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tions which ensure the oscillation of all solutions and give an illustrative example for our
results. The W-Hilfer fractional derivative according to the choice of the W function is a
generalization of the different fractional derivatives defined earlier. The results obtained in
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1. Introduction

Arbitrary order differential and integration notions are notions that combine and generalize integer order derivatives and n-fold
integrals. Fractional differential theory is a very good tool that can be used to describe the inherited properties of various items
and operations. This is an important advantage for fractional derivatives compared to integer order derivatives. This advantage
of fractional derivatives is used in mathematical modeling of the mechanical and electrical properties of objects, in many other
fields such as fluid theory, electrical circuits, electro-analytical chemistry [1]-[6]. Many definitions of fractional derivatives and
integrals have been made, for more details, we recommend the monographs [7]-[10]. In recent years, the behavior of solutions
of fractional differential equations has been an attractive area for researchers. Especially, the oscillation behavior of solutions
has been studied by many researchers [11]-[19]. We also refer the reader to the papers [20], [21] for the oscillation of dynamic
equations on time scales and to the papers [22], [23] for the oscillation of functional differential equations.

In [14] the authors considered the oscillatory criteria of nonlinear fractional differential equations by taking fractional initial
value problem

DHx(t)+ fi(t,x) = v(t)+ fa(t,x), t>a,0<u<lI
lim J "x(r) = b,
t—at

where D4 shows u order Riemann-Liouville fractional derivative, Ja17“ is 1 — u order Riemann-Liouville fractional integral.
Recently, in [24] Vivek et al. studied the oscillatory theory for W-Hilfer fractional type fractional differential equations

HDMY ¥ () + f1(1,%) o)+ fHx), O0<pu<l, 0<v<l
%) = by
where 7 ]Dg +,v;\y denotes W-Hilfer fractional derivative and I;; % s the W-Riemann-Liouville fractional integral with n =
w+v(l—p).
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In [18] the authors examined oscillation of the solutions of forced fractional differential equations with damping term via the
Riemann-Liouville fractional derivative

(DoY) (0 +p(6) (Dhox) () +aO (@) = g1), 1>0
(n ) 0" = »,

where 1 € (0,1).
In this paper, inspired by the above articles, we studied the oscillation properties of forced fractional differential equations with
damping term

D (DA ¥y(0)) + p) DAy + g 0() = gx), x>0 (1.1)

1 d " 1-n:¥ .
\P/i(_x)a Ia+ y(x)|a = Y l:1,2,...,m

where m—1 < <m,0<v<lisaconstantand N = u+v(m—u), " ]D)Z jrv;lyy(x) is the W-Hilfer fractional differential
operator of order i type v of y(x). Throughout this paper, we assume that
(A) plx) € C(R*,R), g(x) € C(R*,R*), f(x) € C(R,R) and f(y)/y > O forall y # 0, g(x) € C(R* ).

Definition 1.1 ([25]). A solution y(x) of problem (1.1) is said to be oscillatory if it has arbitrarily large zeros for x > x there
exists a sequence of zeros {x,} of y such that lim,_,.. x,, = eo. Otherwise, y is said to be non-oscillatory.

2. Preliminaries

In this section, we mention some basic definitions and theorems which will be used in the study.

Definition 2.1 ([8]). Let f be a function defined on [a,b], (—eo < a < b < o). U-th left-sided and right-sided Riemann-Liouville
fractional integrals of f are given by

H N S P AT
Ia+f(x)'_1"(u)/a(x O f(e)dt, x>a, u>0

and

I f(x) = F(lu)/b (t—x)*"'f()dt, x<b, u>0

respectively.

Definition 2.2 ([8]). Assume [1] =m, m € Ny and f(x) € C"(a,b). Left-sided and right-sided Riemann-Liouville fractional
derivatives of f of order U, are defined respectively by

(&) s

Dfltf(x)

and

D st = () B

- %(i)mﬂvxw—ﬂ—lﬂnm.

In [26], Hilfer generalized the Riemann-Liouville fractional derivative operator by introducing a right-sided fractional derivative
operator.

Definition 2.3. Let [u] =m, m € Ny, v € [0, 1] and f(x) € C"(a,b). The left-sided and right sided Hilfer fractional derivatives
of f of order L and type v are given by

_ d\" (1_v)(m—
ARl G
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and

where n =+ v(m—pu).

