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A CLASS OF ALMOST CONTACT METRIC MANIFOLDS AND
DOUBLE-TWISTED PRODUCTS
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ABSTRACT. We determine the Chinea-Gonzales class of almost contact metric
manifolds locally realized as double-twisted product manifolds I X, x,) F,
I being an open interval, F' an almost Hermitian manifold and A1, A2 smooth
positive functions. Several subclasses are studied. We also give an explicit
expression for the cosymplectic defect of any manifold in the considered class
and derive several consequences in dimensions 2n + 1 > 5. Explicit formulas
for two algebraic curvature tensor fields are obtained. In particular cases, this
allows to state interesting curvature relations.

1. INTRODUCTION

Twisted products play an interesting role in clarifying the interrelation between
almost Hermitian (a.H.) and almost contact metric (a.c.m.) manifolds. In fact,

as stated in [6], any a.c.m. manifold in the Chinea-Gonzales class C1_5 = @& C;
1<i<5

is, locally, a twisted product |—e,e[ x\ F, € > 0, F being an a.H. manifold and
A: I x FF— R a smooth positive function.

On the other hand, in [12] Ponge and Reckziegel generalized the concept of

twisted product introducing the notion of double-twisted product of two pseudo-
Riemannian manifolds (M, g1), (M2, g2) by means of two positive functions Aj, As :
My x My — R.
This is the pseudo-Riemannian manifold My X (x, x,) Mz = (M1 x My, Ain}gr +
A375g2), mi + My x My — M; , i € {1,2}, denoting the canonical projections.
The same authors proved that any pseudo-Riemannian manifold that admits two
complementary foliations L, K whose leaves are totally umbilic and intersect per-
pendicularly is, locally, isometric to a double-twisted product and L, K correspond
to the canonical foliations of the product.
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In this article, given an open interval I C R, an a.H. manifold (F, J,§) and two
smooth positive functions A1, Ao : I X FF— R, on I X F one considers the double-
twisted product metric g of the Euclidean metric on I and g by A1, A2 and the a.c.m.
structure (¢, &,n, g) naturally induced by (j, g) as in (2.1). The double-twisted
product of I and F' by (A1, A) is the a.c.m. manifold I x(x, x,)F' = (IXF,¢,£,1,9).
In particular, if A\; = 1, I'X(1,»,)F belongs to the class C; 5 since this manifold is the
twisted product of I and F' by A2. More generally, we prove that I x(y, x,)F falls in

the Chinea-Gonzales class @ C; @ Cy2, briefly denoted by C;_5 & C12. Combining
1<i<5

an algebraic characterization of this class with the Ponge-Reckziegel theorem, one
proves that any C;_5 @ Ci2-manifold is, locally, almost contact isometric with a
double-twisted product |—¢, e[ Xz, x,) F, € > 0, where F is an a.H. manifold and
A1, Ag are smooth positive functions.

Moreover, given a Cy_5@®Cia-manifold (M, ¢, £, n, g), we denote by D the umbilic
foliation associated with kern. Obviously, any leaf IV of D inherits from M the a.H.
structure (J' = ¢jrn, 9" = grnxrn). One proves that, for any i € {1,2,3,4}, M
is in the class C; & C5 @ Cy2 if and only if each leaf of D is in the Gray-Hervella class

W;.
Furthermore, one considers the minimal connection D and the Levi-Civita con-
nection V on a Ci_5 @ Cig-manifold M ([9]). Since D preserves the a.c.m.

structure, all the curvature operators RP(X,Y),X,Y € X (M), commute with
. This allows to express the cosymplectic defect A, acting as A(X,Y,Z, W) =
R(X,Y,Z, W) — R(X,Y,pZ,oW), R being the Riemannian curvature, as a com-
bination of D7y, 1, ® T, h, k € {1,2,3,4,5,12}, where, for any h, 75, denotes the
Cp-component of V.

Several consequences of this result are obtained. For instance, one proves that, in
dimensions 2n + 1 > 5, any C; @ Cs-manifold, i € {1,2,3}, is locally realized as
a warped product I x, F, A : I — R being a smooth positive function and F a
W;-manifold. This improves a result stated in [6].

Then, we study the behaviour of two algebraic curvature tensor fields naturally
associated with a C;_5 @ Cio-manifold, that can be expressed in terms of the
cosymplectic defect. This allows to derive suitable curvature properties for the
manifolds in a particular subclass of C1_5 @ C12. For instance, one gets that the
curvature of a C; @ Cs-manifold fulfills the k-nullity condition, k£ being a smooth
function depending on the Cs-component, and another identity that generalizes the
(G2)-condition recently introduced in [11].

In this paper all manifolds are assumed to be connected.

2. DOUBLE-TWISTED PRODUCT MANIFOLDS

Given an a.H. manifold (F, J. ,§), an open interval I C R and two smooth func-
tions A\, Ao : I X FF — R, A1,y > 0, on I X F one considers the a.c.m. structure

(4107 Ev m, g) such that

1,0

0 ~ 0
(P(CLEJ]) - (OvJU)7 ﬂ(a* )\71(570%

ot
g = A" (dt ® dt) + \30*(9),

(21) 7U):a>\17 é-:

for any a € F(I x F),U € X(F),m : I x F — I,0 : I x F — F denoting the
canonical projections. Note that ¢ is the double-twisted product metric of the
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Euclidean metric go and g. The a.c.m. manifold I x(y, x,) F'= (I x F,¢,£,1,9) is
called the double-twisted product manifold of (I, go) and (F,.J,§) by (A1, A2). If Ay
is independent of the real coordinate ¢ and A2 only depends on ¢, then I Xy, x,) F'
is named the double-warped product of (I, go) and (F, j,ﬁ) by (A, A2). If Ay =1,
then I xy, F' = I X (1 ,) F is the twisted product manifold of (7, go) and (F, J, g) by
Ag. Finally, if Ay only depends on the coordinate ¢, I X, F' is the warped product
manifold of (I, go) and (F,J,3) by Az ([6]).

Now, we recall some basic formulas on double-twisted product manifolds, a.c.m.
and a.H. manifolds.
Through the paper, we’ll identify any vector field U on F with (0,U) € X(I x F).
The Levi-Civita connections V of I Xy, x,) ¥ and V of F are related by

(2.2) VyV = VyV —g(U, V)gradlog As + g(U, grad log A2)V + g(V, grad log A2)U,

for any U,V € X(F'), where grad is evaluated with respect to g ([12]).
The following relations are known, also:

Ve& =E(log M)€ — gradlog A1, VU = U(log A\)€ + £(log X\2)U,

@8 e = oga)U,
for any U € X(F).

