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ABSTRACT

It was proved in Chen’s paper (Arch. Math. (Basel) 67 (1996), 519-528) that every real hypersurface
in the complex projective plane of constant holomorphic sectional curvature 4 satisfies

5(2) < %HQ + 5,

where H is the mean curvature and §(2) is a /-invariant introduced by him. In this paper, we study
non-Hopf real hypersurfaces satisfying the equality case of the inequality under the condition that
the mean curvature is constant along each integral curve of the Reeb vector field. We describe how

to obtain all such hypersurfaces.
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1. Introduction

For a Riemannian m-manifold M with m > 2, Chen [2] introduced in the early 1990s the following invariant:
3(2)(p) = 7(p) — inf{K(n) | m is a plane in T, M },

where 7 is the scalar curvature and K (7) is the sectional curvature of «. If m = 3, then §(2)(p) is equal to the
maximum Ricci curvature function Ric on M defined by Ric(p) = max{S(X,X) | X € T,M, ||X|| = 1}, where
S is the Ricci tensor. For general d-invariants, see [4] for details.

It was proved in [3] that every real hypersurface in the complex projective space CP™ of complex dimension

n and constant holomorphic sectional curvature 4 satisfies

(2n —1)%(2n - 3)
4(n—1)

5(2) < H? +2n* — 3, (1.1)

where H denotes the mean curvature. A real hypersurface in CP" is said to be §(2)-ideal if it attains equality in
(1.1) at each point. Chen [3] completely classified §(2)-ideal Hopf real hypersurfaces in CP". In [7], the author
proved that a non-Hopf real hypersurface with constant mean curvature in CP? is §(2)-ideal if and only if it
is a minimal ruled real hypersurface. In this paper, we classify §(2)-ideal non-Hopf real hypersurfaces in CP?
whose mean curvature is constant along each integral curve of the Reeb vector field.
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2. Preliminaries

Let M be a real hypersurface in the complex projective space CP™. We denote by J the almost complex
structure of CP". For a unit normal vector field NN, the vector field on M defined by { = —JN is called the Reeb
vector field. If £ is a principal curvature vector at every point of M, then M is said to be Hopf.

Let # be the holomorphic distribution defined by H = J ., {X € T,M | (X,&) = 0}, where (-, ) denotes the
metric of CP". If H is integrable and each leaf of its maximal integral manifolds is a totally geodesic complex
hypersurface, then M is said to be ruled.

Denote by V and V the Levi-Civita connections on M and CP", respectively. The Gauss and Weingarten
formulas are respectively given by

VxY =VxY + (AX,Y) N,
VxN = -AX

for tangent vector fields X, Y and a unit normal vector field N, where A is the shape operator with respect to
N. The function H = trA/(2n — 1) is called the mean curvature. If it vanishes identically, then M is said to be
minimal.

For any vector field X tangent to M, we denote the tangential component of JX by ¢X. Then by the Gauss
and Weingarten formulas, we have

V& = pAX. 2.1)

We denote by R the Riemannian curvature tensor of M. Then, the equations of Gauss and Codazzi are
respectively given by

R(X,Y)Z=(Y,Z) X — (X, 2)Y + (oY, Z) X — (X, Z) ¢V 2.2)
—2(¢X,Y) ¢Z + (AY, Z) AX — (AX, Z) AY,
(VxA)Y — (Vy A)X = (X, &) oY — (Y, ) oX — 2(¢X,Y) & (2.3)

3. §(2)-ideal real hypersurfaces

Applying [3, Theorem 2] to real hypersurfaces in CP™, we have the following general inequality.
Theorem 3.1. Let M be a real hypersurface in CP"™. For any point p € M and any plane = C T,,M, we have
(2n —1)2(2n — 3)

— K(n) < H? 4+ 2n% -3 — 2 .

T (m) < = 1) +2n° —3—-3(Jey,e2)”, 3.1)
where {e1, es} is an orthonormal basis of w. The equality sign in (3.1) holds at a point p € M if and only if there exists an
orthonormal basis {e1, ez, ..., ean_1} at p such that the shape operator at p is represented by a matrix

a g 0 ... 0
g v 0 ... 0

A= 0O 0 w ... O , (3.2)
0 0 0 M

where .+ v = p.

We note that (Je;, e5)” in (3.1) is independent of the choice of the orthonormal basis {e;, e} of 7.
The following Corollary immediately follows from Theorem 3.1.

Corollary 3.1 ([3]). Let M be a real hypersurface in CP"™. Then, we have

(2n —1)%(2n - 3)
6(2) < 1)

at each point of M. The equality sign in (3.3) holds at a point p € M if and only if there exists an orthonormal basis
{e1,ea,...,ea,_1} at p such that

(1) (Jei,ea) =0,

(2) K(e1 A eg) =infK,

(3) the shape operator at p is represented by a matrix (3.2) with o + v = p.

H? +2n% -3 (3.3)
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Remark 3.1. It follows from (3.1) that if (1) and (3) in Corollary 3.1 hold, then (2) is automatically satisfied.

A real hypersurface in CP" is said to be §(2)-ideal if it attains equality in (3.3) at each point. In [3], Chen
proved that a Hopf real hypersurface in CP™ is §(2)-ideal if and only if it is an open part of one of the
following hypersurfaces: (i) a geodesic sphere with radius 7/4 in CP", (ii) a tubular hypersurface with radius

r=tan"!((1 + /5 — V2 + 2V/5)/2) over a complex quadric curve Q; in CP2.
We now present a class of §(2)-ideal non-Hopf hypersurfaces in CP?.

Example 3.1. Suppose that a(s), 8(s), v7(s) and u(s) satisfy

o = Bla+ 7y —3p),
B =8+ +ula—27) +1, (3.4)
y_ =0 —ay-1)
’y =
B
on an open interval I C R, where (s) are nowhere zero. According to Theorem 5 in [5], there exists a
smooth immersion @ : I x R? — CP? determining a non-Hopf real hypersurface in CP?, such that the shape
operator A is represented by (3.2) with respect to an orthonormal frame field {¢, X, ¢ X}, where ¢X = 0/0s.
The distribution D spanned by ¢ and X is integrable, and ® maps the R?-factors onto the D-leaves. Clearly, the
mean curvature of the hypersurface is constant along each integral curve of the Reeb vector field.
If o 4+~ = p on I, then Corollary 3.1 and Remark 3.1 imply that ® is §(2)-ideal. In particular, if « =y = =0
on I, then trA =0 and (AX,Y) = 0 for any tangent vector field X, Y on M orthogonal to £, and hence @ is
minimal ruled (see [1, p.445] and [6]).

+ B2y + p),

Remark 3.2. Substitution of a + v = p into (3.4) gives a autonomous system. It follows from Picard’s theorem
that for given initial values a(so) = ao, 8(s0) = Bo, ¥(s0) = o with Sy # 0 and g + 7o # 0, the initial value
problem of (3.4) with a + v = p has a unique solution satisfying 5 # 0 and « + v # 0 on some open interval
containing so. Therefore, there exist infinity many §(2)-ideal real hypersurfaces in CP? which are non-Hopf
and non-minimal.

Remark 3.3. Let M be a real hypersurface in the complex hyperbolic space CH™ of constant holomorphic
sectional curvature —4. Then we have
(2n —1)%(2n — 3)

H? +6 —2n?
in—1) 62

6(2) <

The equality sign of the inequality holds identically if and only if M is an open part of the horosphere in CH?
(see [3]).

4. Main result

The following theorem is the main result of this paper.

Theorem 4.1. Let M be a §(2)-ideal non-Hopf real hypersurface in CP?. If the mean curvature is constant along each
integral curve of the Reeb vector field, then M is locally obtained by the construction described in Example 3.1.

Proof. Let M be a 46(2)-ideal non-Hopf real hypersurface in CP2. Let {e1,e2,e3} be a local orthonormal
frame field described in Corollary 3.1. We put { = pe; + ges + res for some functions p, ¢ and r. It follows
from (Jej,es) = 0 that r (Jes,e1) =1 (Jes,es) = 0. If  #£ 0, then £ = e3. However, this contradicts (Je;, e3) = 0.
Hence, r = 0 holds, that is, { lies in Span{es, ez }. We may assume that e; = £ and Jes = e3. From (3) of Corollary
3.1, we see that the shape operator satisfies the following;:

AL = (u—7)E + Bea, Aey = yes + BE, Aez = pes. 4.1)
Let Q2 be an open set where 5 # 0. We work in Q. Using (2.1) and (4.1), we get
vegg = €3, vesf = —le2, V§f = ﬂeﬁ’w (42)

Since (Ve;, e;) = —(Ve,, e;) holds, by (4.2) we have

Ve,e2 = K1€3, Veyea = Koez + pu§, Vees = Kzes, 43)
Ve,e3 = —K1ea — 7€, Ve,e3 = —koea, Vees = —rzex — € i
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for some functions k1, k9 and k3.

Assume that the mean curvature H = ;1/3 is constant along each integral curve of the Reeb vector field ¢,

that is,
§pn=0.
From (4.1), (4.2), (4.3) and the equation (2.3) of Codazzi, it follows that
eapt =0,

e3y = (v — wr1 + B(y +2pu),
e3f = =" 4 Br1 — 2yp + p? + 2,

eaf =&,
e2y = —&P,

Br1+ (w—)ks = B2 +~4° -1,
ke =0,

es(p—7) = Bk — 2 — ).
Taking into account (4.11), the equation (2.2) of Gauss for (R(e2, e3)es, e2) and (R(&, ez)es, e2) yields

esk1 = 20y + K + (7 + ks + 4,

€I<31 = €2K3.
Using (4.2), (4.3), (4.4) and (4.5) we have
0= [e2, ] = (Ve,€ = Veea)u = (v — ks)esp.

Thus, we obtain that v = k3 or egu = 0.

(4.4)

(4.5)
(4.6)
(4.7)
(4.8)
(4.9)
(4.10)
(4.11)
(4.12)

(4.13)
(4.14)

(4.15)

Case (a): e3pr = 0 on an open subset U C . In this case, combining (4.4) and (4.5) implies that x is constant,
that is, the mean curvature is constant on U. Hence, by virtue of [7, Theorem 1.2], we conclude that U is minimal

ruled.

Case (b): v = k3 on an open subset V C Q. In this case, since V.,{ — V¢ea = 0 holds, the distribution D

spanned by ¢ and e; is integrable. Eliminating esy from (4.6) and (4.12), we obtain

esp = (v — p)k1 + By (4.16)
Equations (4.10) and (4.13) become
Bry =2 +29" —py — 1, (4.17)
esr1 = ki +7° + 3+ 4, (4.18)
respectively. From (4.9) and (4.14), it follows that
§r1 = —E€B. (4.19)
Elimination of x; from (4.7) and (4.17) leads to
e3f = B2+~ —3yu+ pu® + 1. (4.20)
Using (4.2), (4.3), (4.6), (4.8), (4.11), (4.19) and (4.20), we have the following:
e3(§B8) = (Vey€ — Vees)B + &(e3p)
= (v — W&y + BER) +&(B* +° = 3y + 1 + 1)
=3B(¢) + (3y — 4p)¢, (4.21)
e3(€y) = (Ves€ — Veez)y + £(e37)
= (k= )EB + B(&Y) +&l(v — w)ry + By + 2u)]
= (4p — 7)EB + (28 + K1)é. (4.22)
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Differentiating (4.17) with respect to &, and using (4.4) and (4.19), we obtain
(k1 = 3B)EB + (b —4y)6y = 0.

Moreover, differentiating (4.23) with respect to e3, we have

(esk1 — 3e3B)§B + (k1 — 3B)es(§8) + (eap — desy)Ey + (1 — 4y)es(§y) = 0.

Substitution of (4.6), (4.16), (4.18), (4.20), (4.21) and (4.22) into (4.24) gives

(k] — 1287 + 29 + ® — by + 3Bk1 + 1)EB + (681 — 2087 — 4yk1)Ey = 0.

Equations (4.23) and (4.25) could be rewritten as

(2 2)©)-()
a1 a2z & 0/’
where the components of the square matrix are given by
ain = K1 — 30,
aig = p—4y,
ag1 = K2 — 1282 +29% 4+ 2 — Sury + 3Bk + 1,
azz = 60p — 2087 — dvyk1.
We divide Case (b) into two subcases.

(4.23)

(4.24)

(4.25)

(4.26)

Case (b.1): a11a22 — a21a12 # 0 on an open neighborhood V; of a point p € V. In this case, by (4.26), we have
£B =&y = 0. It follows from (4.8) and (4.9) that e;3 = epy = 0. This, together with (4.4) and (4.5), implies that
all the components of the shape operator A are constant along the D-leaves. Moreover, equations (4.6), (4.7)
and (4.12) imply that (3.4) with a + v = p, where d/ds stands for the derivative with respect to e;. Note that the

existence of such a hypersurface is guaranteed by Example 3.1.

Case (b.2): a11a22 — az1a12 = 0 on an open neighborhood V5 of a point p € V. In this case, eliminating x; from

this condition and (4.17) yields
p1(7s )@ + pa(y, p)w + p3(v, 1) =0,
where w = %, and p; are polynomials given by
p1 =167 —4p,
p2 = 167" — 2492+ 8yp® — 1 — 2y,
ps = —pu(29* —yp —1)%
Differentiating (4.27) with respect to e, and using (4.6), (4.16) and (4.20), we obtain
k1(128* — 128 + 2453°7° — 563°y° 1 + 375%yp® — 267y
—58%U° + 287 — 4° — A+ 170 + 49
— 17 + 2ypt — 6yp® — v + 2u° + )
+ 766%y + 168° 1 + 12083+ — 1928342 1 + 3783y 1>
+ 6263y — 263 u% — 20831 + 2867° — 1528711
+ 16987 p* 4 3687° — 7657 1* — 4837 1+ 186y’
+428yp® — By — 28u° — 108p” — 4B = 0.
Eliminating ; from (4.28) and (4.17), we get
@1 (v, e + ga (v, Ww? + g3, p)w + qa(y, p) =0,
where w = 3%, and ¢; are polynomials given by
q1 =88y + 4u,
g2 =1687y3 — 284~ 1 + 86y + 48y — Tu® — 6,
g3 =727° — 2924* 1 + 31673 1% + 1293 — 134723
+ 1492+ 25yt — 3yp® — 2u° = 3p® — By,
gs =(n =) (27* =y — 12297 + 5y — 2p% = 1).

(4.27)

(4.28)

(4.29)
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The resultant R (v, 1) of the left-hand sides of (4.27) and (4.29) with respect to w is found to be the following

polynomial:
7

Ry(y, ) = 32(4y — 1) (29° =y — 1)° (153678 + Zgi(u)7i>,
1=0

where g; are polynomials given by
go = 3u® — 8u® + 6%,
g1 = —78u" +60u° + 523,
go = 72018 4 2044 + 1602,
g3 = —3040p° — 10163 + 1124,
g4 = 6752u* + 576° + 32,
g5 = —915213 — 608,
g6 = 82562 — 192,
g7 = —4480u.

Case (b.2.i): 4y — = 0 on an open subset V5; C V5. Differentiating this condition with respect to e3, and
using (4.6), (4.16) and (4.17), we obtain

67° — 992+ 3(u? + 262 — 1)y + (582 4+ 3)u = 0.
Eliminating ~ from this equation and 4y — p = 0 yields
w(9u® + 20832 + 72) = 0,
which shows that x = v = 0 and hence V3, is minimal ruled.
Case (b.2.ii): 292 — v — 1 = 0 on an open subset Va; C V3. Differentiating this condition with respect to e,
and using (4.6), (4.16) and (4.17), we get
67" — 1197+ (61 4+ 68% = 3)y* + (4 + 38°u — pi°)y — > — B*u* = 0.
Eliminating + from this equation and 2y* — yu — 1 = 0, we have
B2(2ut + 154" —9) =0,
which implies that p is a non-zero constant because of 5 # 0. However, this contradicts [7, Theorem 1.2].
Therefore, V5, is an empty set.
Case (b.2.iii): f(7, 1) := 1536+% + ZZ:O gi(1)y" = 0 on an open subset Va3 C V5. We differentiate this condition
with respect to e3, and use (4.6), (4.16) and (4.17). Then, putting w = 32, we obtain
w(7808~" — 6464711 — 1856~ ® — 17607° + 197447 * — 2160711
— 245767t — 2840~ 1 + 2407 + 16304~3 15 + 4447313 + 66473 1
+ 44473 13 + 66473 1 — 5826~2 S — 1224~2 i + 484~2 1% + 939"
+ 66yu° + 158yu® — 51p® + 548 4+ 14ut)
+ 7808~10 — 26560~ 11 + 48256~° 112 — 566475 — 59296~ 1
+ 1208077 j1 + 50976~ 1t — 172567512 + 1120~° — 31888~° 1u°
+ 1835675 113 + 3607° 1 + 13998~ 1® — 1159642 — 960+ 142
— 1207 — 3795317 + 6138~31° + 43443 1% — 208~
+ 52872 u® — 25119218 — 1346~2 i + 9072 1 — 27y
+ 480" + 386y1° + 200y 4% — 278 + 6u° 4+ 38 = 0.

(4.30)

Computing the resultant of the left hand sides of (4.27) and (4.30) with respect to w, we obtain

18
(29 —yp = 1) hi(u)y' =0,

=0
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where h; (1) are polynomials given by

ho =1377p"% — 452717 + 128445 + 472813
+ 1468 — 4908.°,
hi = — 660604 4 14338816 + 45504, — 7437612
— 9017610 — 2451248,
ho =1397709.'7 — 182360711 — 14593803 — 146496,
+ 2895967 + 1198287,
hs = — 17308746 4 11826810 + 145662164.'2 4 60359524'°
+ 20433365 + 763816.°,
hy =1407247081'° — 400313643 — 73716152 — 298120644°
— 630572817 + 51102445,
hs = — 801068376, + 5660649612 + 232622128110 + 61803936°
— 37320321° — 1748096,
he =3336681024,'3 + 314324481 — 555418672u° — 787790567
+ 7995776° — 247609644,
hy = — 1052944588812 — 11832166440 4 10894573124° + 6876380815
+ 4847488 — 4309762,
hs =259090968321' — 5417592321° — 165297862447 4 61590404°
+ 146411524° + 6259204,
hg = — 508561057281 + 3160585216° + 1852903808.° — 128791552
+ 1259520042 + 230400,

hio =80930532864.° — 819938816047 — 140635417645 + 711247363
— 3322880,

hi1 = — 1054511626248 + 140295526404° + 551636480u* — 60403200
— 3379200,

hie =112905166848," — 1752007475215 + 3176908804° — 40262656,

his = — 98991538176° 4 16388972544,* — 5371105282 + 27381760,

hi4 =702332641281° — 114639872001 + 441262080,

his = — 39343300608 4 567983308812 — 109936640,

hig =16633511936,° — 18430525441,

hi7 = — 483167436812 + 243859456,

hig =T67557632p.

Since Case (b.2.ii) does not occur, we have Zio hi(p)y* = 0. The resultant Ry (u) of f(v, 1) and Zio hi(p)y!
with respect to v is given by
Ra(p) = p*°k(p),

where k() is a polynomial in p with constant coefficients of degree 116. Since the explicit form of k(u) is not
important for the argument, we do not list it. Thus, we deduce that y is constant, that is, the mean curvature is
constant. According to [7, Theorem 1.2], we conclude that V53 is minimal ruled.

Consequently, M is locally obtained by the construction described in Example 3.1. The proof is finished. [
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