Due to a large number of definitions, the next definition is a significant approach because of the kernel has an arbitrary function
v,

Definition 2.4 ([8]). Let f be a function defined on (a,b), (—eo < a < b <oo) and L > 0 and also assume ¥(x) is a positive
monotone and increasing function on (a,b], ¥ (x) is continuous on (a,b). The left and right-sided fractional integrals of f
with respect to Y of order | are given by

1

0 = Fa | ()~ WO )W ()i

and

B0 = i [0 -9 A0

Lemma 2.5 ([8]). Assume > 0and v > 0. Then,
W W
15+ I;J:Pf(x) = If;jv f(x)
and
Wy g
B f() = 17 f(x)
semigroup property hold.

Definition 2.6 ([8]). Assume f is a function defined on [a,b], ¥(x) # 0 and [] = m, m € N. The right and left-sided
Riemann-Liouville derivatives of f with respect to another function ¥ of order U are given respectivly by

. 1 d\" , .
Dsilpf(x) = (‘I”(x)dx) I, B f(x)

R B AV
C(m—pu) (‘P’(x) dx) /u (lP( ) \P(t)) ‘P(l)f(t)dt

and

D = () B

! LV i -y W s

= — — -¥(x .
Cm—pu) \ ¥(x)dx x

In [27], Sousa and Oliveria presented a new fractional derivative which unifies Hilfer fractional derivative and Riemann-Lioville

derivative with respect to another function.

Definition 2.7. Assume [it] =m, m € Nand v € [0,1]. Also let f € C"([a,b],R), —o < a < b < o, ¥ be an increasing
Sunction on [a,b] and W' (x) # 0, for all x € [a,b]. The right and left-sided ¥Y—Hilfer fractional derivatives of f of order p and
type Vv, are given by

v v (1 d\" vy m—p)w
HIY f(x) = b (\P,(x)dx) [ g

and

. —u): I d\" d-v(m-n):
Hph,v:¥ — V=) ¥ [ 4\ A-v)im—p)¥ _
b~ f(x) b~ lP/(x) d.x f<x>

Remark 2.8 ([27]). The Y-Hilfer fractional derivative can be given as following forn = u+v(m—pu)
V¥ —u;¥ 4
M () = 1R DI £ ()
and

HDEYY () = IR (—1)y"DI¥ £ (x).
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Theorem 2.9 ([27]). Let f € C"[a,b], [u] =mand v € [0,1]. Then

W v s (P() = P(a) AN v
B ) = ) - 3 SR (wmz) o f(a) e

and

m o (_1\i —Y(x n—i m—i W) (m—p):
IZz:‘P H]D)Zlv;\yf(x) - f(x)— ; (=1 Ei;b_) H_‘Ill() ) ( 1 ;x) U=V “)"yf(b).

3. Main results

Theorem 3.1. Assume (A) and the following conditions meet

1)icmgf(\y(x))‘*’71;‘f (V]‘é) + v(lx) /x:g(t)V(t)dt> = —oo, (3.1)
lim sup(W(x))! 1Y (M b / xg(t)V(t)dt) _— (32)
X—o0 ™ V()C) V()C) X0 , '

where M € R is a constant and V (t) = exp f;o p(E)dE. Then each solution of (1.1) oscillates for every sufficiently large T.
Proof. To obtain contradiction, assume that y(x) is a non-oscillatory solution of (1.1). We can suppose that there exist 7 > 0,
Xo > x without losing any generality, such that y(x) > 0 for all x > xy. According to (1.1) and (A),
Hyyl Vi ! Hiyl, Vi H V¥
D) V] = DDA V) DA () p(V ()

—q(x)f(y(x))V (x) +g(x)V (x)
< gx)V(x).

Integrating the inequality from xg to x, we get
Vi Vi * "
MDAy a) V (x) < Py 0) Vo) + [ eV =M+ [ gV (0,
X0 X0

where M = # ]D)f;v;‘yy(xo) V (xo). From (2.1) we can obtain

y(x) <

1

O W) e M1
L Tm—irn Ve (V(x)JrV(x)/Xog(t)V(t)dt)' (33)

Multiplying the both sides of inequality (3.3) with (¥(x))'~" we obtain

m ) —W¥(aq n—i
(W) M) < (\P(x))lﬂ;(‘l’(r()n _‘I,JSL )1))

) 1 (s [Ceovioa)

Yi

g ()~ W)
< ooy BRI,
a1 T e M1 T
) s [ v v e (s s [eovioar) as
(R0 Y (Jé) + ﬁ/ :g(t)V(t)dt> x> T.

Define

i x) —¥(a)""
O e
i=1
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and
vt L [ e e e (M L[
W) = (¥ s [ 000 w0 (s g [ svoar)a
Then we get,
0o M 1 *
0< (‘I‘(x))lfny(x) <Px)+¥(x,T)+ (‘P(x))1 nI#f’ (V(x) + @/ g(t)V(t)dt) ,x>T. (3.4)
X0
We take two cases as follows.
Case(1): AssumeO < pu <landsoon0<n <1.Thenm=1and|®(x)|= ‘yl (W(x)' " % Forx>T; > T, we

get

—1 —1
|q)(x)|: < ‘yll (T(Tl)_lp(a))n = CI(TI)'

~I'(n) ¥(Th)

YT (n)

Furthermore we have

W) = | s [ e e e (s o [ sovioa as
< mal |© (féfj)ff)?” I‘P/”<v]<v{r> ﬁ/x:g” ”‘”) e
< ol () o L0
= F(lu)/T<lIzEP()Tl))TT)> ¥ 'vﬁé /g

= C2(T Tl)

Using inequality (3.4), we obtain

0< (%) 00 < 1 (1) a1 + (¥ (G s [ etvnar)

Ve V)
and then
) M (4 s [ eV oan) 2 )+ ) (3.5)
Taking limit of (3.5) as x — oo we get
ligglf(l}‘(x))lnlﬁp< / gt ) (M) (T, Th)] > —oo

which contradicts the condition (3.1).
Case(2): Assume t > 1. Thenm >2andm—1<n <m. Forx > T, we get

o) = ‘(%))”f

IN
7/ N\
-

z

IN
3
—_
o
=
=
)
|
£
—
Q
—|&
T

IA
(g E

—_
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(¥(x)-¥(a)"

Sincen=p+v(im—u)>u, @) _ <1form—1< u < m. Then we have

W) = \<‘P<x>>1" [ e v (V”(ﬁﬁv(lr) /x:g<r>v<r>dr)dr

drt

IA
;«\
'ﬂ
Jad
=
[
]
(S
_\?_
<
—
S|
N—

ad + : /Tg(t)V(t)dt

1 T ,
< / W(1)
= (7).

Using inequality (3.4), we conclude that

Mo, 1
V(x) V(x)

0

(P(x)'" ];‘f' ( /xxg(t)V(t)dt> > —[e3(Tn) +ca(T)], (3.6)

hence taking limit of (3.6) as x — oo we obtain

- 1—n gy ( M L _ ) e
11){1_1)1;1f(lp(x)) I (V(x) + Ve L g(t)V(t)dt) > —[c3(Ta) +c4(T)] > —oo,
which contradicts (3.1).

Consequently, we conclude that y(x) is an oscillatory solution of (1.1). If y(x) is eventually negative, a contradiction can be
obtained with (3.2) similarly. O]

Choosing a special ¥ function and specific i and v real numbers, the W-Hilfer fractional derivative turn into 22 different
fractional derivative which is defined before. Sousa and Oliveira remarked on all of these 22 different situations in [27].

Remark 3.2. Ifwe take limit v — 0 and P (x) = xP, then we have the following fractional derivative

R 0P 1 d\" . P
DYy () =M DA y(x) = <xp—1dx> L H " y(x)

which is defined by Katugampola in [28].

Remark 3.3. Ifwe take limit v — 1 and ¥(x) = xP, then we have Caputo type Katugampola fractional derivative which is
defined in [29] as follows

1;xP m-pye (1 d\"
Hmy M, L  (m—p)x
D y(x) =1,¢ (xP—l dx> y(x).

