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ABSTRACT

In this work, cofinitely (weak) g-supplemented lattices are defined and some properties of these lattices are
investigated. It is shown that quotient sublattices of cofinitely (weak) g-supplemented lattices are cofinitely (weak)
g-supplemented. If {a;/0} ;¢; is a collection of cofinitely (weak) g-supplemented sublattices of L and 1 = V¢, a;,
then L is also cofinitely (weak) g-supplemented. It is proved that without loss of generality weak g-supplements
of cofinite elements in compactly generated lattices are compact. An example showing that this is not true for
lattices which are not cofinitely generated is given. A condition is given under which a compactly generated
cofinitely weak g-supplemented lattice is cofinitely g-supplemented.
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Essonlu (Zayif) G-Timlenmis Kafesler
(074

Bu ¢alismada essonlu (zayif) g-tiimlenmis kafesler tanimlandi ve bu kafeslerin baz1 6zellikleri incelendi. Essonlu
(zay1f) g-tiimlenmis kafeslerin boliim alt kafeslerinin de essonlu (zayif) g-timlenmis oldugu gosterildi. Herhangi
sayida essonlu (zayif) g-tiimlenmis kafeslerin supremumu da essonlu (zayif) g-tiimlenmistir. Kompakt iiretilmis
kafeslerde essonlu elemanlarin zayif g-tiimleyenlerinin kompakt elemanlar olarak kabul edilebilecegi kanitlandu.
Bu ozelligin kompakt iiretilmis olmayan kafesler i¢cin dogru olmadigma bir 6rnek verildi. Egsonlu zayif g-
timlenmis kompakt tiretilmis kafeslerin essonlu g-tiimlenmis olmasi i¢in gerekli bir kosul verildi.

Anahtar Kelimeler: Modiiler kafesler, G-kii¢iik elemanlar, G-tiimlenmis kafesler
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. INTRODUCTION

Throughout this paper, L will be an arbitrary complete modular lattice with smallest element 0 and
greatest element 1. A quotient sublattice b/a is the set of elements x € L suchthata < x < b (see
[3]). Ifa v b # 1 for every b # 1 in a lattice L, then a is called a small element of L. It is denoted
bya < L.Ifa < banda # b, thenitiswrittenasa < b. Small elements have the following properties:

Lemma 1.1. ([3, Lemma 7.2, Lemma 7.3 and Lemma 12.4]) LetL be a lattice and a, b € L such thata <
b.

1l.Ifa< b/0,thenaVvc K (bVc)/cforeveryc € L.
2.b < Lifandonlyifa « Land b « 1/a.
3.Letc' K c/0andd « d/0.Thenc'vd « (¢ v d)/0.

An element a of L is said to be essential if a A b # 0 whenever b #= 0 in L. It is denoted by a < L (see
[4]). An element a € L is called a generalized small (or shortly g-small) element if b = 1 for
every b 2 L witha v b = 1anditis denoted by a <, L. Clearly every small element of a lattice L is
g-small, but the converse of this is not true in general (see [8, Example 1]). We have the following
properties of g-small elements:

Lemma 1.2. [8, Lemma 1] The following properties hold for elements a, b, ¢, d of a lattice L.

lLifa<bandb <, L, thena K, L.

2.1f a <4 b/0,then a K, t/0 for every element t € L with b < ¢.
3.1f a<ky L thenavb K, 1/b.

4.1f a Kz b/0and c K, d/0,thenaVvc K, (bVvd)/O0.

An element a of L is called a supplement of an element b ifa V b = 1 and a is minimal with respect to
this property. Equivalently, an element a is a supplement of bin L ifandonlyifavb =1anda A b K
a/0 (see [3, Proposition 12.1]). Reducing the last condition to a A b <« L we obtain the definition of
weak supplements. A lattice L is called a supplemented (respectively, a weakly supplemented) lattice if
for every element a of L there is a supplement (respectively, a weak supplement) in L. Let b be an
element of a lattice L. If 1=avband1 =aVtwitht 2 b/0impliesthat t = b, then b is said to be
g-supplement of a in L. If every element of L has a g-supplement in L, then L is called a g-supplemented
lattice (see [8]). Recently, g-supplemented lattices are introduced and studied by Okten in [8].

