l Z 2Hi — ZZkesz<||e°H||2<\/2n+l Z 2tk —2')" ket

k=1 k=1

Proof. The proof can be seen easily by using theorem above and the inequality (1.5).

Theorem 2.15. Let ¢° be a matrix as in (2.3), then we have the following upper bound for the spectral norm of ¢

1 |2 < /(€ 0 — 1) (st 41— 1),

Proof. By definition of Hadamard product for ¢°#, we have

= 3’ o®
where
e 1 1 1
et ofh 1 1
3= el et oty 1
el o2 oHs el
and
e ot et
1 1 e et
®— 11 efs

are positive.

are
O
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By definition of maximum row length norm and maximum column length norm we have

J k=1

Also we have

Thus, according to (1.4), we obtain

n n—1
e ll2 < \| (X )Y e +1)
k=1 k=1

3. Numerical Examples

In this section, we give an illustrative example that we calculate all results for the harmonic 5 x 5 matrix whose entries are the harmonic
numbers.

Example 3.1. Let H be a matrix as in matrix form (2.1) for n = 5. Then, the matrix H is

T

Il
Pk
%E’E‘ Rojzlu —

o|zo|Zo| 2w —
SISRe|zle —

[S/ISSSTIOVS /U8 ST

which can be found from the MATLAB code in Table 2. From the Theorem 2.1, the determinant of H can be calculated as
1
det(H) = — = —.

The inverse of the matrix H can be written as

H'=10
0 0 -4 9 -5
0

By the light of Theorem 2.3, the Euclidean norm of the matrix H can be calculated as

\|H||g ~7.7324

For the spectral norm of H, the following inequality can be evaluted from Corollary 2.4:

1.5465 < ||H||, < 7.7324.

Let us define the following two matrix

H 1 1 1 17 [t 1 1 1 1
H H 1 1 1 1 % 1 1 1
A= |H, H, Hy 1 1|=[1 53 L 1 1
H H, Hy Hy |1 1 % u ﬁ 1
17 137
H, H, H; H; Hs 11 5 % 8 @
and ) )
| H, H, H H (NS S TS
1 1 H H H 11 3 lgl 1%1
B=|1 1 1 H Hl=|1 1 1 4 1
1 1 1 1 Hy 111 1 3
1 1 1 1 1] [t 1 1 1 1

The maximum row norm of the matrix 2l is
r1(2) =4.0206

and the maximum column norm of the matrix *B is
c1(B) = 3.4571.

Then we get
||H||> < 13.8994.
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The Hadamard inverse of H and

1
H H H H H 1 1 1 1 1
B e s L 1 2 2 2 2
H H H, W, H 3 3 3 3
o=l — Ll i i i 1| _ 1 i g é i
TR R R 2 s B
H B H H 301 25 137
respectively. From Theorem 2.9, the determinant of H o(=1) g
det(H°(-1) = S A11119% 107
44968 ' '
The Hadamard exponential matrix of H is constructed as
e e e e e
3 3 3 3
e e2 e2 e2 e2
oH 3 ouou u
el =]e e2 e6 e6 €%
3 o s 25
e e:2 e o6 en en
3 on s
e e2 eo6 e  e6
So, the determinant of €™ can be calculated from Theorem 2.10
det(e°) ~ 26.8464.
The inverse of the matrix e can be written approximately as follow:
115 317
™ 5% 0 0 0
_ 317 371 _ 163 0 0
PR L T I
289 260 151
320 3
0 0 0 —309 560
By the light of Theorem 2.13, one can calculate the Euclidean norm of the matrix e° as
e || ~ 26.1137.
For the spectral norm of e°® | we can write the following inequality from Corollary 2.14:
5.2027 < [|e°® ||, < 26.1137.
Let us consider the following matrices
eH] 1 1 1 1 e 13 1 1 1
o 1 1 e ez 11] 1 1
F= |t e o | 1 |=|e e2 es 1 1
eflt of ofs oHs 1 e e es en 1
H H. H. H, H.
ert e e et en Le €3 % eb ew
and )
1 e o Hi H 1 e e e e
1 1 eH2 €H2 eHz 1 1 e% e% e%
G=1[1 1 1 o =1 1 1 ef of
11 1 1 h 11 1 B
1 1 1 1 1 111 1 1

From Theorem 2.15, the maximum row norm of the matrix § can be found as
r1 (%) = 15.0771
and the maximum column norm of the matrix & can be calculated as
c1(®) ~ 11.4933.
Hence, an upper bound for the spectral norm can be found from Theorem 2.15 as follows:

e*H |, < 173.2856
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4. Conclusion

il

In this paper, we define a particular n X n matrix H = [H;, 1 and its Hadamard exponential matrix e° i |, where k; j = min(i, j)

1n.

ijli,j=
and H,, is the n'" harmonic number. The determinants and inverses of these matrices are investigated. Moreover Euclidean norm and two
upper bounds and lower bounds for the spectral norm of these matrices are represented. Finally, we derive some identities about principal

minors of these matrices.

Also, the particular n x n matrix H = [Hk,:,-]:‘l =1+ where k; j = min(i, j) and H,, is the ' harmonic number, can be calculated by the help of
the MATLAB-R2016a code as follows:

cle
clear all
n=input(’'n=?");
syms k
f(k) = 1/k
b = f(l:n)
t=cumsum(b)
for i=1:n
for j=1:n
if i==j
a(i.j)=t(i)
elseif i<j
a(i,j)=t(i)
elseif i>j
a(i,j)=t(j)
end
end
end
disp(a)

Acknowledgement. The authors thank to the referees for their important points to improvement of this paper. The paper was partly published
in the conference proceeding book in [19].
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