Nevsehir Bilim ve Teknoloji Dergisi Cilt 4(2) 35-43 2015
DOI: 10.17100/nevbiltek.211039
URL: http://dx.doi.org/10.17100/nevbiltek.211039

The Completeness of System of Eigenfunctions of 1D Dirac Operators

Hiiseyin Tunal*, Murat Coruh2
YMehmet Alkif Ersoy Universitesi, Fen Edebiyat Fakiiltesi, Matematik Boliimii, Burdur

2Mehmet Akif Ersoy Universitesi, Fen Bilimleri Enstitiisii, Burdur
Abstract

In this paper, nonself-adjoint 1D Dirac operators in Weyl’s limit-circle case are studied. Using Krein’s theorems, we investigate the

completeness of the system of eigenvectors and associated vectors for these operators.
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Bir Boyutlu Dirac Operatérlerinin Ozfonksiyonlar Sisteminin Tamhg

Oz

Bu calismada Weyl limit gember durumunda kendine es olmayan bir boyutlu Dirac operatorleri ¢aligilmistir. Krein teoremleri

kullanilarak, bu operatdrlerin 6z ve asosye vektorler sisteminin tamligi arastirildi.
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1. Introduction

The Dirac equation is a cornerstone in the history of physics. The basic physics of relativistik
guantum mechanics was formulated in the Dirac equation. It provides the origin of spin 1/2 of an electron
and predicts the existence of an antiparticle. The Dirac equation has been applied to realistic models like
hydrogen atom [13]. We refer to the monographs [16], [25], [34] for background and further information
about Dirac operators and their applications.

Dissipative operator is important part of non self adjoint operators. In the spectral analysis of a
dissipative operator, we should answer the question that whether all eigenvectors and associated vectors
of a dissipative operator span the whole space or not.

The first general results on completeness property of non-homogeneous string with dissipative
boundary condition was obtained by Krein and Nudelman [15]. The recent publications [17]-[20] devoted

to the questions of completeness and spectral synthesis for general Nnxn first order systems of ODE

(see also references therein). In [17], [18], [20] it was shown that the completeness property for some
classes of boundary conditions essentially depends on boundary values of the potential matrix and explicit
conditions of the completeness were found. In particular, in [20], an example of incomplete dissipative

2x 2 Dirac operator was constructed. It was shown in [18], [19] that the resolvent of any complete

dissipative Dirac type operator admits the spectral synthesis. Moreover, explicit conditions of the

dissipativity and completeness of such operators were found. It is also worth to mention recent papers [5]-

[9] devoted to the Riesz basis property for 2x 2 Dirac operator (see also references therein).

In this paper we consider the one dimensional Dirac operator L, acting in the Hilbert space

LZA((a,b];CZ) with defect index (2.2). We prove the theorems on completeness of the system of

eigenvectors and associated vectors of the dissipative Dirac operator using Krein's theorems. A similar
way was employed earlier in [3], [4], [11], [12], [30]-[33].

2. Preliminaries
We will consider the Dirac system
(2.1)
_ ; dy(x) _ _ _
L(y) =13 ot B(x)y(x)= AA(x)y(x), xel =(a,b], —o<a<b<+w

with singular point a; where A isa complex spectral parameter and

=[3 o)
=3 o) 290y %)

A(X) >0 (foralmostall Xel );elements of the matrices A(X) and B(X) are real valued,
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continuous functionson | and q(b) #1. Equation (2.1) is the radial wave equation for a relativistic
particle. Spectral properties of (2.1) have been investigated in [1], [2], [22]-[24], [26]-[29].
To pass from the differential expression I(y) = A‘l(x)ll(y) (Xe I) to operators we

introduce the Hilbert space H := L4(I,E) (E:= C?) of vector valued functions with values in C? and

with the inner product
(y.2)= [ (AG)y(x), 2(0)). o

Denote by D the linear set of all vectors y e H suchthat y, and Y, are locally absolutely
continuous functionson | and I(y)e H.
We define the operator L on D by the equality Ly =y.