If the quotient sublattice 1/a is compact, then a is called a cofinite element in L. Here 1/a is compact
means that 1 = V;cpx; for some finite subset F of I, when1 = V;¢;x; for some elements x; = a. If there
is a (weak) supplement for every cofinite element of a lattice L in L, then L is said to be cofinitely (weak)
supplemented. Cofinitely weak supplemented lattices and cofinitely supplemented lattices are studied in
[1] and [2].

In this paper, we introduce and study cofinitely (weak) g-supplemented lattices. These lattices are
generalizations of cofinitely (weak) g-supplemented modules which are studied in [5] and [7]. Namely,
if there is a (weak) g-supplement for every cofinite element of L in L, then L is said to be cofinitely
(weak) g-supplemented. We give examples of lattices showing that not all generalizations are true. Some
results proved for lattices provide new results for modules.

In Section 2, cofinitely g-supplemented lattices are studied. It is shown in Proposition 2.4 that quotient
sublattices of cofinitely g-supplemented lattices are also cofinitely g-supplemented. It is proved in
Proposition 2.6 that every cofinite element of 1/rad,(L)is a complement in a cofinitely g-
supplemented lattice L. It is proved in Theorem 2.9 that if {a;/0} ;c; is a collection of cofinitely g-
supplemented sublattices of L and 1 = V;¢;a;, then L is also cofinitely g-supplemented. It is shown
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that if [ is a g-supplement of a g-maximal element m of a compactly generated latticeL having zero
socle, then /0 is a g-local lattice (see Proposition 2.11).

In Section 3, cofinitely weak g-supplemented lattices are discussed. It is shown that without loss of
generality weak g-supplements of cofinite elements in compactly generated lattices are compact (see
Proposition 3.2). An example showing that Proposition 3.2 need not be true for lattices which are not
compactly generated is given in Example 3.3. It is proved that quotient sublattices of cofinitely weak g-
supplemented lattices are cofinitely weak g-supplemented (see Proposition 3.4). It is given in Theorem
3.7 thatif {a;/0} ;¢ is a collection of cofinitely weak g-supplemented sublattices of L and 1 = V¢;a;,
then L is a cofinitely weak g-supplemented lattice. We give a condition under which a compactly
generated cofinitely weak g-supplemented lattice is cofinitely g-supplemented (see Theorem 3.9).

1I. COFINITELY G-SUPPLEMENTED LATTICES

In this section, cofinitely g-supplemented lattices are defined and some properties of them are given.

Definition 2.1. A lattice L is called a cofinitely g-supplemented lattice if each cofinite element of L has
a g-supplement in L.

We will use following lemmas in the sequel of the paper.

Lemma 2.2. [8, Lemma 2] An element b is a g-supplement of an elementa in L ifand onlyifav b =1
andaAb <y b/0.

Lemma 2.3. [8, Lemma 5] Let L be a lattice and a, b,c € L withc< a. If b is a g-supplement of a in
L,then b v cis a g-supplement of a in 1/c.

Proposition 2.4. If L is a cofinitely g-supplemented lattice, then the quotient sublattice 1/a is also
cofinitely g-supplemented for every element a of L.

Proof. To show that 1/a is a cofinitely g-supplemented quotient sublattice for an arbitrary element a of
L take a cofinite element b of 1/a. Then 1/b is a compact sublattice of 1/a and therefore 1/b is a
compact quotient sublattice of L. So b is also cofinite in L. Since L is cofinitely g-supplemented, b has
a g-supplement x in L. Therefore, a v x is a g-supplement of b in 1/a by Lemma 2.3.

Recall that the radical of L is the meet of all maximal elements (# 1) in L (see [3]). The radical of L is
denoted by rad(L). Let m be a maximal element (+ 1) of a lattice L. If m 2 L, thenm is called a g-
maximal element of L. The meet of all g-maximal elements of L is said to be the g-radical of L. The g-
radical of L is denoted by rad, (L). If L has no g-maximal element, then rad, (L) = 1 (see [8]).

Lemma 2.5. The following properties hold for a lattice L.

1.rad(L) < radg(L) by [8, Corollary 6].
2.1f a K, L, then a < rad, (L) by [8, Lemma 6].
3.rady(a/0) < rady(L) for an element a of L by [8, Lemma 7].

Recall that if every element a of L is a complement of an elementinL,i.e.avb =1anda A b = 0 for
some b in L, then L is called a complemented lattice (see [3]).

Proposition 2.6. If L is a cofinitely g-supplemented lattice, then every cofinite element of the quotient
sublattice 1/ rad, (L) is a complement.
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Proof. Let a be a cofinite element of 1/ rad,(L). Then a is a cofinite element of L and therefore a has
a g-supplement b in L. Thatis,av b =1and aAb<«;b/0.S0 aAb <rad,(b/0) <rad,(L), by

Lemma 2.5. Hence 1 =aVvbVradyg(L) and aA (b Vrad, (L)) = (aAb)Vrady(L) =rady(L).

Thus, the element b v rad, (L) is a complement of the element a in the quotient sublattice 1 / rad, (L)
of L.

Lemma 2.7. Let m/0 be cofinitely g-supplemented lattice for an elementm of a lattice L and u be a
cofinite element of L. If m vV u has a g-supplement in L, then u has a g-supplement in L.

Proof. Let a be a g-supplementof m vuinL,i.e.(mvu)va = 1land (mVu)Aa <, a/0.Since u is
a cofinite element of L, a vV uis also a cofinite element of L. m/[m A (avVu)] = [mV (aVu)]/(aV
u) = 1/(aVvu). Therefore, m A (a Vv u) is a cofinite element of m/0. Since m/0 is cofinitely g-
supplemented, m A (a V u) has a g-supplement b in m/0. That is,[mA (aVu)]Vb =m and [m A
(aVuw]Ab <y b/0. Now we havel = (mVu)Va=[mA(avw]VvbVvavu=>bVaVu Then
by [3, Lemma12.3]and Lemmal.2 (4),uA(aVb) <[aA(uVb)|V[bA(uVa)]<[aA(mVu)]V
[bAMA(aVu)] <, (aVvb)/0.Thus (aV b) isa g-supplement of u in L.

Lemma 2.8. Let m; be elements of a lattice L for i = 1,...,n with m; / 0 cofinitely g-supplemented for
eachi = 1,...,nandu be cofinitein L. If u v m, v...v.m, has a g-supplement in L, then thereisa g-
supplement of u in L.

Proof. Clear from Lemma 2.7.

Next it is proved that an arbitrary join of cofinitely g-supplemented sublattices is also cofinitely g-
supplemented.

Theorem 2.9. If {a;/0} ;¢; is a collection of cofinitely g-supplemented sublattices of L and 1 = V¢, a;,
then L is also cofinitely g-supplemented.

Proof. Take a cofinite element uof L.1 =V a; =uV (Vigra;) = Vieg (WVa;). Since 1/u is
compact, there exists a finite subset F of Isuch that1 = Viera; = uV (Viera;) = Vier WV a;).
Thus, there is a g-supplement of u in L by Lemma 2.8.

We can define generalized local or briefly g-local lattices as a generalization of generalized local
modules which is defined in [6].

Definition 2.10. If a lattice L has the largest essential element different from 1 or L has no nonzero
essential element, then L is called a generalized local (or shortly g-local) lattice.

Recall that an element a of L is said to be compact, if for every subset {x; | i € I} of L with a < V¢ x;
there exists a finite subset F of I such that a < V¢ x;. If greatest element 1 of L is compact, then L
called a compact lattice. If every element of L is a join of compact elements, then L is called a compactly
generated (or an algebraic) lattice (see [9]). Ifa < b and a < ¢ < b implies ¢ = a, then we say that a
is covered by b (or b covers a). Anelement a of L is said to be atom if 0 is covered by a (see [10]). The
socle of L is the join of all the atoms in L. It is denoted by soc(L) ([3]). In a lattice L if [ isasupplement
of a maximal element m, then the sublattice [/0 is local (see [2, Lemma 2.3]). This is not true for g-
supplements of a maximal element m of a lattice in general. But we have the following result.

Proposition 2.11. Let L be a compactly generated lattice with a zero socle and m be a g-maximal element

of L. If  is a g-supplement of m, then [/0 is a g-local lattice. Moreover [ A m is the largest essential
element (# 1) of /0.
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Proof. lis a g-supplement of m ifand only if [lvm =1and [ Am <, [/0 by Lemma 2.2. Since m <
L, IAm=1/0 by [3, Ex. 4.5]. Sincel /0 isacompactly generated lattice with zero socle, there are
proper essential elements of [/0 by [3, Ex.5.11]. Leta € [/0such thata 2 [/0and a # . Ifa < m,
thena < IAm.Ifa £ m(a £ 1 Am),thensincemismaximal,avm=1.Nowl=IA1=I[A(aV
m) =aV (lAm). Since [Am K, 1/0, a = [. This is a contradiction. Thusl Amis the largest

essential element (+ [) of /0.

[1l. COFINITELY WEAK G-SUPPLEMENTED LATTICES

In this section, cofinitely (weak) g-supplemented lattices are defined and some properties of cofinitely
(weak) g-supplemented lattices are obtained.

Definition 3.1. If every cofinite element of a lattice L has a weak g-supplement in L, then L is said to be
cofinitely weak g-supplemented.

Without loss of generality, weak g-supplements of cofinite elements can be regarded as compact
elements for compactly generated lattices.

Proposition 3.2. If b isaweak g-supplement of a cofinite element a in a compactly generated lattice L,
then there is a weak g-supplement ¢ of a in L such that ¢ < b and c is compact.

Proof. Since L is compactly generated, b = V;¢;c; Where each c; is compact. Thenl =aVvb=aV
(Vierci) = Vier (@Ve;). Since 1 /ais compact,1 = Vier (aV ;) =aV (Vierc;) for some finite
subset F of I. Also ¢ = V¢ ¢; iscompact by [3, Proposition 2.1]. Since c < b, aAc < aA b <, L and
therefore a A ¢ <, L, by Lemma 1.2 (1). Thus c is a weak g-supplement of a in L.

The following example shows that Proposition 3.2 need not be true for lattices that are not compactly
generated.

Example 3.3. Let L = {(x,0) |x € [0,1]} U {(0,y) |y € [0,1]} € R? and define the order < on L
as follows. (a,b) < (c,d) ifeitherb=d=0anda <c;ora=c=0andb<d;orb=c=0 and
a < d. One can easily verify that L is a complete modular lattice with the largest element( 0,1) and
the smallest element (0, 0). Since the quotient sublattice (0,1)/(1, 0) is simple, it is compact. So (1, 0)
is a cofinite element of L. Let a be a real number with 0 < a < 1. Clearly, (0,a) v (1,0) = (0,1) and
(0,a) A(1,0) = (a,0) is small and therefore g-small in L, so (0,a) is a weak g-supplement of
(1,0) in L. On the other hand, there is no compact element in L except for (0, 0), therefore there is no
compact weak g-supplement (b, ¢) of (1,0) with (b,c) < (0,a).

Next result shows that every quotient sublattice of a cofinitely weak g-supplemented lattice is also
cofinitely weak g-supplemented.

Proposition 3.4. If Lis a cofinitely weak g-supplemented lattice, then 1/a is also a cofinitely
weak g-supplemented sublattice for every element a of L.

Proof. Take a cofinite element b from1/a. Since 1/b is a compact sublattice of 1/a, 1/b isacompact
guotient sublattice of L, that is b is cofinite in L. Since L is a cofinitely weak g-supplemented
lattice, b has a weak g-supplementx inL,i.e.x Vb =1and x Ab <K, L. Sincex Ab L4 L, (xVa)A

b=(xAb)Va<,1/a by Lemmal.2(3).SoxVaisaweak g-supplement of bin1/a.
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Now to show that any arbitrary join of cofinitely weak g-supplemented principal ideals is again
cofinitely weak g-supplemented we need following lemmas whose proofs can be obtained by slight
modification of Lemma 2.7 and Lemma 2.8.

Lemma 3.5. Let m/0 be a cofinitely weak g-supplemented sublattice of L for an element m of L and u
be a cofinite in L. If m v u has a weak g-supplement in L, then there is a weak g-supplement of u in
L.

Lemma 3.6. Let m; be elements of a lattice L for i =1,...,n with m; /0 cofinitely weak g-
supplemented for each i = 1,...,n and u be a cofinite element of L. If there is a weak g-supplement
of uvmy V...vmyin L, then there is a weak g-supplement of w in L.

Theorem 3.7. If {a;/0} ;¢; is a collection of cofinitely weak g-supplemented sublattices of Land 1 =
Ve a;i, then L is cofinitely weak g-supplemented.

Proof. Clear by Theorem 2.9.

We know that cofinitely g-supplemented lattices are cofinitely weak g-supplemented. Next, we give a
condition under which the converse of this is true for compactly generated lattices. But first we need
following lemma.

Lemma 3.8. If a cofinite element a has a weak g-supplement b in a compactly generated lattice L and
for every compact element ¢ with ¢ < b, rady(c/0) = c Arady(L), then a has a compact g-

supplementin L.

Proof. Since a is cofinite, 1/a is compact. So, by Proposition 3.2, a has a compact weak g-supplement
cwithc<b,ie.1=aVcandaAc <L, L. ThenaAc < rady(L) by Lemma25(2).SoaAc <cA
rady (L) = radgy(c/0). Since c is compact, rad(c/0) < c¢/0 by [9, Proposition 9 (iii)] and therefore
rad(c/0) <4 c/0.Since a Ac < rady(c/0), aAc K, c/0 by Lemma 1.2 (1). Hence c is a compact
g-supplement of a in L.

Using Lemma 3.8 we obtain the following results.

Theorem 3.9. Let rad,(c/0) = c Arady(L) for every compact element ¢ of a compactly generated
lattice L. Then L is cofinitely weak g-supplemented if and only if L is cofinitely g-supplemented.

Proof. (=) Take a cofinite element a of L. Since L is cofinitely weak g-supplemented there is a weak
g-supplement b of a in L. Therefore, there is a g-supplement of a in L by Lemma 3.8. Thus L is
cofinitely g-supplemented.

() Clear since every g-supplemented lattice is weakly g-supplemented.

Corollary 3.10. Let rady(c/0) = ¢ Arady (L) for every compact element c of a compact lattice L. Then
L is weakly g-supplemented if and only if L is g-supplemented. Furthermore, in this case every compact
element of L is a g-supplement.

Proof. First part is clear by Theorem 3.9 since every element in a compact lattice is cofinite. If c is a
compact element in L, then there is a weak g-supplement b of c in L. Thatis cvb =1andcAb =
cAradg(L) =rady(c/0) K4 c/0. This means that the element ¢, which is compact, is a g-supplement
inL.

Let R be an associative ring with identity and M be a unitary right R-module. Then the radical of M is
defined to be the intersection of all maximal submodules of M and it is denoted by Rad M. If M has no
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maximal submodule, then Rad M = M. Now we have the following analogues of Theorem 3.9 and
Corollary 3.10 which are new for modules.

Theorem 3.11. