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ABSTRACT: We investigate the spectrum of the Sturm-Liouville difference equation on the half-line
with self-adjoint operator coefficients in an infinite dimensional Hilbert space together with the Dirichlet
boundary condition. We find the Jost solution and examine its analytical and asymptotical properties.
Using these properties, we obtain the continuous and point spectrum of the discrete operator generated
by the Sturm-Liouville difference equation with self-adjoint operator coefficients. We also show that
this operator has a finite number of eigenvalues with finite multiplicities under a certain condition on
the operator coefficients.
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INTRODUCTION

Self-adjoint differential operators play a fundamental role in physics, especially in quantum
mechanics. Discrete analogues of these operators which are generated by difference equations also have
significant importance. Spectral analysis of difference equations provides a lot of information about
these equations. As a result, there are many studies on the spectral analysis of discrete operators
generated by difference equations recently (Yokus and Coskun, 2019; Yokus and Coskun, 2020).

Studies on Sturm-Liouville differential and difference equations with matrix or operator
coefficients have grown extensively in recent years (Bairamov et al., 2017; Mutlu, 2020; Mutlu and Kir
Arpat 2020a; Mutlu and Kir Arpat 2020b; Aktosun and Weder, 2020). In particular, spectral properties
of Sturm-Liouville differential (Aktosun and Weder, 2020) and difference equations (Aygar and
Bairamov, 2012; Bairamov et al., 2016) with hermitian matrix coefficients have been examined. In
(Aygar and Bairamov, 2012) spectral analysis of the discrete operator L, generated by matrix difference
equation of second order on the half-line

Ap-1Yn-1+ Bnyn + AnYni1 = Ayn, n €N 1)
and the boundary condition y, = 0 has been studied. Here 4,, (n € N U {0}) and B,, (n € N) are m X
m hermitian matrices (m < o), detA, # 0 (n € NU{0}) and A is a spectral parameter. Note that
equation (1) can be written in the Sturm-Liouville form
A(Ap-18Yn-1) + Qn¥n = Ayn, n €N ()
where Q,, = A,,_1 + 4,, + B,, and "A" denotes the forward difference operator. As a result, we can refer
to equation equation (1) as Sturm-Liouville difference equation with matrix coefficients. It was proven
that the continuous spectrum of L, is [-2,2] and the number of eigenvalues are finite if (Aygar and
Bairamov, 2012)

Z(i)o=1n(”1n - An” + ”Bn”) <® (3)
holds where "||, || denotes any of the equivalent matrix norms. These results have been extended to the
whole axis (Bairamov et al., 2016) by considering equation (1) for n € Z.

There have been many efforts for transition to infinite dimension i.e. considering Sturm-Liouville
differential or difference equations with operator coefficients in an infinite dimensional Hilbert space.
First attempts were made to analyze Sturm-Liouville operator equation on the half-line (Gasymov et al.,
1967). The authors considered the following operator equation with self-adjoint operator coefficients.
Let H be an infinite dimensional separable Hilbert space and L,(R,, H) denote the space of vector-
valued functions f(x) defined on (0, ) which are strongly-integrable in each finite subinterval of
(0, o0) and such that

f I @)l dx < oo.
0

Consider the differential expression in L,(R,, H)

L) =—-y" +V(x)y, xeR,, 4
where V(x) is a self-adjoint, completely continuous operator in H for each x € (0, ). The discrete
spectrum of the operator generated by [, and the boundary condition y, = 0 has been studied (Gasymov
et al., 1967). Recently, spectral properties of the non-self-adjoint operator which is generated by
expression (4) with non-self-adjoint operator coefficients in an infinite dimensional Hilbert space and
Dirichlet boundary condition has been studied (Bairamov et al., 2017). The discrete spectrum and the
spectral singularities were obtained and the finiteness of eigenvalues and spectral singularities was
proven (Bairamov et al., 2017). Further, these results have been extended to whole real line (Mutlu and
Kir Arpat 2020a).
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For the operator coefficient case, transition to infinite dimension is not trivial. If the coefficients
are finite dimensional matrices, then the Jost function is the determinant of the Jost matrix and therefore
a scalar function. Eigenvalues and spectral singularities are obtained as zeros of this scalar analytic
function and by using properties of analytic functions one can obtain several results about the structure
of the spectrum. However, if the coefficients are infinite dimensional operators, then the Jost function is
an operator-valued function. In this case eigenvalues and spectral singularities correspond to the singular
points of an operator-valued function and therefore the methods and tools need to be changed. The new
approach (see Bairamov et al., 2017) originates from Keldysh's famous results (Keldysh, 1971).