For two arbitrary vectors Y,z € D, we have Green's formula
(2.2) (Ly, 2)-(y,Lz) =1y, 2], -y, 2],
where [y,2], =W,[y,z]=y,(x)z,(x)= ¥, (x)z,(x), [y, 2], =1im, [y, 2], (see [16], [21]).

We assume that L has defect index (2.2), so that the Weyl's limit circle case holds.

Denote U(X,4)= (31(():(’ jg} v(x,1)= [\\//1(())((’ i;j the solutions of the equation
2\"™ 2 y

(2.3) I(y)= 4y, xel

satisfying the initial conditions
u(b,1)=cosa, u,(b,1)=sina,
v,(b,2)= —sina v,(b, )= cosa.

The Wronskian of the two solutions (2.3) doesn't depend on X, and the two solutions of this

equation are linearly independent if and only if their wronskian is nonzero. It is clear that
W, [u,v]=W,[u,v] =1, xel.

Since L has defect index (2.2) , u,veH, and moreover u,ve D . The solutions
u(x,ﬂ) and V(X,i) form a fundamental system of (2.3) and they are entire functions of
A (see[16] ) Let u(x)=u(x,0) and v(x)=Vv(x,0) the solutions of the equation 1(y)=0
satisfying the initial conditions

u,(b)=cose, u,(b)=sine,
v,(b)= —sina v,(b)=cosa.

Let us consider the functions y € D satisfying the conditions

(2.4) y,(b)cosa + y,(b)sina =0,
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(2.5) [y,ul, +hly,v], =0,

where I'mh > 0, aeR.

3. Main Results
Lemma 1. Zero is not an eigenvalue L.

Proof. Let ye D(L) and Ly =0. Then

; d{j_(xx) +B(x)y(x)=0,

and y(x) =Cqu (X)+ CZV(X). Substituting this in the boundary conditions (2.4)-(2.5) we find that

C,

c,=0;1e,y=0.
From Lemma 1, there exist the inverse operator L™. In order to describe the operator L
we use the Green's function method. We consider the functions V(X) and 9(X)= u(x)+ hV(X).

These functions belong to the space H. Their Wronskian W (v,8)=—1.
Let

(3.1) G(X,t)z{V(X)HT(t), a<x<t<b

v(t)o"(x), a<t<x<b

where ' denotes the matrix transpose. The integral operator K defined by the formula

(3.2) Kf =(G(xt),f), (feH)
is a compact linear operator in the space H. K is a Hilbert Schmidth operator. It is evident that
K=L" Consequently the root lineals of the operator L and K coincide and, therefore, the

completeness in H of the system of all eigenvectors and associated vectors of L is equivalent to the
completeness of those for K . Since the algebraic multiplicity of nonzero eigenvalues of a compact

operator is finite, each eigenvector of L may have only a finite number of linear independent associated

vectors.

Definition 1 ([10]). Let f be an entire function. If for each & >0 there exists a finite constant
C, >0, such that
(3.3) If()| < C, e, 2eC,

then f iscalled an entire function of order <1 of growth and minimal type.

Let us define
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7, (1) =[¢(x.2),u(X)L,,
7,(A)=[¢(x, 2),v(x)],,
t(A)=1,(1)+hr,(1).
It is clear that
o, (L) = {A: 1eC,7(1) = 0}

where GP(L) denotes the set of all eigenvalues of L. Since (o(b,/"t) is entire function of A of

order <1( see [7]), consequently, r(ﬂ,) have the same property. Then r(/l) is entire functions of

the order <1 of growth, and of minimal type.

Lemma 2 ([1], [2]). Let [u,V], :1(as X< b) for some real solutions u(x) and V(X) of

equation I(y) = 0. Then, one has the equality

(3.4) [y, 2], =[y,ul,[z,v], ~[y,v],[z,u],.