Remark 3.4. Ifwe take limit v — 0 and P (x) = Inx, then we have Hadamard fractional derivative

ol d\" 1
MO ) = (x5 ) 1)
Example 3.5. Consider the initial value problem
H %.O;mx lH %,O;Inx 23y .
D "D y(x) | == "D y(x) +et y'e” = xsin(lnx) 3.7
x
3.
12"y = b
2

Here t=3/2, v=0, ¥ =1Inx, p(x) = —1/x, g(x) =", f(y) =y*¢, g(x) = xsin(Inx) and V (x) = exp [, p(t)dt = xo/x.
Then

/xg(t)V(t)dt = /xtsin(lnt)xt—odt

X0
Inx
= xg/ e® sinédé
lnxo

= % [x (sin(Inx) — cos(Inx)) + xg (cos(Inxp) — sin(Inxp) )]

) [ sin (lnx— g) +xp (cos(Inxp) — sin(Inxp)) | .
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Set xo = 1. Then, we can obtain

Jx (M1 ¥ U M2 (Mo L B
Lar <v<x>+v<x> xog(’w“)””) 73, (nx=1n0) <v<r>+v<r> {ﬁ“‘@“

2
_ CInn)2 L PR SN
= \/»/ (Inx —In7) ((M—|—2)t—|—ﬂsm(lnt 4)

Set Inx —Int = E2. Then the above integral can be written as the form:

2 [Mnx—tn)'? DN 2 n(me— ™))
\/ﬁ/‘l(lnx Int) <<M+2)t+ﬁsm(lnt 4))t

2 —2&2

:\jﬁ/\jﬂé<(M+;>xe§2+xi/§ Sm<lnx 52_4)>( 28)de

2@M+1)x (Ve ., o V2 (VG L, e T
,T/O E2e S dE + 7z Jo E2e % sin (lnxf§271)d§
x [VIng 2 x> Ving 2
2(21\/1\/;1)/0 1 £ d§+2\§2E sin (lnxfg)/o 1 E%e %" cos(E2)dE
x> Ving 2
2\\7% cos (lnxf§>/0 £ 2 sin(E2)dE.

Letting x — oo, because 0f|§2e’2'52 cos(E2)] < 5267252, \éze’xz sin(§2)| < §2e’252 and

In% -28%\ /int v/ v
lim £2¢ 27 4E = lim ge ‘ / e | gy LVEE_ V2T
x—+o0 Jo x—yo0 4 4 4 16

/InZ NTE
we know that limy_, o, [, " “E2e -28? cos(E2)dE and limy, 1w e “E2 -28? sin(E2)dE are convergent. Thus, we can set

lim Mg%*zi cos(§2)dE = K and._Tim / ©E20% Gin(E2)dE < L

x—+ Jo

Selecting sequence {x;} = {eF T +2m—arctan 341 Jimy s — oo then we calculate

lim{(lnxk)l/zx M /F§2 ﬂizd& \ka(sm lnxk—— /Wéz -2 cos(E?)déE

k—yo0

—cos lnxk—— / e~ sin(.ﬁz)dé)] }
Firstly, let compute the following limit.

lim (sm lnxkff /Féz -28? cos(E2)dE — cos lnxkff /Féz -28? 51n(<§2)d§>

k—>oo0

. . (5w —L . St —L
= K- lim sin (2 + 2km — arctan K) — L lim cos (2 + 2km — arctan K)

k—roo k—roo

Y —L Sn —L

= Ksin | — —arctan — | — Lcos | — — arctan —

2 K 2 K
=VK2+12.

Hence, we have
]}ij;{(lnxk)l/zx
—cos lnxk— = /Féz 282 sm(‘g’z)dé)] }
= (+e0) [2M+1\F+(+ )\/K2+L2]

E2e 7‘52d§ \cfk(sm lnxk—f

2M +1 /F /ng 2 cos(éz)d.‘,‘

JE 4

— 00,
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Then we obtain

, aw( M1 -
limsup (P()' (V(x) E /XO g(t)V(t)dt) = oo,

. ) 3%, T oy aan <L .
Similarly, selecting the sequence x; = {e2 Tat2a—actan 21 0 can obtain
Y, 8 q 1

liminf (W (x))' 7" 15Y (M L /‘Xg(t)V(t)dt> = —oo,

e o \V VR

Therefore, all solutions of (3.7) are oscillatory by Theorem 3.1.
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