Given an a.c.m. manifold (M, ¢, £, n,g) with dimM = 2n + 1, fundamental
form &, (X,Y) = g(X, ¢Y), and Levi-Civita connection V, for any h € {1,...,12}
we denote by 7, the projection of V® on the vector bundle Cp(M) whose fibre
at any « € M is the linear space Cp(T;M) considered in [4]. Putting C(M) =

@ Cp(M), with any section « of C(M) are associated the 1-forms c(«),¢()
1<h<12

expressed, in a local orthonormal frame, by:

cla)(X) = Z ale, e, X), ¢la)(X)= Z ale;, pe;, X).
1<i<2n+1 1<i<2n+1
In particular, one has ¢(75)(§) = 6n. The 1-form V¢n only depends on the projection
T12, since one has (Ven)X = 72(€,€,9X). The Lee form w, defined by w =
fm(é‘b op+Ven) + ‘25—277, ifn>2 w=Ven+ %’777, if n =1, depends on the
projections 74, 75, 712 according to the relations

o(X) = geprelm)eX) + LRy, 2 2

(T
W(X) = iale, €,0) + L) =1
Let (N,J',¢') be an a.H. manifold with Levi-Civita connection V' and funda-
mental form @, Q' (X,Y) = ¢ (X,J'Y). For any h € {1,2,3,4} let 77 be the
component of V'Q’ on the vector bundle Wj,(N) whose fibre at any point p € N
is the linear space Wy, (T, N) introduced in [10]. If dim N = 2m > 4, the Lee form

of N is the 1-form W’ = fmd’Q’ o J’ and is expressed, in a local orthonormal
frame, by w'(X) = 2(m171) > (B, By J'X).

1<i<2m
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The next results are useful in determining the Chinea-Gonzales class of
I X (x50 F, (F,J,9) being an a.H. manifold, and in relating the covariant deriva-

tives, with respect to the Levi-Civita connections, @ﬁ, V&, where (AZ, ® denote the
fundamental forms of F', I Xy, x,) F'

Lemma 2.1. Let (F, j, g) be a 2n-dimensional a.H. manifold, I C R an open
interval and A1, s : I X F — R smooth positive functions. For the manifold
I X (x; 2) F' the following relations hold:

i): Vx&=—€(log\2)p?X +n(X)Vel, X € X(I x F),

i): (Vep)X =X (log M)§ —n(X)p(Veg), X e X(IxF),

iii): on = —2n&(log \2),

iv): w = 0*(®@) —d(logA2), if n > 2, w = —d(log A1) + £(log i—;)n, ifn=1,

W,w denoting the Lee forms of F, 1 Xz, x,) F.

Proof. Formula (2.3) implies i), ii), iii). If n = 1, (2.3) implies iv), also. Moreover,
by (2.2), for any vector fields U,V on F, one has:
(Vop)V = (Vo )V + oV (log A)U — V (log Aa) U

2.4
24) — g(U, pV)gradlog Aa + g(U, V)p(grad log Az).

Let {Ui}lgiSZn be a local g-orthonormal frame on F, put e¢; = )%2UZ- S
{1,...,2n}, and consider the g-adapted orthonormal frame {ey, ..., €2, £} on I x (5, z,)
F'. Then, one gets

B(U) = 55 O o((Vee)UnD) +g(Vet oU)

21<i<on

SQU) — 2(n — 1)U (log Aa) — U (log Ay).

So, if n > 2, one has w(U) = &(U) — U(log A2). Since w(€) = —&(log A2), iv)
follows. .

Proposition 2.1. In the same hypothesis of Lemma 2.1, for any i € {1,2,3}, the
Ci-component of V® wvanishes if and only if the W;-component of VQ wvanishes.
If n > 2, the C4-component of V® wvanishes if and only if o*(©) = d(log \2) —
(log A2)n.

Proof. If dim F = 2, for any i € {1,2,3,4} the C;-componentb of VO, as well as

the W;-component of VQ vanish. So, we assume dim F' = 2n > 4 and consider
U V,W € X(F). Applying the theory developed in [4, 10] and Lemma 2.1, one has

(U, V,W) = X74(U, V. W) + oW (log \2)g(U, V) — ¢V (log A2)g(U, W)

(25) + W (log A2)g(U, pV) = V (log A2)g(U, W),
(2.6) (U, V,W) =0, i=25,..12.
By (2.4) one obtains
(Vo@)(V,W) = M(VeQ)(V, W) — oV (log A2)g(U, W) — V (log As)g(U, W)

+W(log A2)g(U, V) + oW (log A2)g(U, V).
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It follows that > (U, V,W) = X2 3 7(U,V,W), and then 7;(U,V,W) =

1<i<3 1<i<3
A7 (U, V,W),i € {1,2,3}. On the other hand, for any i € {1,2,3,4} and X,Y
tangent to I X F, one has 7;(£,X,Y) = 7;(X,Y,€) = 0. So, if i € {1,2,3}, we have
7; = 0if and only if 7, = 0. By (2.5) one gets 74 = 0 if and only if @(U) = U(log A2),
U e X(F), if and only if o*(@) = d(log A2) — £(log \2)n. O

The next results provide an algebraic characterization of the class C;_5 ®C12 and
have a useful application involving double-twisted product manifolds.

Proposition 2.2. Given an a.c.m. manifold (M, p,&,n,g) with dim M = 2n + 1,
the following conditions are equivalent

i): M is a Ci_5 ® Ci2-manifold,

ii): V= —32(g—n©n) + 10 Ve, Vep = —n® p(Vel) — (Ven) 0 p @&,
Proof. In the hypothesis i) one puts V& = > 7; + 715 and applies the theory

1<i<s

developed in [4] to evaluate the contribution of each component 7; in the calculus
of Vn, Vep. For any X,Y tangent to M, one has:

Ti(g,X,,Y) = 07i6{17"'75}7 Ti(Xa§7Y):O7i€{17273a4}a
7-12(57X7 Y) = n(X>7-12(§a€aY> _n(Y)712(57§aX)a
nxey) = O o) max e ) = nXmae )

Then, one obtains
9(Vep) X, Y) = —112(§, X, Y) = =n(X)g(p(Vel), Y) — (Ven)pXn(Y),

on
(VxmY = (75 + 112)(X, & ¢Y) = =2 (9(X, Y) = n(X)n(Y)) +0(X)(Ven)Y.
Then, ii) holds.
Vice versa, we assume ii) and write V® = > 7;. Then, with respect to a local
1<i<12

orthonormal frame {ey, ..., ea,, £} we have

)&= Y (Ve @)(end=— 3 (Venpen=0.

1<h<2n 1<h<2n

Therefore, 7 vanishes. Considering X,Y tangent to M, since 7;(§, 0 X,Y) = 0,
i €{1,...,10}, one has

(T11 +712)(§, 0 X, Y) = (Ve®)(pX,Y) = —g((Vep)pX,Y)
= —U(Y)7'12(§7fa<ﬂX) = 7—12(55(an Y)
It follows that 7117 = 0. Finally, the condition on V7 entails > 7(X,& ¢Y) =0.
7<i<10
Then, it is easy to verify that all the components 7,7 € {7,8,9,10} vanish. It
follows that V® = 3" 7, 4+ 712 and i) holds. O
1<i<s

Corollary 2.1. For a 2n + 1-dimensional a.c.m. manifold (M, p,&,n,g) in the
class C1—5 ® C12 the following equations hold:

o
dn=nAVen, d(Ven) = (5 Ven = Ve(Ven) An.
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Proof. Applying Proposition 2.2, we see that the skew-symmetric part of V7 is
n A Ven, so we get dn = n A Ven. Differentiating, one obtains n A d(Ven) = 0.
Considering X,Y € X (M), one has

20(Ven)(X,Y) = —n(X)(Vy (Ven)(§) — Ve(Ven)(Y))
1Y) (Vx(Ven)(§) = Ve(Ven) (X))

Moreover, also applying Proposition 2.2, one has

Vx(Ven)(€) = ~9(Ve, Vx6) = 5" (Ven) X — n(X)g(Vec, Vet

Then, substituting in the previous formula, one gets the second equation in the
statement. O

We remark that, if M is a 5-dimensional a.c.m. manifold, the vector bundles
C1(M) and C3(M) are trivial. So, in dimension 5, by Proposition 2.2 one character-
izes the class Co & C4 ®Cs @ C12. In dimension 3, the total class is C5 @& Cg & Cg ® C1o
and the class C1_5 @ Cy2 reduces to Cs @ Ci2. In this dimension, using the same
technique as in Proposition 2.2, one easily obtains the next result.

Proposition 2.3. Let (M, ¢,£,1n,9) be an a.c.m. manifold with dim M = 3. The
following conditions are equivalent:

i): M is a C5 @ C12-manifold,
ii): (Vxo)V = Zn(Y)eX + (X, oY)E) —n(X)(n(Y)p(Vel) + (Ven)pY€),
iii): Vo= —2(g—n®n) +n® Ven.

Propositions 2.2, 2.3 allow to specify the class of double-twisted product mani-
folds. R

In fact, let (F,J,g) be an a.H. manifold, I C R an open interval and A, Ag :
I x F — R smooth positive functions. By Lemma 2.1, (2.3) and Propositions
2.2, 2.3, it follows that I x(y, x,) I belongs to the class C;_5 © C12 if n > 3, to
CoPCi®CsdCoifn > 2, to C5 ®Cyo if n = 1. Also applying Proposition 2.1,
under suitable restrictions on the class of (F, f,ﬁ), and on the functions Ai,\s,
one obtains that I Xy, »,) ' belongs to a particular subclass of C;_5 @ C12. For
instance, if (F, :ffg\) is Kéhler and n > 2, then I x(y, x,) F' belongs to C4 & Cs © C12,
to Cs @ C12 under the additional hypothesis that Ay is constant on F. Analogously,
if Ao =1 and (F, j,fj) is a Wj-manifold, i € {1,2,3,4}, then I x(y, 1) F is in the
class C; @ C12. Finally, we assume that \; is constant on F. By (2.3) one has
Ve§ = 0 and I Xy, z,) F belongs to C1_5. In fact, up to a reparametrization of
the real coordinate, one writes g = 7*(ds ® ds) + A\30*(g) and obtains a twisted
product a.c.m. structure on I x F'.

3. LOCAL DESCRIPTION OF C;i_5 @ C12-MANIFOLDS

We are going to describe, locally, the Ci_5 ® Cio-manifolds and characterize
the ones belonging to the classes C5 @ Ci2, C; ® C5 ® C12, @ € {1,2,3,4}. In the
sequel, given an a.c.m. manifold (M, ¢, &, 7, g), we'll denote by D, D+ the mutually
orthogonal distributions associated to the subbundles of TM kern and L(§). Note
that D+ is a totally umbilic foliation with V€ as mean curvature vector field. In
partricular, D+ is totally geodesic if and only if Ven = 0.
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Proposition 3.1. Let (M, ¢,£,1n,9) be a Ci_5 ® Cio2-manifold. Then, the distribu-
tion D is a totally umbilic foliation and D is spherical if and only if

d(e(75)(£)) = £(e(75)(€))n-

Moreover, D' is spherical if and only if
Ve(Ven) = — | V€ 1P

Proof. Since dn =n A Ven, D is integrable and for any X € I'(D), one has Vx& =

— %X. it follows that any leaf (N, ¢') of D, ¢’ being the metric induced by g, is a

totally umbilic submanifold of M with mean curvature vector field H = %Q N
Moreover, (N, g') is an extrinsic sphere if and only if 0 = V{ H = 5= X (¢(75)())¢,
for any X € X(N). Hence, D is spherical if and only if

d(e(75)(£)) = £(e(75)(€))n-
Finally, D+ is spherical if and only if for any X € I'(D) one has V¢(Ven)(X) =
9(Ve(Ve), X) = 0. Equivalently, D is spherical if and only if

Ve(Ven) = 9(Ve(Vel), En=— | Ve& [P n
0

An isometry f: (M,p,&n,9) = (M',¢',&,n,9") between a.c.m. manifolds is
called an almost contact (a.c.) isometry if f.op = ¢ o f,, fL§ =¢.

Theorem 3.1. Let (M, p,&,1n,9) be a C1_5®Cia-manifold. Then M is, locally, a.c.
isometric to a double-twisted product manifold |—¢, e[ X (x, x,) F', € > 0, F being an
a.H. manifold and A1, \s : |—€,e] X F' = R smooth positive functions. Moreover,
M is, locally,

i): a double-warped product if and only if
d(e(7s)(€)) = £(c(75)(E))n-

Ve(Ven) = — || Ve€ IIP n,
ii): a twisted product if and only if Ven = 0.

Proof. By Proposition 3.1, D and D+ are complementary foliations whose leaves
are totally umbilic and intersect perpendicularly. So, applying the theory developed
n [12], given a point p € M, there exist a connected, open neighborhood U of p,
a Riemannian manifold (F,g), two smooth positive functions A\, As : I x F — R
and an isometry f :]—e,€[ X(x, n,) ' — U such that the canonical foliations of the
product manifold correspond, via f, to D, D+.
It follows that f*(gjv) = Adt ® dt + A3, f*(at) is an integral manifold of D+
and, for any t € |—e,el, ft(F), where f; = f(t,-), is an integral manifold of D.
Since g(f*(at) *(%)) A2, we can assume that f*(/\ Bt) §u. Then, f*(nu) =
)\17r (dt), m: ]—¢e,e[ x F' — ]—¢,¢[ being the canonical projection, the triplet (¢ =
folto QU © fus )\%(%, 0), \im*(dt)) is an a.c. structure and f.(gjy) is a compatible
metric. R

Moreover (J = §|7p,g) is an a.H. structure on F' and f : |—¢,e[ Xz, x,) F —
U, v, &u,mu,gjv) is an a.c. isometry.
So, by Proposition 3 in [12], M is, locally, a double-warped product if and only if
both the distributions D, D+ are spherical. Then i) follows by Proposition 3.1.
Finally, we assume that the function A\ is constant, for each of the just considered
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isometries f : ]—e,e[ X(a, ) F — U . Putting 0 = A€, one considers the map
f :]-0,6[ x F — U such that f(s,z) = f(s35.2). Then, one has ?*(g‘U) =
ds ® ds + \3g, ?*(%) = &u and for each s € ]—6,0] f,(F) is an integral manifold
of D. Tt follows that f realizes an a.c. isometry between the twisted product
]=6,8[xx, Frand (U, oy, §u, My, gjv)- This case occurs if and only if D is totally
geodesic, namely if and only if Ven = 0. Hence, we obtain ii). O

Since a Ci_s-manifold is an a.c.m. manifold in the class Ci_5 @ C12 such that
Ven = 0, Theorem 3.1 implies that any C;_s-manifold is, locally, a.c. isometric to
a twisted product manifold |—e, e[ X F, F being an a.H. manifold and
A: I x F — R asmooth positive function. This agrees with Theorem 3.1 in [6].

As pointed out in Section 2, any 3-dimensional manifold M in C;_5 @ Cy5 is a
C5®Cq2-manifold. Theorem 3.1 entails that M is locally realized as a double-twisted
product manifold |—¢, ¢ X (a1 ,00) 5 I being a 2-dimensional a.H., hence Kahler,
manifold. Analogously, any leaf of D inherits from M a Kahler structure.

More generally, given ¢ € {1,2, 3,4}, we say that a C;_5 ®Cj2-manifold is foliated
by Wi-leaves if any leaf (N, J" = ¢|rn, 9" = grnxrn) of D is in the Gray-Hervella
class W,;. We are going to characterize, in dimensions 2n + 1 > 5, the C;_5 @ Ci2-
manifolds that are foliated by W;-leaves. To this aim, for any i € {1,2,3,4}, we
list the defining condition of the manifolds in C; & Cs @ C12. These characterizations
are obtained combining the theory developed in [4] with the technique used in the
proof of Proposition 2.2.

Ci1PCs P Cra:
5
(Vx)X = Zhn(X)eX = n(X)(Vem) (X ) +n(X)e(Ved)),
an
Vn = f%(gfn®n)+n®vsn~
Co@®Cs ®Cra:
on on
dbo=——nAP®,Vn=——(9-1n1®n) +n& Ven.
n 2n
C3sPCs P Cra:
5
(VXY = (Vox @)oY + Zon(Y)pX —n(X)(Ven) (Y )& +n(Y )o(Ved)),
0Pop=—-Ven.
Ci®Cs P Cra:
(Vxe)Y = w¥)eX +w(eY)e®X + g(X,9Y)B — g(¢X, oY )pB

—n(X)(Vem (9Y ) +n(Y)p(Vek)), B = wh.
Theorem 3.2. Let (M, ,&,n,g) be a C1_5®Ci2-manifold with dim M = 2n+1 > 5.
For any i € {1,2,3,4} the following conditions are equivalent:
i): M is foliated by W;-leaves,
ii): M is a C; ® C5 @ Ci2-manifold.
Proof. Let (N, J',¢') be a leaf of D. Since (N,g’) is a totally umbilical submani-
fold of M with mean curvature vector field S—ZQ N, the covariant derivative V'.J’,
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V'’ denoting the Levi-Civita connection of N, satisfies

5
(3.1) (Vx@)V = (Vi J)Y + 39 (X, J'V)E, XY €TN.

So, given two vector fields X,Y on M such that ©2X, ©?Y are tangent to N, one
writes X = —@?X + n(X)E,Y = —¢?Y + n(Y)E, applies polarization, (3.1) and
Proposition 2.2, then obtaining

(Vx@)¥ = (Vo )Y + 2L (g(X, oY )6 + (Y ) X)

= n(X)(Vem) (Y )€ +n(Y)p(Veb)).

Then, in each case, the equivalence i)<=-ii) is proved by direct calculus, applying
(3.1), (3.2) and the defining condition of W;-manifold ([10]). O

(3.2)

Corollary 3.1. Let (M,¢,&,n,9) be a Ci—5 & Cra-manifold. Then M is foliated by
Kahler leaves if and only if M is in the class Cs @& Cia.

Now, we examine another consequence of Proposition 2.2 and (3.1).
With any a.c.m. manifold (M, p,&,n,g) are associated the (1,2)-tensor field T
and the connection D acting as

r(X,Y) = ~3o((Vxp)Y) + (V)Y€ — 5u(Y)Vxe
(3.3)

_ %«vm@y + (Vxn)YE) —n(Y)Vxé,

(3.4) DxY =VxY +7(X,Y),

for any X,Y € X(M).

Following [9], D is called the minimal U (n)-connection of M. Note that D is metric
and preserves both ¢ and 7, so it is a U(n)-connection. Obviously, the tensor field
7 and then the torsion ¥ of D, ¥(X,Y) = 7(X,Y) — 7(Y, X), can be explicitely
expressed by means of the Cj, (M )-components of V®. Moreover, by direct calculus,
Proposition 2.2 and (3.1), one proves the following result.

Proposition 3.2. Let (M, p,&,1n,9) be a Ci_5 ®Cia-manifold and (N, J',¢') a leaf
of D. For any vector fields X,Y on N, one has: DxY = VY — LJ((VxJ)Y).

Proposition 3.2 means that, starting by a C;_5 & Cip-manifold, the minimal
connection induces a unitary connection on each leaf of D.
In fact, given an a.H. manifold (N,J’,¢’) with Levi-Civita connection V', one
considers the unitary connection D’ acting as D'y Y = VY — 2J'((Vx J')Y). The
connection D’ plays a useful role in explaining several results on a.H. manifolds that
are strictly related with the Gray-Hervella work and with the study of the curvature
formulated by Tricerri and Vanhecke ([8],[13]). In particular, suitable components of
the Riemann curvature tensor introduced in [13] have been explicitely expressed by
means of the tensor fields D'7/, 7/ © 7/, 4,7 € {1,2,3,4}, © denoting the symmetric
product ([7]).

This motivates the subject of Sections 4,5, where the cosymplectic defect and
suitable related tensor fields associated with a C;_5 @ Ci2-manifold are expressed
as a combination of D7;, 7, ® 75, 4,5 € {1,2,3,4,5,12}.
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4. THE COSYMPLECTIC DEFECT

Given an a.c.m. manifold (M, ¢, £, n, g) with minimal connection D, one consid-
ers the (0, 3)-tensor field 7 defined by

- 7(X,Y,2) = (DxY — Vx¥. Z) =~ (Vx®)(pY, 2)
4.1
U2 T xn)Y —n(¥)(Vxn)Z.

Since both D and V preserve the metric, 7 satisfies 7(X,Y, Z2) = —7(X, Z,Y).

We denote by RP, R the curvatures of D, V and use the same notation for the g-
associated (0,4)-tensor fields, defined according to the convention: R”(X,Y,Z, W) =
—g9(RP(X,Y,2),W), R(X,Y,Z,W) = —g(R(X,Y, Z),W). Obviously, by (4.1), for
any vector fields X, Y, Z, W one has

(RP —R)(X,Y,Z,W) = —(Dx7)(Y,Z,W) + (Dy7)(X, Z,W)
(4.2) —7(2(X,Y),Z,W) —7(X,W,7(Y, Z))
+7(Y,W,7(X, Z)).

Since 7 depends on the Cj, (M )-components of V@, it follows that R” — R can be ex-
pressed as a combination of the tensor fields D7y, and 7, @7y, h, k € {1, ...,12}. Since
D preserves the a.c.m. structure, it is easy to verify that, for any vector field X,
Dxy, is a section of Cj, (M) and RP satisfies: RP(X,Y, Z,W) = RP(X,Y, pZ, oW).
Formula (4.2) also allows to express the cosymplectic defect, namely the tensor field
A defined by A(X,Y, Z, W) =R(X,Y,Z, W) — R(X,Y,pZ,pW), as follows:

AX,Y,Z,W) = (Dx7)(Y, Z,W) = (Dx7)(Y,9Z, oW)
— (Dy7m)(X,Z,W) + (DyT1)(X, pZ,pW)
(4.3) +7(3(X,Y), Z,W) —1(2(X,Y), pZ, oW)
+T(X, W, 7(Y, 2)) = 7(X, oW, 7(Y, Z))
7Y, W, m(X,2)) + (Y, oW, 7(X, pZ)).

Furthermore, we recall that, given a (0,2)-tensor field @, the Kulkarni-Nomizu
product g A @ of g and @ acts as

gARXY,Z, W) = g(X,2)Q(Y,W) +g(Y,W)Q(X, Z) — g(X,W)Q(Y, Z)
—9(Y, Z2)Q(X, W).

In particular, to simplify the notation, one puts m = %g Ag.

Theorem 4.1. Let (M, 9,£,1,9) be a Ci_5 ® Ci2-manifold with dim M = 2n + 1.
With respect to a local orthonormal frame {ex,...,ean, &}, for any X, Y, Z, W €
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X (M), one has:

AMXY,Z2,W) = = > ((Dx7)(Y,9Z,W) = (Dy7:)(X,0Z,W))
g A (de(m)(€) )X, Y, 2,17)

+n(Y)((Dx112) (€, &, 9Z)n(W) — (DyT12) (€, €, oW)n(2))
—n(X)((Dy712)(§, &, 0Z)n(W) — (Dy112)(§, &, oW )n(2))

1
+§ Z Z (Ti(vav(Peq)_Ti(Y’XaQDeq))Th(eq’Zv(pW)

1<q<2n1<i,h<4

_W Z (U(Y)Ti(X; Z, @W) - n(X)Ti(K Z, QOW))
1<i<4

~X)(Ven)Y = n(Y)(Ven) X)((Z)(Ven)W — n(W)(Ven)Z)
—512) 3 )Y, W, p(T68) = 0¥ )7 (X, W, 9(V )

1<i<4

+507) S XY, Z,0(Vel)) — n(Y)m(X, Z, o(Vek))
1<i<4

_(M)2(W1(Xaxza W) - WI(X5K90Z7 QOW))

2n
+%g A& Ven)(X,Y, Z,W)
c(15(&
AP L e Ve (X, Y0z, ).
Proof. We outline the proof, omitting detailed and long calculation. Firstly, one
writes V& = > 7; 4+ 75 and recalls the relations
1<i<5
c(15)(&
r(x.v2) = T g x o 2yn(r) - g(X. o1 ()

T12(X, Y, Z) = n(X)(n(Y)712(£, €, Z) — n(Z2)112(8,€,Y)).
Applying (4.1), for any X,Y,Z € X (M), one has
T(X,Y,Z) = —% > (X, eY, Z)

1<i<4

4.4 c(Ts
(4.4) n %n(f)(g(x, ZmY) —g(X,Y)n(2))

+n(X)(Z)(Ven)Y —n(Y)(Ven)Z),
and then

T(X,Y) = *% Z Z Ti(X, pY, eq)eq

1<q<2n 1<i<4

+ 2 vy x —gxvig)
+n(X)(Ven)YE = n(Y)Vel).
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Hence, by a straightforwad calculus, one obtains

(DXT)(Y7Z7 W) - (DXT)(K(PZ>SDW)
= — Z (Dx7i)(Y,pZ, W)

1<i<4

— o X(elms) (€)oY, Z)n(W) ~ o(¥, W)n(2))
+n(Y)(Dx712)(§, &, 92)n(W) = (Dx712) (8, € eW)n(Z)),

7(X(X,Y),Z, W) T(X(X,Y),pZ, W)

=2 Y Y (X Vipe) Y X, geg))aleq, Z oW)

1<q¢<2n1<i,h<4

- 6(72531(6) > )X, 02, W) = n(X)7i(Y, 0 Z, W)

1<i<4

+ N S (X, 1, 2) - (Y o X, )W)

1<i<4
= (X, oY, W) = (Y, X, W))n(2))

(B s ey zw)

— ((X)(Ven)Y = n(Y)(Ven) X)(n(Z2)(Ven)W —n(W)(Ven)Z),

r(X, W(Y, 2)) = (X, g W, (¥, 07)
= 7(¥, W, (X, 2)) = 7(¥, oW, 7(X, 7))
= A S, 0¥, 2) = iV X, 2 (W)
— (X, @Y, W) = (¥, X, W))n(2))
512 S XY, W, p(Ve)) — Y )X, W, (V)
1

1<i<4

51W) D ((X)7(Y, Z,p(Ve)) = (Y )7l X, Z, 9(Veg))
F (B2 4 om0y, 2,W) — 7 (XY, W) 4 71 (X, Y, 02, 6W)

_ w(g A (M@ Ven)(X,Y,Z,W) — g A (n® Ven)(X,Y, 0Z, oW)).

So, also applying (4.3), one gets the statement. O

Several consequences can be derived by Theorem 4.1. Before stating new results

we point out that, given a C;_5 @ Cio-manifold, the covariant derivatives Dtio,
V(V¢n) are related by
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(Dx72)(6,6,6Y) = Vx (Ven) (V) + 5 3 m(X,Y, ¢(Vet))
(4.5) =

Fan)(x) || Vg |2 -2

In particular, with respect to a local orthonormal frame {ey, ..., e2,,£}, one has:

(Ven)X).

(@6) Y (Dema)(E € peq) = ~5(Ven)t | V€ I + 5e(ma) (o(Vet)).

1<q<2n
The next result easily follows by Theorem 4.1 and (4.6).

Corollary 4.1. Let (M, p,£,1,9) be a C1_5 & Cia-manifold with dim M = 2n+ 1.
For any X,Y,Z € X(M) one has

R(X,Y,¢,2) = n(X(E( 75)(£))9(9Y, 9Z) — Y (¢(75)(€))9( X, ¢ Z))
+n(X)(DyT12) (&, & 9Z) = n(Y)(Dx112) (&€, 0Z)
(X)(Ven)Y —n(Y)(Ven) X)(Ven)Z

(X)) 7Y, Z,0(Ve€)) = n(Y)7i(X, Z, p(VeS)))

( (27)1()

Moreover, the Ricci tensor satisfies:

DO

—(n
1
2,

) ((X)g(Y, Z) —n(Y)g(X, Z)).

(75)(€)*

(&) = €(e()(©) = 8(Ten) - T3 EL,

p(X,€) = T (X — n(X)E)elrs) (€)) + n(X) (&, ©)

for any X € X(M).

Proposition 4.1. Let (M, p,&,1n,9) be a C1_5®Cia-manifold with dim M = 2n+1.
For any Y, Z,W € X(M) one has

o S (Der)(Y, Z,6W) = ems)(€) Y. mlY, Z,0W)

1<i<4 1<i<4

—Z((15)(£))g9(@Y, W) + W(c(75)(£))9(Y, ¢ Z)
+pZ(e(15)(£))g(Y, oW) — oW (¢(75)(£))9(Y, v Z)
+£(e(75)(£)(9(Y, W)n(Z) — g(Y, Z)n(W))
(

+2(15)(§)(Ven) Zg (Y, W) — (Ven)Wg(pY, ¢ Z)
—(Ven)eZg(Y, W) + (Ven)pWg(Y, ¢Z)).

Proof. Let Y, Z, W be vector fields on M. Since R is an algebraic curvature tensor
field, one has
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Hence, applying Theorem 4.1 and Corollary 4.1, we obtain:

0= "3 (Der)(YV, Z,6W) + 5 (Z(e(75)(€))g(oY: W)

W) (©)a(0Y, 0 Z) — Z(e(7s) ()g (Y, oW)
— oW (e(7s) ()9, 2))

+ o 6T €)oY, Z)(W) ~ o(¥, W)n(2))

((DY n(Y) gﬁz)(f & W) — (Dwmi2) (€, 6, 0Y))n(Z)
((DY n(Y) 57—12)(5 5, QOZ) - (DZ712)(§-3£7 @Y))U(W)
- “T;;@l;;m Z,¢W)
£33 D)W p(Vel)) — mlIW, Y, o(Vet))
1<z<4

W)Y, Z,p(VeE)) ~ Tl 2.V, p(VeE)))
A (e zg(ov, W) — (Ve WaleV 62)
— (Ven)pZg(Y, W) + (Ven)eWy(Y, 92)).

Then, one proves that the block of terms in the previous formula involving
D1i2(€,6,-) @n, > 7i(s, -, ¢(Ve)) ® n vanishes, so obtaining the statement. In
1<i<4

7

fact, (4.5) and Corollary 2.1 entail:
(Dy —n)em12)(§, € 0 Z) — (Dz712)(€,€, 9Y)
1
~3 Y (Y. Z,0(Ved) = 1i(Z, Y, 0(Vet)))

1<i<4
=2d(Ven)(Y, Z) = (Y )(Ve(Ven)(Z) +0(Z) || V€ |17

- A 2)(Teny — n(r)(Ven)2)

= —(Ve(Vem(Y) +0(Y) [| Ve€ [*)n(Z).

d

In dimension 3, the formula stated in Proposition 4.1 reduces to an identity.
In fact, in this case, considering a manifold (M, ¢,&,7n,g) in Ci_5 @ C1o, all the
projections 7;’s,i € {1,2,3,4}, vanish. Moreover, we consider the tensor field S
acting as

S(Y,Z,W) = Z(€(15)(€)g(Y, oW) — W(e(15)(£))9(#Y, pZ)
—pZ(e(15)(£))g(Y. soW)+s0W( (15)(§)9(Y, ¢Z)
+&(@(15)()(9(Y. Z)n(W) — (Y, W)n(Z))
—(15)(E)(9(Y, W) (Ven)Z — (Y, 9 Z)(Vem)W
—g(Y, oW)(Vem)oZ + g(Y, 0Z)(Ven)eW).

©)
)(g(
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By direct calculus, given a point p € M and an orthonormal basis {X, X, £} of
T,M, for any Y € T, M we have
SP(KXv SOX) = SIJ(Yv (vaX) = SP(Y’Xag) = SP(Y, SDX,E) = 0

It follows that S = 0.
We examine some consequences of Proposition 4.1 in dimensions 2n + 1 > 5.

Proposition 4.2. Let (M, p,&,1,9) be a C1_5 @ Ciz-manifold with dim M = 2n +
1> 5. Then, one has:

Der; = 6(7257)1(5)71-, ie{1,2,3},
(Dectr)ew = 0 ) o)
n—1

_|_

(W =n(W)8§)(E(7s)(€)) — c(75) () (VemW),

n
for any W € X(M).
Proof. Let Y, Z, W be vector fields on M. By Proposition 4.1, using the properties
( ) = _Ti(SOY"pZﬂOW)v 7;6{172}’
( ) = Ti(SOYﬂSOZWOW)v i€{374};
i (KZﬁOW) = _(Dng)(QOY,QOZ,QOW), i€{172}7
( ) = (Demi)(9Y,0Z,oW), i € {3,4},
one has:
D (Dera) (Y, Z, W) —
1<i<2
Since moreover (De1;)(Y, Z,€) = 7,(Y, Z,£) = 0 and DeT; — &) - i5 a section of

2n

Ci(M), i € {1,2}, one obtains De7; = %n, i € {1,2}. Let {e1,...,ean,&} be a

local orthonormal frame. By Proposition 4.1 we have

(Dec(m))pW = Y (Dera)(eqs e, oW) = 278)E)

2n
1<q¢<2n

DO - v z.0w)) =0,

c(1a) (W)

n—1

+ (W = n(W)&)((75)(£)) — &(75) () (Ven)W).

On the other hand, applying the definition of 74, ( [4]), one gets:
2(n = 1)(Dec(ma))(Y, Z, W) = g(Y,0Z)(Dec(a))W — g(Y, W) (Dec(11)) Z
+9(¢Y, 9Z)(Dec(a) JpW
—9(Y, oW)(Dec(Ta))pZ.
So, we again apply Proposition 4.1, use the just stated relations and obtain D¢13 =

)@ 0

2n
Theorem 4.2. Let (M, p,€,m,9) be an a.c.m. manifold with dim M > 5. If M
falls in the class C; ®Cs, i € {1,2,3}, then M is, locally, a.c. isometric to a warped
product manifold I x F, where I C R is an open interval, A : I — R a smooth

positive function and F an almost Hermitian manifold in the Gray-Hervella class
Wi.
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Proof. Fixed i € {1,2,3}, since M is a C; ® Cs-manifold, by Proposition 4.2 we get

de(75)(8) = £(e(75)(€)n-

By Theorem 3.1 in [6] M is, locally, a.c. isometric to a warped product manifold
|—e,e[xA F,e >0, (F, f, g) being an a. H. manifold and A : ]—¢,¢[ = R a smooth
positive function. Obviously, the manifold |—¢, e[ x » F is in the class C; ®Cs. Hence
Proposition 2.1 entails that (F,.J,§) is a W;-manifold. O

Proposition 4.3. Let (M, ¢,£,1n,9) be an a.c.m. manifold in the class C1 & Co ®
C3®Cs5 B Cip withdim M =2n+ 1> 5. Then, the Lee form is closed.
2(75)(€)

Proof. Since in this case 74 = 0, the Lee form is w = =55

4.2, we have

n and, by Proposition

de(7s)(§) = £(c(75)(§))n +2(75)(§) Ven-

It follows:
dw = o(7s)(€) (Ven Am+dn)
2n
and, applying Corollary 2.1, one gets dw = 0. ([l

Proposition 4.4. Let (M, ¢,£,n,g) be a Cs ®Cra-manifold with dim M = 2n+1 >
5. Then, M is a locally conformal C12-manifold.

Proof. The hypothesis implies that Vi acts as

_ dm)(©)
(@.7) (Vxe)V = == (n(Y)pX + g(X, pY)E)
—n(X)((Ven)eY E+n(YV)p(Vel)),
and the Lee form w = %n is closed. So, we consider an open covering {U;},.;

of M and, for any 4, a function o; € F(U;) such that w|y, = do;. Putting ¢; = ¢|y,,
& = exp(—0i)u,, M = exponu,, 9i = exp20gjy,, we prove that the a.c.m.
manifold (U, ¢;,&i,1ni,9:) is in the class C1o. In fact, the Levi-Civita connections
of the local metrics g;’s fit up to the Weyl connection V of (M, g) acting as

(4.8) VxY = VxY +w(X)Y +w(Y)X — g(X,Y)B, B=u"

In particular, fixed i € I, one has %51@ = exp(—20;)Ve&y,. Considering X,Y €
X(M), by (4.7), (4.8), in U; we obtain

(Vxe)Y = —n(X)(Ven)eY € +n(Y)p(Vet))
—0:(X)(Vem)eiY & +mi(Y)@i(Ve,&)).

O

Remark 4.1. It is easy to prove that any 3-dimensional a.c.m. manifold is locally
conformal cosymplectic if and only if it is a C5 @ C12-manifold with closed Lee form.
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5. OTHER CURVATURE RELATIONS

The results stated in Section 4, in particular Theorem 4.1, allow to describe
the behaviour of some algebraic curvature tensor fields naturally associated with a
C1_5 ® C12— manifold.

Firstly, we recall that, if S is an algebraic curvature tensor field on a Riemannian
manifold (M, g), putting S(X,Y) = S(X,Y, X,Y), forany X, Y, Z, W € X (M), one
has:

65(X,Y,Z,W)=S(X,Y + Z) — S(X,Y + W)+ S(Y, X + W)
—S(YX+Z)+S(Z,X+W)—S(Z,Y—i—W)
SW,Y +2) = S(W,X + Z)+ S(X + Z,Y + W)
S(X +W,Y 4+ Z) + S(X,W) — S(X, 2)
S(Y,Z) - S(Y,W).

It follows that S is uniquely determined by the values S(X,Y"), for any pair (X,Y)
of vector fields.

Given an a.c.m. manifold (M, ¢, £, n,g), let T, T5 be the algebraic curvature
tensor fields on M acting as:

T(X,Y,Z,W) = R(X,Y, Z,W) + R(pX, pY,pZ,oW) — R(pX, pY, Z, W)
- R(X,)Y,0Z,oW) — R(¢X,Y,pZ, W) — R(X, Y, Z, oW)
= R(pX,Y, Z,oW) — R(X,pY, pZ, W),

We recall that the vanishing of T5 means that M satisfies the K3,-identity ([3]),
as well as M fulfills the (G3)-identity if and only if T5 = g A (n®n) ([11]).

Proposition 5.1. Let (M, p,€,1,9) be a Ci_5 @ Cia-manifold with dim M = 2n +
1> 5. With respect to a local orthonormal frame {e, ..., ean, &}, the tensor field Ty
depends on DTQ, .D7'12, (27’1 77’2)@7’3, T2 @’7’4, ’7'26)’7'57 T2 @7’12, T12®7'12, (lCCOT’diTLg
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to the formula:

Th(X,Y) = 2((Dxm)Y,Y,0X)+ (Dym)(X,X,0Y) + (Dyxm) (Y, Y, X)
H(Deym)(X, X,Y)) +n(X)*((Dym2)(§ & 9Y) + Dy 112) (€, €,Y))
+0(Y)?((Dx712)(§, &, 9X) + (Dpxmi2)(§, €, X))
—n(X)n(Y)((Dx712)(§,€,¢Y) + (Dpx112)(€,€,Y)
+(Dy112)(§, 6, pX) + (Dpy 112) (&, €, X))
=2 3> (211 — ) (eg, X, Y)73(eq, X, Y)

1<g<2n

(R XY )elm) (V) = ma(X, X, 0¥ )e(m) ()

+72(Y, Y, X)e(ra)(X) — 1Y, Y, 9 X)e(7a) (0 X))
_an )()

(X)) (Y)Y, 0X) +n(Y) (X, X, ¢Y))

—n(X ) (Y, Y,0(Ve€)) = n(Y)*72(X, X, 0(Ve€))
Fn(XOn(Y)(12(X, Y, ¢(Ve)) + ma2(Y, X, 9(Ved)))
~((X)(VemY = n(Y)(Ven)X)?
+(X)(VemeY —n(Y)(Ven)pX)*.

Proof. For any X,Y € X(M), one has:

TQ(X7Y) = A(X,KX,Y)—A(@X,@KX,Y)—A(@X,K@X,Y)
Applying Theorem 4.1, Corollary 4.1 and using the theory developed in [4], after a
long and detailed calculus one gets the statement.We only point out that the block

of terms in the final expression of T5(X,Y) involving D7;,¢ € {1,3,4} vanishes
since for any U,V, Z, W € X(M) one has:

(DZTl)(Uv U, V) =0, (DZTZ')(SDU; oV, W) = (DZTi)(Uv v, W)al € {374}
O

As remarked in [6], given an a.H. manifold (F,.J,3) in the class W; i € {1,2,3},
an open interval I C R and a smooth positive function A : I x F' — R, the twisted
product manifold I x F' falls in the class C; & C4 & C5. Proposition 5.1 entails
that, if F' is either a nearly-Kéhler or a W3-manifold, then the curvature of I x F
satisfies the identity

0=R(X,Y,Z,W)+ R(pX, Y, pZ,oW) — R(¢X,pY, Z,W)
—R(eX,)Y,Z, W) — R(X, Y, Z, pW).
As far as regards the tensor field T3 associated with a C;_5 @ Cio-manifold, one
starts by the relation

TS(va) = A(X,KX,Y) +A(Q0X3¢KX7Y)7

argues as in the proof of Proposition 5.1 and obtains the next result.
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Proposition 5.2. Let (M, p,&,1,9) be a Ci—5 ® C1a-manifold, with dim M = 2n +
1> 5. With respect to a local orthonormal frame {ey, ..., ean, &} one has:

T3(X?Y) = Z ((DXTi)(YaK(PX) + (DYTi)(X7X’ QDY)
H(DyxT)(9Y, 9V, X) + (Dyy ) (X, X, V)

—&-%g A (dé(TS)(§> ® U)(X» Y, X, Y)

b o 4 (de(75)(6) @ M) (X, Y, X,Y)

)
+n(Y)((Dxm)(£ £ 0X)n(Y) — (Dxm2) (&€, Y )n(X))
+n(X)((Dy712) (€, &, Y )n(X) — (Dy112)(§, &, 0 X)n(Y))
+ > D ((+T)(X, Y peq) — (13 +7a) (Y, X, 0e))7i(eq, X, 9Y)

1<g¢<2n1<i<4

) (§)

2n

> (X)m(Y, Y, 0X) + n(Y)m(X, X, oY)
2<i<4

—(( )(Vsn)Y n(Y)(Ven) X)?
—= Z 7Y, Y, 0(Ve€)) + n(Y)*7i(X, X, o(Vek))

2<7,<4

=X )(7:(X, Y, 0(Ve)) + 7Y, X, 9(Vef))))

_(6(7'257)1(5) 2((X)2g(Y,Y) — 2n(X)n(Y)g(X,Y) + n(Y)2g(X, X))
_W((n(X)g(X, V) = n(Y)g(X, X)) (Ven)Y

+(n(Y)g(X,Y) —n(X)g(Y,Y))(Ven) X
+9(X, oY) (n(X)(Ven)Y —n(Y)(Ven)eX)).
Corollary 5.1. Let (M, p,£,m,9) be a Ci & Cs-manifold with dim M = 2n+1 > 5.
Then, the curvature of M satisfies the k-nullity condition and the identity:
R(X,Y,Z,W)—R(pX,Y, Z,oW) — R(X,0Y, Z,oW) — R(X,Y, 0Z, pW)
= k(g(X, Z)n(Y) — g(Y, Z)n(X))n(W),
where

1 e(15)(£)*
k= %(5(0(75)(5)) - 527”)-

Proof. Let k be the smooth function defined in the statement. We apply Proposi-
tions 5.1, 4.2 and obtain
T3(X,Y)=kg A (n@n)(X,Y), X,Y € X(M).
Hence R satisfies the identity
R(X,Y,Z,W) = R(eX, Y, pZ, W)
(5-2) = k(g(X, Z)n(Y)n(W) + g(Y, W)n(X)n(Z)
—9(Y, Z)n(X)n(W) — g(X, W)n(Y)n(Z)).
In particular, (5.2) implies
R(X,Y,§) =k(g(Y,Z2)X — g(X, Z)Y),
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namely R satisfies the k-nullity condition. Finally, since in this case Proposition
5.1 entails T» = 0, by repeated applications of (5.2) we get the identity in the
statement. (]

Remark 5.1. We recall that a nearly Kenmotsu manifold is a C; & Cs- manifold such
that ¢(75)(§) = —2n. Hence, the curvature of a nearly Kenmotsu manifold satisfies
the k-nullity condition and the identity in Corollary 5.1 with £ = —1.

In [11] the authors give explicit examples of a.c.m. manifolds satisfying the so-called
(G2)-identity, namely a.c.m. manifolds whose curvature verifies:

R(X,Y,Z,W)~R(¢X.,Y, Z,oW) — R(X,¢Y, Z,oW) — R(X,Y,pZ,oW)
= (9(X, 2)n(Y) = g(Y, Z)n(X))n(W).

Other explicit formulas involving the curvature of a C;_5 @ Ci2-manifold fol-
low by Theorem 4.1 and Proposition 5.2. We pay our attention to a (0, 2)-tensor
field defined in terms of the trace of T3. Considering a local orthonormal frame
{e1,...,ean,&} on a Ci_5 @ C1o-manifold, for any vector field X we get:

p(X,X) = p(eX, pX) = Y T3(X,eq) + T5(X, ).

1<q<2n

It follows that the tensor field p, acting as p,(X,Y) = p(X,Y) — p(pX, 9Y") de-
pends on D7y, h € {2,475, 12}7 ToOTH, h € {3,4,5}, T3 O T1,T3 O T3,T12 O T12,T4 ©
o h € {4,5,12} .

Concerning the *-Ricci tensor p*, which is locally defined by

PrXY) = > R(X,eq,0Y, pey),

1<g<2n
via Corollary 4.1 one obtains

1

p*(f,X) = m

(X = n(X)&)(e(75)(£))-

By Proposition 4.1 it follows that p*(&, X) = 0, for any vector field X on a C; @
Cy & C3 @ Cs-manifold. Furthermore, by a long calculus, one proves that the skew-
symmetric part pf;,, of p* depends on D7, h € {2,3,4,5},7, © 75,h € {1,2} and
Th @ T4, h € {1,2,3}.

Finally, we pay our attention to the interrelation between the results stated
in this section and the ones dealing with the curvature of a. H. manifolds. Let
(N,J" = orn, 9" = girnxrn) be a leaf of the distribution D associated with
a C1_p5 @ Cip-manifold (M, p,&,n,g). We use the symbol / (prime) to denote the
geometrical objects associated with N. For instance, 2’ stands for the fundamental
form of N and for any ¢ € {1,2,3,4} 7/ denotes the W;-component of V'(¥’. By
(3.1) one gets 7/(X,Y,Z) = ;(X,Y, Z), for any X,Y,Z tangent to N. Moreover,
since the minimal connection D on N induces the unitary connection D’ acting
as DY = VLY — %J’((V’XJ')Y)7 for any vector fields X,Y, Z, W on N we have
(DY, Z,W) = (Dx1;)(Y,Z,W),i € {1,2,3,4} . Furthermore, applying the
Gauss equation, Theorem 4.1 and the previous relations, one expresses the Kéhler
defect of N as follows. Considering a local orthonormal frame {eq,...,es,} on N,
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for any X,Y, Z, W € X(N) one has:
R(X,)Y,Z, W) = R(X,Y,J'Z,JW)+ AX,Y,Z, W)
(75)(§)
+ 2n
= - Z ((D/XTiI)(Yv‘],ZvW)_(Dg/Ti/)(XvJ/Z’W))
1<i<4

1
t D D (HX Y Teq) — (Y, X, J'eq)T (eq, Z, T W).

1<q¢<2n1<i,h<4

) (m (XY, Z,W) — (X, Y, pZ, W)

This is consistent with the expression of the Kéhler defect associated with any a.
H. manifold given in [7]. Finally, we consider the algebraic curvature tensor fields
on N, denoted by Cs, Cg + C7 + Cg, acting as

1

C5(X,Y,Z,W) = =(R(X,Y,ZW)+R(JI'X,JY,JZ,JW
8
—R(J'X,JY,Z,W)—R(X,Y,J' Z,JW)
—R(J'X,Y,J'Z,W) - RX,J'Y, Z,JW)

(
R(J'X,Y,Z,JW) - R/(X,JY,]'Z,W)),

1
(Ce+Cr+Cs)(X,Y, Z, W) = §(R/(X’ Y, Z,W)—-R(J'X,JY,JZ JW)).
In this case, for any X,Y € X(N), we have:

1 1
05(Xv Y) = gTQ(X, Y)a (Oﬁ +C7 +08)(X7Y) = §T3(Xa Y)

Therefore, applying Propositions 5.1, 5.2, one gets that C5 depends on D'7}, 7 ®
T4, Ty © T4, 75 © T4, as well as Cg + C7 + Cs depends on D'7/i € {2,3,4},and
(th+11) ©7li €{1,2,3,4}. This agrees with the analogous results proved in [7].
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