Proof. Since the functions y;i(x)  and z(x) (i=1,2) are real valued and

[u,v], =1(a <x< b), we obtain

[y, ul,[2,v], ~ [y, V1, [z.u], = (yl(x)uz(x)— yz(x)ul(x))(i(x)vz(x)— 2o(x)v, (x))

_Y2(X)u1( ) (X) (X)"' y?_(X ul(X)EZ(X)Vl(X)
Y20V, () 21(x)u, (x) + v, (x)v, (x) 22 (x)u, (x)
+yz(X)V1(X) (X) 2 (¥) = ¥, (v (x) 22 (x)u, (%)

Theorem 1. The operator L is dissipative in H.

Proof. Let Y € D, then by Lagrange identity we get

(Ly,y)-(y.Ly) =Ly, I, - [ V1.

Since 'y e D, wehave

(3.5) Ly, yl, =0.
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From Lemma 2,

[y! y]a = [y’u]a[y’v]a _[yvv]a[y’u]a

(3.6) = -2iImh([y,v1, .

From (3.5) and (3.6)

3.7) Im(Ly, y)) = Imh(y,v], )",

andso L isdissipativein H.

It follows from Theorem 1, all the eigenvalues of L lie in the closed upper half plane
ImA > 0.

Let us remind Krein's theorem :

Theorem 2 ([10]). The system of root vectors of a compact dissipative operator B  with nuclear
imaginary component is complete in the Hilbert space H so long as at least one of the following two

conditions is fulfilled:

|imM:0’ or ||mL’BR):0,
p—o Yo, p—® o,

where n+(p, BR) and nf(p, BR) denote the numbers of the characteristic values of the real

component By of the operator B in the intervals [0, p] and [—p,0] , respectively.

Theorem 3 ([14]). If the entire function f satisfies the condition (3.3), then

im Mo ) (o f)
pep o poe P

where N, (p, f ) and N_ (p, f) denote the numbers of the zeros of the function f in the intervals

[0, p] and [—,0,0] , respectively.

Theorem 4. The system of all root vectors of the dissipative operator K is completein H.
Proof. It will be sufficient to prove that the system of all root vectors of the operator K = L™ in (3.2
is complete in H. Since 0(X)= u(x)+ hV(X), setting h=h +1h, hy, h,eR, we get from (3.2)
in view of (3.1) that K = K, +1K,, where

K f =Gy (x1) )y, Ko F =(G,(x1). T),,

and

oy V@) +he(@l, asxsts<b
G {V(t)[U(X)+ h(x)', a<t<x<b
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G,(x,t)=hv(x)V' (t), h, =Imh > 0.

The operator K, is the self-adjoint Hilbert--Schmidt operator in H ,and K, is the self-
adjoint one dimensional operatorin H .
Let L, denote the operator in H generated by the differential expression | and the
boundary conditions
y,(b)cos + y,(b)sina = 0,
[y.ul, +hly.v], =0, h =Reh.

It is easy to verify that K, istheinverse L. Further

(3.8) o, (L) = {A: 2eC, ¥ (1) = 0}
where

(3.9) ¥(4) =7,(1)+hr, (1)
Then we find

(3.10) WD) < C,efM, vaeC.

Let T=-K and T=T +IT,, where T, =-K,, T, =—K,. The characteristic values of the

operator K, coincide with the eigenvalues of the operator L, . From (3.8), (3.10) and Theorem 2, we

have

Iimmzo, or Iimmzo,
p® Y2 po® Y2,

where m+(p,T1) and mf(p,Tl) denote the numbers of the characteristic values of the real

component Tp =T, intheintervals [0, o] and [—p, 0] , respectively. Thus the dissipative operator

T (also of K) carries out all the conditions of Krein's theorem on completeness. The theorem is proved.
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