Motivated by the above studies we consider the following difference equation

An—1Yn-1+ Bpyn + ApYni1 = Ayn, n€EN (5)
where A, (n € NU{0}) and B, (n € N) are self-adjoint, A, —I (n € NU {0}) and B, (n € N) are
compact operators in an infinite dimensional separable Hilbert space H where I denotes the identity
operator in H and A is a spectral parameter. Also, we assume A,, is invertible for each (n € N U {0}).
Let H, := [,(N, H) denote the space of vector sequences y = (y,,) € H such that

Iylly = Za=allynllf < oo.
H; is a Hilbert space with the inner product
0, 2)1 = Xp=1ns Zndn-
Note that the sequence y,, in equation (5) can be regarded both as a vector sequence in H; or an operator
sequence i.e. y, is an operator in H for each n € N. We consider the operator L generated by equation
(5) in H; and the boundary condition
Yo = 0. (6)
One can also define the operator L by infinite Jacobi matrix
B, A, O 0 0
A, B, 4, 0 0
J=|0 4 Bs 43 0 - - - (7)

From this definition it easily follows that L is a self-adjoint operator in H;.

In this paper, we investigate the spectral properties of Sturm-Liouville difference equation with
self-adjoint operator coefficients. This equation is the most general form of a difference equation of
order 2 and can be regarded as a discretization of Sturm-Liouville operator equation defined by (4).
Although there are several studies on the spectral analysis of Sturm-Liouville differential equation with
matrix or operator coefficients (Gasymov et al., 1967; Kir Arpat and Mutlu, 2015; Bairamov et al., 2017,
Aktosun and Weder, 2020; Mutlu and Kir Arpat 2020a), Sturm-Liouville difference equation with
operator coefficients awaits further investigation. We aim to extend the results in finite dimensional case
i.e. Sturm-Liouville difference equation with m x m matrix coefficients to the infinite dimensional case
by considering Sturm-Liouville difference equation with self-adjoint operator coefficients in an infinite
dimensional Hilbert space. When the problem works in infinite dimension it creates some important
diversity due the theory of infinite dimensional operators. The outline of this paper is as follows. Firstly,
we present the Jost solution and its analytical and asymptotic properties in the next section. Later, we
obtain the continuous and point spectrum and prove the finiteness of the eigenvalues in results and
discussion section.
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MATERIALS AND METHODS

In this section we introduce the Jost solution of equation (5) and provide necessary properties of
Jost solution which are required for our main results. Note that the proofs of the results in this section
can be obtained similarly as in matrix coefficient case (Aygar and Bairamov, 2012). However we shall
outline the proofs for the sake of completeness.
Assumption 1. We assume that the coefficients of equation (5) satisfy

2411y = Anll + 1Byl < o
where "||, ||" denotes the operator norm.
Definition 1: Let us denote the operator solution of the equation
Ap 1Yy 1 +BY, +AYy =(+2z )Y, n€N, zeEDy:={z€C:|z| =1} (8)
which satisfies the condition
111_{210 V,(z)z" =1,

by F(z) :== F,(z) (n € NU {0}). F(z) is called the Jost solution of Equation (5).
Theorem 1. The Jost solution exists and has the representation

Fo(2) = 2 + Sfpan oo [( = A1)t (2) = BeFi(@) + (I — A Fien ()], ©
Proof. Let U, := (I — A,,_1)Yn_1 — B,)Y,+( — A,))Y,,.,. Equation (8) can be written
Yoot + Yoy — (2 + 27DV, = Uy, (10)

The general solution of the homogenous part of this equation is

Yo, =cz"l +dz "I,
where ¢ and d are constants. Applying the variation of parameters method, we look for the general
solution of (10) in the form

Y,=Cnz" +Dyz7",
where C,, and D,, are operators in H. We obtain

Cp=T-— 2k=n+1i_T_’;' D,=S8+ Zk=n+1ZZ_T_kl'
where T and S are operators in H. Note that the series on the right hand sides of last equations are
convergent in the operator norm under Assumption 1. Substituting C,, and D,, we obtain the general

solution of (10)
Zk—n_zn—k

Yo(2) =2z2"T+z7"S + Y pp— Uy.

Imposing the boundary condition 111_1){)10 Y,,(z) z7™ = I we reach (9).

Assumption 2. We make a stronger assumption than the Assumption 1. We assume
Yn=1 NI — Apll + [[Byl) < oo

Theorem 2. The Jost solution can be represented

Fy(2) = Tpz™[I + Yozt Knmz™],n € NU {0}, (11)
where T,, and K, ,,, can be represented by using A,, and B,,. Further,
Kl < € 25 g (1 = 45| + 1B 1), (12)

holds where ¢ > 0 is a constant. Moreover, E,(z) (n € N U {0}) has an analytic continuation from D,
to D, :=={z € C: |z| < 1}\{0}.
Proof. Plugging F, (z) defined by (11) into (8) we have
An—l{zn_lTn—l[I + Z‘;.;’)l=1 Kn—l,mzm]} + Bn{ZnTn [I + Z?ﬁl:l Kn,mzm]}
+ Az T [ + T Ky am2™|} = 2" T [1 + S oy Ky z™] + 2V T, [1 + Ygnet Knmz ™.
This equation easily implies
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T, = IIen 47, (13)
Kn1=-— Z;o=n+1 Tp_l ByTp, (14)
Knz = = Ypen+1 Ty ' BpTpKp1+Xmnia Ty ' (I — A3)T,, (15)
Knm+z = Epent1 Tyt (I = AD)TpKpram = Zpens1 Ty ' BpTpKpmar + Kniam, (16)

forn € N U {0} and m € N. Note that Assumption 2 guarantees the strong convergence of the infinite
series and product in equations (13)-(16). Moreover, equations (14)-(16) yield the estimate (12). From
(11) and (12) it follows F,(z) (n € N U {0}) has an analytic continuation from D, to D;.
Theorem 3. The following asymptotic relation holds:
E,(z) =z"[I+0(1)], zeD:={z€ C: |z| < 1}\{0}, n — oo. a7
Proof. From (13) it follows T,, = I,n — oo. Equation (12) implies

1251 Knmz™ | < ¢ Z5enp (|7 = Ap[| + 1B, ).
Taking n — oo in this inequality and using Assumption 2 yield

Ym=1Knmz™ =0(1),z € D,n - oo.

As a result, we have the asymptotic relation (17).

RESULTS AND DISCUSSION

In this section we find the continuous and discrete spectrum of L denoted by o.(L) and a,(L) by
using the analytical and asymptotic properties of the Jost solution F,(z) that we obtained in previous
section. We show that the point spectrum is bounded, countable and its only limit point (if exists) can
be A = -2 or A = 2. Moreover, we prove that L has a finite number of eigenvalues with finite
multiplicities under Assumption 2.

Theorem 4. The continuous spectrum of L is o.(L) = [—2, 2].
Proof. Let L, and L, denote the operators defined in H,
Lo(Y)n = Yn-1+ Y+, EN,
Li(Wn = (Ap-1 — DYn—1 + Byyn + (Ap—Dyns1,n EN,
with the boundary condition y, = 0, respectively.
We can also define the operators L, and L, by using Jacobi matrices

0 I 0 0
]_1010
710 1 0 I
and
[ B A—-1 0 00 - - -]
|41 —1 By A1 00 |
]1:|[ 0 A,—1 Bs A;—1 0 |

respectively. We have L, =L, since the matrix J, is symmetric and also o.(Ly) = [-2,2]
(Serebrjakov, 1980).
In order to show that L, is a compact operator we will show that L, is bounded and the set
R={Lyy: llyll, =1}
is compact in Hy. It is obvious that L, is bounded. Moreover, if we use the compactness criteria in [,,

spaces (Lusternik and Sobolev, 1974), we obtain the compactness of R. Indeed, let y € H; such that
[lyll; < 1. Then, Assumption 2 implies that for € > 0, there exists n, € N such that for n > n,
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(1A =1+ 1BiD < 5
holds and also
YnsllLi)illi = X2psall(Aims = Dyiy + Biyi + (A = Dyl
< XZpealldica — 1Pyl + UBAP Nyl + WA — HPNyisa I
< Iylt ZZnsallAics — TIPHIBIZ + 114; — 1117
< X 204 — HIPHB I
< Yizn+1 GillA; = T+ CIB;I
< X241 CUIA = 11+ 11BiID)
<g,
where
C1 = 25upion, ;i =1l Cz = suppan,IBill,  C=C+C,
Therefore, we have proved that L, is compact operator in H;. Weyl’s theorem of compact perturbation
(Glazman, 1965) implies
oc(L) = 0.(Lo) = [-2,2].
Remark 1. Since the operator L is self-adjoint, the eigenvalues of L are real. The point spectrum of L
satisfies
0q(L) € (=0, —2] U [2, o). (18)
Moreover, it easily follows
os(L)={:A=z+z"1, ze(—1,0) U (0,1), Fy(2)is notinvertible}.
F,(z) is called the Jost function of L. Note that, this function is an infinite dimensional operator-valued
function on the contrary to finite dimensional matrix coefficients case. Hence we need a different
approach in order to locate the singular points of this operator-valued function. Luckily, the theory of
infinite dimensional operators in Hilbert spaces provides the necessary tools. We summarize below our
main tool which is due to (Keldysh, 1971) for the sake of completeness.
Theorem 5. (Keldysh, 1971) Let A(z) be an operator-valued function defined on a region D such that
A(z) is an operator in a Hilbert space H for each z. Suppose A(z) is analytic in D and A(z) is a compact
operator for each z € D. Then the following statements hold:
i.  The operator I — A(z) has an inverse except for a countable set of points in D.
ii.  If the set of points where I — A(z) doesn't have an inverse is infinite, then the only limit point of
this set lies on the boundary of D.

iii. If (I —A(z)) ! exists for z = z, € D then it exists over the whole of D, except possibly for a set
of isolated points, and is a meromorphic function of z. Moreover (I — A(zy))™! =1 + B(z,)
where B(z,) is a compact operator.

Theorem 6. g, (L) is bounded and countable. Furthermore, its only limit point (if exists) canbe A = —2
orA=2.
Proof. We try to adapt Theorem 5 into our case. Let us define
M = {z: ze(—1,0) U (0,1), Fy(2) is not invertible}.
Then
og(L)y={:A=z+z1z€ M}

The Jost function can be represented (see equation (11))

Fo(2) = To[l + Xpm=1 Komz™], (19)
where
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Ty = Hzo)o=0 Az_)l
is invertible (see equation (13)). The last two equations imply that Fy(z) is invertible iff
G(2):=1+Ym-1Komz™
is invertible. From Theorem 2 we have

Ko1=— Z§o=1 Tp_l B, Ty, (20)
Koy = =Yoo Ty ByTyKy 1435, Tyt (I — A2)T,, (21)
KO,m+2 = Z;o=1 Tp_l (I - A%?)Tpr+1,m - Z;o=1 Tp_1 BprKp,m+1 + Kl,m’ (22)

where m € N. It follows K, ,, is compact for each m € N from (20)-(22) and the conditions that
A, — 1 (ne NuU({0}) and B,, (n € N) are compact operators. As a result,

A(2):= Lm=1 Komz™ (23)
is compact for every ze(—1,0) U (0,1). Furthermore, A(z) is analytic in (—1,0) U (0,1) since Fy(z) is
analytic in D,;. Now —A(z) where A(z) is defined by (23) satisfies the conditions of Theorem 5 where
D = (—-1,0) U (0,1). From Theorem 5 (i) it follows I + A(z) = G(z) and equivalently F,(z) has an
inverse except for a countable set of points in D. Hence g, (L) is countable.

From (19) we have

Fo(z) =Ty 42 (1),]z] = 0
which implies F,(z) is invertible for sufficiently small z and hence A = z + z~! can not be an eigenvalue
when |z| — 0. Therefore a,(L) is bounded.

Finally, if o4(L) is finite then it doesn’t have any limit point. Suppose (L) has infinitely many

elements. Then M also has infinitely many elements. Theorem 5 (ii) implies that the only limit point of
M can lie on the boundary of D. Since a4(L) is bounded this limit point of M can not be z = 0. Hence
the limit point of M can be z = +1 meaning that the only limit point of 6;(L) canbe A = —2 or 1 = 2.
Theorem 7. L has a finite number of eigenvalues with finite multiplicities.
Proof. From Theorem 6 the only limit point (if exists) of o;(L) canbe A = —-2o0orA=2.1fA=2isa
limit point of o;(L) then there exist an eigenvalue in the neighborhood [2 — &, 2) for sufficiently small
€ > 0. This contradicts with (18). Therefore 4 = 2 can not be a limit point of o;(L). Similarly we can
show that A = —2 can not be a limit point of a,;(L). Since g,;(L) is bounded (see Theorem 6) and has
no limit point, it is finite by well-known Bolzano-Weierstrass Theorem. Therefore L has a finite number
of eigenvalues.

We have at least one point z = z, in D such that (I + A(z))~?! exists. Theorem 5 (iii) implies
that (I + A(2))™! = (G(2)) ! exists over the whole of D, except for a set of isolated points. Obviously
these isolated points are eigenvalues of L. Further, (G(z))~! is meromorphic in D. Therefore (G(z))™!

can be written

-1 _ U@
G =42

where U(z) is an operator-valued function and v(z) is a scalar function both analytic on D. It is clear
from the last equation that 2 = z + z~1 is an eigenvalue of L with multiplicity m, if and only if z is a
zero of the function v(z) with multiplicity m,. Since (G(z))~! is meromorphic on D all zeros of v(z)
have finite multiplicities. Therefore L has a finite number of eigenvalues with finite multiplicities.

CONCLUSION

In this paper, spectrum of discrete analogue of Sturm-Liouville equation with operator coefficient
on the half-line is investigated. Here, operator coefficients are defined in an infinite dimensional Hilbert
space unlike the matrix coefficient case which has been studied in (Aygar and Bairamov, 2012). This
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makes the problem under investigation different since in infinite dimension one needs to deal with
operator-valued Jost function. In order to overcome this difficulty, we use (Keldysh, 1971) in which the
singular points of an analytic, compact operator-valued function are characterized. It is shown that the
eigenvalues of this boundary value problem corresponds to singular points of operator-valued Jost
function. Further, it is proven that the spectrum is discrete under Assumption 2.
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