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Abstract: During the past two decades or so, fractional integral operators have been one of the most
important tools in the development of inequality theory. By this means, a lot of generalized integral
inequalities involving various fractional integral operators have been presented in the literature. Very
recently, Atangana-Baleanu fractional integral operators has been introduced by Atangana and Baleanu
and with the help of these operators some new integral inequalities are obtained. The main aim of the
paper is to establish some new integral inequalities for quasi-convex function and P-function via Atangana-

Baleanu integral operators by using identity which was produced by Set et al. in [16].
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1. Introduction

Convex functions, which are of great importance for the inequality theory, have been the focus of
many researchers from the past to the present. Let’s start by remembering this useful function

class.
We use an interval I C R with the nonempty interior.

Definition 1.1 A function Y : I — R is said to be convex if the inequality

T(Az 4+ (1= A)y) < AY(z) + (1= )T (y) (1)

holds for all z,y € I and all X € [0,1]. We say that T is concave if =Y is conver.

There are many types of convexity in the literature. The two types of convexity that will

be used in this article are as follows.
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Definition 1.2 [10] The function T : I — R is called a quasi-convez if the following inequality
T (Az 4 (1 - A)y) < max{T(z),T(y)}

holds for all x,y € I and all X € [0,1].

Definition 1.3 [14] A function Y : I — R is P-function or that T belongs to the class of P(I),

if it is nonnegative andsatisfies the inequality
Tz + (1-Ny) < Y(z)+T(y) (2)
for all x,y € I and all X € [0,1].

After recalling the definitions of convex function, quasi-convex function, and P-function,

let us now give other definitions that we will use in this article.

B(«) is normalization function with B(0) = B(1) = 1.

Definition 1.4 [7] Let T € H'(a,b), b>a « € [0,1]. Then, the definition of the new fractional
derivative is given:
B(a) [" (k — )
ABC na I
DY [T = — T(2)Ey | —a——— .
R A e 3

Definition 1.5 [7] Let T € H'(a,b), b > a, a € [0,1]. Then, the definition of the new fractional

derivative is given:

B(a) d (" (k—x)*

ABR po

DU (k)] = 2 L B, [—a i | gy 4

502 109 = 1 [ 1@ |-alf= o (@)
Equations (3) and (4) have a non-local kernel. Also, in Equation (4) when the function is

constant we get zero.

Associated integral operator for Atangana-Baleanu fractional derivative has been defined as

follows.

Definition 1.6 [7] The fractional integral associate to the new fractional derivative with non-local

kernel of a function Y € H'(a,b) as defined:

A (109} = s Y00+ gy [, Y= )

where b > a,a € [0,1].

128



Ali Karaoglan, Barig Celik, Erhan Set and Ahmet Ocak Akdemir / FCMS

In [1], the authors have given the right hand side of integral operator as following;

b
AB I {0 (w)} = S [ T —
For some recent results connected with fractional integral, fractional derivatives and some different
convex classes, we suggest to the interested readers the papers [2-6, 8, 9, 11-13, 15, 17-19].
The main aim of this paper is to prove new integral inequalities using Atangana-Baleanu
integral operators for quasi-convex and P-function. In this paper, integration techniques, quasi-
convex function and P-function definition were used and new integral inequalities that produce

different boundaries were proved.

2. Main Results

In the main findings part, first of all, an integral identity is reminded. Then, new integral
inequalities are obtained by using this integral identity, some convex function types and some
basic inequality derivation methods. Since the results contain Atangana-Baleanu fractional integral
operators, new integral inequalities, whose proofs are given, introduce new approaches and add a
new dimension to the literature.

n [16], Set et al. proved identity for Atangana-Baleanu fractional integral operators as

following. We use a closed interval [a,b] C R with a < b.

Lemma 2.1 T : [a,b] — R be differentiable function on (a,b). Then we have the following

identity for Atangana-Baleanu fractional integral operators

(k—a)*Y(a)+ (b—r)*YT(b) 2(1-a)Y(k)

AT Ta {0 (k)} +47 I {T(k)} —

B(e)l'() - Bl(a)
B (ﬁ _ a)a+1 , (H _ a)a+2 1 ot Lo
= (QH)B(Q)F(Q)T (a) + (a+1)B(a)F(a)/0 (1= k)2 (ki + (1 — k)a) dk
(b— k)t (b — k)t?

T+ DBT@ L O

(a+ 1)B(a)I‘(a)/0 kI (kb + (1 — k)k) dk

where « € [0,1], k € [a,b] and T(.) is Gamma function.

In this part, we obtained some fractional integral inequalities for quasi-convex function and

P-function by using Atangana-Baleanu fractional integral operators as follows.

Theorem 2.2 T : [a,b] — R be differentiable function on (a,b) and Y" € Lq[a,b]. If |Y"| is

a quasi-convex function, we have the following inequality for Atangana-Baleanu fractional integral
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operators
@ o (5 —a)*Y(a) + (b — k)*Y(b)
AEI {T(’k&)} +AB Ib {T(’i)} - B(a)F(a)
(k= a)*™ (@) = (0= w)*TT'(D)  2(1 - a)T(k)
(a+1)B(a)T(cx) B(a)
o (E—a)*max{|T"(x)|,[T"(a)|} G k)2 max {|Y"(b)], | Y (x)|}
- (a+1)(a+2)B(a)(«a) (a+1)(a+2)B(a)(«)

where k € [a,b], a €[0,1], T'(.) is Gamma function and B(a) is normalization function.
Proof By using the identity that is given in Lemma 2.1, we can write

k—a)*Y(a)+ (b—k)*YT(b)

AB [ (T ()} 447 I3 (X()) —

(k—=a)**'T'(a) = (b= R)*T'T'(D) 201 = )Y (k)
(a+ 1)B(a)T'() B(a)

(k —a)>t?

1
(o + 1)B(a)T(a) /O (1= k)Y (ki + (1 — k)a) dk

(b — K)*t?

e )BT

1
/ LY (kb4 (1 — k) dk
0

(k —a)**2
= @+ )BT

(a)/o (1= k)™ |1 (ks + (1 — K)a) |dk

(b — K)ot?
(a+ 1)B(a)T'()

1
+ / kY (kb + (1 — k)k) |dk.
0

By using quasi-convexity of |YT”|, we get

k= a)*X(a) + (b= K)°£(0)
B{@)(a)

AB 1o (P ()} AP I (Y ()} — ¢

B (k —a)**t1Y'(a) — (b — k)Y (b) B 2(1 — )Y (k)
(a+1)B(a)T(cv) B(«)

(k —a)>t?

(o +1)B(a)T

IN

o | @R a7 ) )

(b — k)2t2

! a+1m x " " K
TR GTEE , E mas @) Y )k

(k= a)* P> max {|T"(x)], [Y"(a)|} | (b—=r)*T>max {|T"(b)],[Y"(x)[}
(a+1)(a+2)B(a)l'(a) (a+1)(a+2)B(a)T'()

and the proof is completed.
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Corollary 2.3 In Theorem 2.2, if we choose k = “TH’, we obtain

e {e ()} e ()} st ol

_2"+1(S+_ f));:;)r(a) [T'(@) = '®)] - %
2072 (q Jf)zaar;B G {max{ " (GTH)) Y (a)|} + max{|T”(b)| r” (QT“’)‘H .

Corollary 2.4 In Theorem 2.2, if we choose o =1, we obtain

b _a2 /a _ _HQ /
/T(fc)dx—[(fi—a)“f(a)—i-(b—n)“f(b)}—(H )“)2(1’ )21 (b)

< 2 [(v = a) max{|Y"(x)], [T (@)} + (b — #)* max{| X" ()], [T"(x)[}]

[N

Theorem 2.5 T : [a,b] — R be differentiable function on (a,b) and Y" € Lila,b]. If |Y"|4
s a quasi-convex function, then we have the following inequality for Atangana-Baleanu fractional

integral operators

ALY (R} +P I (M)} —

(k—=a)**!''(a) = (b= R)*T'T'(D) 201 = )Y (k)
(a 4+ 1)B(a)(«) B(a)

D=

(5 — @) +2 (max{ | T" (k)| , |T" (a)|"}) 7 1
= (@t D)B(a) (o) (ap T+ 1)

(b— 1)2+2 (max{ [T ()[*, |T"(x)]}) * 1\
+ (@t 1)B(a)(a) <ap+p+ 1)

where p~t + ¢t =1, k € [a,b], a € [0,1], ¢ > 1, T(.) is Gamma function and B(a) is

normalization function.
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Proof By using Lemma 2.1, we have

(k —a)*Y(a) 4+ (b— Kk)*Y(b)

AT (R} P Y (R)} —

(k — @) (@) — (b— £)*HY'(B)  2(1 — a)Y(k)

(o + 1)B()I(ev) T T Bl
(a fﬁ;ﬁ:)}(a) /0 (1= k)Y (ks + (1 — k)a) |dk
(b — k)ot?

' a+1 " _ . .
+(a+1)B(a)I‘(a)/0 ROHHY" (kb + (1 = k)r) |dk

By applying Holder inequality, we have

AB [ (P()) +4B I {T ()} —

(k- a)*tY (@) — (b— K)*HY(B)  2(1 — a)Y (k)
(a+ 1)B(a)T(c) B(a)

(/01( (a+1)pdk> (/ I (kk+ (1 -k )|qdk> ]

it () ([ o-ra)]

By using quasi-convexity of |Y”|?, we obtain

(k —a)ot?
(a4 1)B(a)(«)

AT (8)} P LY (R)} —

(k—a)**'T'(a) = (b= r)*T'T'(D) 201 — )Y (k)
(a4 1)B(a)l(«) B(a)

(/01(1 — k)(aﬂ)z’dk)’l’ (/01 max{|Y"(k)|?, |T//(a)q}dk> 5]

i) ([ o |

B <n—a>a+2(max{|r“<n>|%T"(a)r?})é( 1 >3>
(a+ )B(a)T(a) aptptl

(k —a)*T2

(o +1)B(a)[(cv)

(b—r)™*? (max[T"B), [T ()T [ 1\
* (o + ) B(@){0) <ap+p+1> |

So, the proof is completed.
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Corollary 2.6 In Theorem 2.5, if we choose k = “TH’, we obtain

s L (P e g fr (50) ) G v + v

(b—a)>tt
- 2041 (a 4 1)B(a)[(a)

] TR 1>; l (mac {7 (57|

(]

[T'(a) - r'(b)] S

+ (max{|T"(b)q,

Corollary 2.7 In Theorem 2.5, if we choose o =1, we obtain

/ Y(z)dz — [(k — a)Y(a) + (b — x)Y(b)] — (k —a)’Y'(a) 2— (b — k)*Y'(b) ‘

8=

IN

(5 = @)? (max{|T"()|", [ (@)D 7 + (b= )" (max{| 1" ()|, ] X" ()| "}) 7] (2p1+ 1)

N —

Theorem 2.8 T : [a,b] — R be differentiable function on (a,b) and Y € Lila,b]. If |T"|4
is a quasi-convex function, then we have the following inequality for Atangana-Baleanu fractional

integral operators

ALY (R} P Y (R)} —

(k —a)*™ Y (a) — (b— k)Y ()  2(1 — )Y (k)

(a+1)B(a)T' () B(a)

(a TJ;():;(@) (a —1F 2) o (maXﬂT”(s)f;T”(a)q}) T

+

(b — m)e+ ( L ) (max{|r"<b>|q,|T"<n>|Q})3

(a+1)B(a)l(a) \a+2 a+2

where Kk € [a,b], a €[0,1], ¢ > 1, B(a) is normalization function.
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Proof By using Lemma 2.1, we get

A 10 (T(0)} +4P I (T(r)) — B

B(a)I'(a)
(k= a)*Y(a) — (b—w)*TY(D)  2(1 — )T (k)
(a+ 1)B(a)[(a) B(a)
K —a)*t? !
(a i 1)B()a)F(a) /0 (1= k)™ Y7 (ke + (1 = K)a) | dk
(b _ H)OH_Z

+

' a+1|~n17 . "
(a+1)B(a)F(a)/0 Y (kb + (1 = k)k) |dk.

By applying power mean inequality, we get

{0+ I ()}~

(k—a)*™' Y (@) — (b— x)*TY' (D) 2(1 — )Y (k)
(a+1)B(a)I(e) B(a)

(/0 a+1dk) 7 (/01(1 =R (ke + (1 k)a)’qdk>1
+ a+; )" [(/O ka+1dk> : ( 0 kaﬂ’T”(kbﬂl—k)n)}qdk)é}.

By using quasi-convexity of |T"”|?, we obtain

a+2

(a+1

Q=

A1 00} +4 17 (1) - T Ot )

(k —a)*™ Y (a) — (b — &)Y/ (b) _2(1 = a)Y(k)
(a+1)B(a)T' () B(a)

-

1—1

(fawrmae) " (o el prorar)

+% [ (/01 ko‘“dk)l_é (/01 kT max{ | Y7 (b)|* |T”(t)]q}dk>é}

.- fﬁﬁ():;(a) (ﬁz)lé (max{r"(;e)féwwa)v})é

(KZ _ a)a+2
(a+1)B(a)'(e)

IN

|

i (a4s) (=)

So, the proof is completed.

134



Ali Karaoglan, Barig Celik, Erhan Set and Ahmet Ocak Akdemir / FCMS

Corollary 2.9 In Theorem 2.8, if we choose k = “TH’, we obtain

ABpa {T (a;rb>} LAB o {T <“2+b)} _ m[r(a) +T(b)]

2(1— )T (%)

b [y 1) -

- 20+1(q 4+ 1)B(a)[(a) B(a)
- (b— a)+? 1 1-1 max{’T”(%rbﬂq,\T”(aﬂq} ‘
T 20+ 1)B(a)I(e) (a+2> a2

a—+2

. (max{mww <a2+b>|q}> ]

Corollary 2.10 In Theorem 2.8, if we choose o =1, we obtain

/ T(x)dz — [(k — a)Y(a) + (b— k)Y (b)] — 3

(k —a)*Y'(a) — (b= K)*f'(b) ‘

. (1>l‘é (5 —a)’ (max{w”m)q,w”(a)m)i . (1)1‘3 (b—r)* (maxﬂ”f"(b)q,w“(nm)i,

3 2 3 3 2 3

Theorem 2.11 Y : [a,b] — R be differentiable function on (a,b) and X" € Li[a,b]. If |X"|4
is a quasi-convex function, then we have the following inequality for Atangana-Baleanu fractional

integral operators

AT (R)} P Y (R)} —

B(a)l'(a)
(k=) (@) = (b= R)THT(B) 21— )Y (k)
(a4 1)B(a)(«) B(a)
(K —a)**? 1 max{|Y"(x)|*, [T (a)|"}
(a+1)B(a)(a) (p<ap Tpr1) g )
(b — k)2 1 max{|Y"(b)|*, | (x)|"}
+(04 +1)B(a)l'(a) (p(ap +p+1) * q )

where p~' + ¢t =1, kK € [a,b], a € [0,1], ¢ > 1, T(.) is Gamma function and B(a) is

normalization function.
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Proof By using the identity that is given in Lemma 2.1, we get

k—a)*Y(a)+ (b—k)*Y(b)

AB 10 (7(k)} +4B I5 {T(r)) —

B(a)I'(a)
3 (k —a)*™Y(a) — (b — k)*T1Y/(b) 3 2(1 — )Y (k)
(a+1)B(a)'(«) B(a)
(k —a)ot?

! _ a+1 " K . a
(a+1)B(a)r(a)/0 (1= k)Y (kk + (1 — K)a) |dk

+

— K a+2 1
@ an?a)r(a) e o 0

By using the Young inequality as xy < %J;f’ + %yq,

AB O (e ()} 447 1 (1 ()} - )

(k= a)*™ (@) = (0= &)*TT'(D)  2(1 - )T (k)
(a+1)B(a)T(cx) B(a)

(k —a)>t? 1 ! il 1 )
(@ + D)B(a)l(a) [/O (1—k)ry dk+5/0 X" (ki + (1 — k)a)| dk}

p
(b— k)ot2 1 1 sy 1 . o
e+ DB@)I(a) L,/O K d“q/o X" (kb + (1= k)r))| dk].

By using quasi-convexity of |Y”|? and by a simple computation, we have the desired result.

Corollary 2.12 In Theorem 2.11, if we choose k = ‘%rb, we obtain

e {T (T)} a8 1o {T (a -; b>} B 2{)%(‘()4;22&) [T(a) + T(b)]

(b — a)a+1 / / 2(1 B Q)T (aTb)
T DT L@~ 0] - 5
(b _ a)a+2

= 2a7(q 1 D)B(@)T(a)

) max {[17(252)]*, 10 (@)| ) + max { )], T (242)]}
plap+p+1) | q |
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Corollary 2.13 In Theorem 2.11, if we choose o =1, we obtain

(k= a)*Y'(a) — (b= K)*f'(b)
2

b
/ Y(z)dz — [(k —a)Y(a) + (b— k)L (b)] —

(k —a)® 1 max{| " (x)|*,[Y"(a)|"}
= 2 (p(?p +1) + q )

(b k) < 1L max{[T"()[", IT”(F&)Iq}>
p( '

+
2 2p+1) q

Theorem 2.14 Y : [a,b] — R be differentiable function on (a,b) and Y" € Ly[a,b]. If |X"| is a

P -function, we have the following inequality for Atangana-Baleanu fractional integral operators

AB 10 (T(5)} +4P I (T(r)) — B

(k- a)*t Y (a) — (b — K)*T1Y(b) _2(1—a)Y(k)
(a+1)B(a)T(x) B(«)

(k= a)* ™ (IT"(R)| + [T"(@)]) | (b= )™ (IX"(B)] + [T"(x)])
(o + 1)(a +2)B(a)T () (o + 1) (o + 2) B(a)T ()

where K € [a,b], a €10,1], I'(.) is Gamma function and B(a) is normalization function.

Proof By using the identity that is given in Lemma 2.1, we can write

k—a)*Y(a)+ (b—k)*Y(b)
B(@)T'(a)

AB [ (T ()} 447 I3 (X()) —

(k—=a)**'T'(a) = (b= R)*T'T'(D) 201 = )Y (k)
(a+ 1)B(a)T'() B(a)

o (m—a) /1(1 ~ R Y (ke (1 — k)a) | dk

(a+1)B(a)T'(a) Jo

(b — k)ot? 1 et .
+(04+1)B(04)F(a)/0 RO (kb + (1 = k)r) |dk.
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Since |Y”| is a P-function, we obtain

AEIQ {T(H)}AB Iél {T(Ii)} o (K: — a)aT(a) + (b — Ii)aT(b)

(k —a)®™ Y (a) — (b — k)Y (b) 3 2(1 — @)Y (k)
(a4 1)B(a)'(«) B(a)

(a (ﬂ;g():;r(a) |t )+ )

IN

(b _ ﬁ)a+2

! a+1 " 17 K
+(Oé+1)B(oz)F(a)/o kT (X7 (0) + (X7 (k)]) dk

(k= a)* P2 (7" (k)] + T (a)]) | (b—=r)*T>(L"(B)] + [T (x)])
(a+ 1) (a+2)B(a)(«) (a+1)(a+2)B(a)l(c)

and the proof is completed.

Corollary 2.15 In Theorem 2.1/, if we choose k = “TH’, we obtain

ABpa {r (a;tb)} LAB o {T <a;b)} _ % [T(@) +T)]

(b _ a)a+1

/ / 2(1 - O‘)T (aT—H))
2041 (a4 1) B()T(a) [T (a) =T (b)] - B(«)
b—a)**? //aer " "
2072 (a +(1)(a—)i-2)B(a)F(a) [2 T )’”T @l +1Y (b)@'

Corollary 2.16 In Theorem 2.1/, if we choose o =1, we obtain

' Kk —a)?Y'(a) — (b— k)?Y’
/T(I)d%[(n—a)T(a)ﬂb—n)T(b)p( )T()z(b )> T’ (b)

<

| =

[(k = a)® (1" (5)| +1T"(@)]) + (b = &)* (IT" ()] + [T (5)])] -

Theorem 2.17 Y : [a,b] — R be differentiable function on (a,b) and X" € Li[a,b]. If |X"|4

is a P-function, then we have the following inequality for Atangana-Baleanu fractional integral
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operators

AP 10 (7(0)} +4P 5 (T(r)) — BT

B(a)I'(a)
3 (k —a)*™Y (a) — (b — k)2T1T(b) 3 2(1 — )Y (k)
(a+ 1)B(a)'(«) B(a)
(k= a)**> (|77 (8)|" + |T”(a)|q)% 1 v
= (@ + ) B(@)(a) <ap+p+ 1>

(b= R)°T2 (X" (B + X" (s)|") ( 1 )

+ (a+ D)B(@T(a) aptptl

where p~t + ¢ ' =1, k € [a,b], a €[0,1], ¢ > 1, B(a) is normalization function.

Proof By using Lemma 2.1, we get

AB 10 (7(0)} +4P I (T(r)) — O

B(a)T'(«a)
(k- a)* Y (a) — (b — k)*TIY(b) _2(1—a)Y (k)
(a+ 1)B(a)T'() B(«)
(k —a)ot?

' _ a+1 " K . a
(a+1)B(a)F(a)/0 (1= k) (ke + (1 = K)a) |dk

(b—r)ot? e .
+(a+1)B(a)F(a)/0 Y (kb + (1 = k)k) |dk.

By applying Holder inequality, we get

AP 10 (T(5)} +4P I (T()) — BT

(k —a)*™Y(a) — (b — k)*T1Y/(b) ~2(1 - a)Y(k)
(a+1)B(a)T' () B(«)

(/01 <a+1>1’dk> (/01|T”(k/€+(1—k)a)|qdk>é]
+a+1_ e [(/Olk”‘“pdk) (/ 7" (kb4 (1 —k )|qdk) ]

K _ a+2

(a+1)B

<
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Since |Y"]? is a P-function, we obtain

ALY (R} P Y (M)} —

(k —a)®™ Y (a) — (b — k)Y (b) 3 2(1 — )Y (k)
(a4 1)B(a)(«) B(a)

(k —a)ot?
(a+1)B(a)T()

IN

e j—bl);():;(a) [(/Olk(aJrl)Pdk); (/01 (I @) + 1" (5)|) dk>é]

Q=

(5 —a)**2 (X" (k)|* + [T"(a)|) ( 1 )”
(o + 1)B(a)'(e) ap+p+1

(b—ﬁ)a”(T”(b)q+|T”(f€)q)é( 1 >;

* (a+ D)B(a)(a) Pt pil

So, the proof is completed.

Corollary 2.18 In Theorem 2.17, if we choose k = C‘TH’, we obtain

(b — a)a—H / ’ 2(1 - a)T (aT—H))
~Fa T DE@E@ 7@ Y0 - 5

(39

(b—a)*t? 1 v
= 37+ DB@I@) <ap +p+ 1)

rr a+b N
— .

Corollary 2.19 In Theorem 2.17, if we choose o =1, we obtain

q
+1T"(a)]

+ <|T”(b)|q +

1
q
q>

2

<

(= @ (70 + [T @I+ 0= 0 (01 + 111 ]

DN =

140

b _a2 /Cl— —H2 1
[ Y@~ 05 ati@) + o ey - EEOT OO

1
2p+1

o (52} (1 (232} gl

(/01(1 - k)<a+1>pdk>’1’ (/01 (I (5)|" + 7" (a)|7) dk)ﬂ

Tl=

)
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Theorem 2.20 Y : [a,b] — R be differentiable function on (a,b) and X" € Li[a,b]. If |X"|4
is a P-function, then we have the following inequality for Atangana-Baleanu fractional integral

operators

AT (R)} +4P LY (R)} —

(k —a)*T1Y(a) — (b — k)2TIY(b) 3 2(1 — a)Y (k)
(a+ 1)B(a)'(«) B(a)

g () (reery:

(o ib{)g:;(a) <a Jlr 2) =3 (IT”(b)E:g//(K”q);

+

where k € [a,b], a €[0,1], ¢ > 1, B(«) is normalization function.

Proof By using Lemma 2.1, we get

AT (R} P Y (R)} —

B(a)l(a)
(k- a)*™ Y (a) — (b — k)2T1T(b) ~2(1-a)Y(k)
(a 4+ 1)B(a)'(«) B(a)
(k —a)ot?

(a+ DB@T(a) /0 (1= k)P (ks + (1 = K)a) |dk

(b — H)OH-Q /1 ka+1|fr// (kb + (1 _ k‘)K) |dk

TarDB@@) Jo

By applying power mean inequality, we get

AT (R)} +1P LAY (M)} —

(k —a)*™ Y (a) — (b — k)Y (b) ~2(1 - a)Y(k)
(a+1)B(a)T() B(a)

(/01 - “+1dk) é(/01(1—k)0‘+1|T”(kn+(1—k)a)|qdk>;1

1

+(af1—“a+2 l(/@lkaﬂdk) </0 ka“|T”(kb+(1k:)n)|qdk>q].

I{_aa—i-?

(a+1)B
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Since |Y”]? is a P-function, we have

Y (a) + (b — k)T (b)
B(a)I' ()

AB [ (P()) 14 I {T ()} — L)

(k—a)*™' Y (a) = (b—w)*T'Y'(b)  2(1 - )Y (k)
(a+1)B(a)I'(o) B(a)
(k —a)>t?

@+ DB (/01(1 - ’“)aﬂdk)w (/01(1 R ) 31

st (L) ([ oo mana) |

Ll (L) (el !

IN

B Gl ( 1 )1;(|r~<b>|u|r~<n>|q>;

(a+1)B(a)l'(a) \a+2 a+2
So, the proof is completed.

Corollary 2.21 In Theorem 2.20, if we choose k = C‘TH’, we obtain

aBpo {T <a—2i-b>} LA [ {T (a;b)}_ %[T(a)-ﬁ-'ﬂb)}

— o) f (akb
[T'(a)—’f'(b)} . 2(1 B()i)( 2 )

(b —a)~tt
- 20+ (o + 1)B(a)l(a)

GENE 'T”(“)'qy

a—+2

(b— a)o+? 1 \'7a
S 2080+ )Bla)l(a) <a+2>

(o) % |
o+ 2

Corollary 2.22 In Theorem 2.20, if we choose o =1, we obtain

(k= a)®Y'(a) = (b= K)*Y'(b)
2

b
/ Y(2)dz — [(x — a)T(a) + (b— &)L (b)] —

< -
- 2 3

(;) (k= a)? <|r"<n>|q+ W’(a)q)i

N <;)1—é (b —;)3 (T”(b)q;m”(,@)Q)é.
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Theorem 2.23 Y : [a,b] — R be differentiable function on (a,b) and X" € Li[a,b]. If |X"|4
is a P-function, then we have the following inequality for Atangana-Baleanu fractional integral

operators

AB O (T ()} 44 I (T () - B

B(a)l'(a)
C(r— a)*Y (a) — (b — k)2T1Y(b) ~2(1-a)Y(k)
(a+ 1)B(a)'(«) B(a)
(k —a)*+? 1 1" ()| + X" (a)|
(a + DB(@T(a) <p<ap+p T g )
(b —Kr)**? 1 1T ()" + 1" (8)|
+(oz—f— 1)B(a)T' () <p(ap+p+ 1) * q >

where p~t + ¢t =1, k € [a,b], a € [0,1], ¢ > 1, ['(.) is Gamma function and B(a) is

normalization function.

Proof By using the identity that is given in Lemma 2.1, we have

—a)*Y(a)+ (b— K)*Y(b)
B(a)T'(a)

AB [0 (T(5)} 148 I3 {(T(r)} — &

(k —a)*™ Y (a) — (b— k)Y (b))  2(1 — )Y (k)

(a+1)B(a)I'(«) B(a)

(K _ a)a+2
(o +1)B(a)T

o /O (1 k)Y (ke + (1 — K)a) |dk
(b — k)2+2

)
e+ DB (@)

/1 KLY (kb 4+ (1 k) | d
0

By using the Young inequality as zy < %x” + %yq,

k—a)*Y(a)+ (b—k)*T(b)

AB [ (T ()} 447 I3 (X()) — ¢

(k —a)*™1Y(a) — (b— k)Y (B)  2(1 — )Y (k)

(o +1)B(a)T () B(«)

(k — a)o+? [1

' 1 ! " q
(o + 1)B(a)T'(a) 5/0 (1= k)t d’”;/o X" (kk + (1 — k)a)] dk}
(b— r)o+?

e+ )BT

1 /! 1 [t
= k(‘*“)”dk—kf/ Y (kb+ (1 —k)x qdk].
(a) L?/o q Jo R ( ol

Since |Y”|? is a P-function and by a simple computation, we have the desired result. |
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Corollary 2.24 In Theorem 2.23, if we choose k = %2 | we obtain

2

. {T (a;tb)} a8 o {T <a;b>} B 25263?@ [X(a) + ()]

(b_a)a-i-l / ’ 2(1 70‘)T (GT—H))
Sy v O] 7y
B > 2O T+ [T
= 20P2(a+ 1)B(a)l(a) \ plap+p+1) q

Corollary 2.25 In Theorem 2.23, if we choose o =1, we obtain

(1]

2]

3]

(4]

(5]

(6]

(7]

(9]

144

(k= 0)Y'(a) = (b= R)>T'(D)
2

b
/ Y(z)dz — [(k — a)Y(a) + (b — k)Y (b)] —

(k—a)® ( 1 T (8)|" + T”(a)|q>
(

<
- 2 2p+1) q

(b—k)? 1 T (0)| + [ (k)|
M <p(21v+1)+ q )
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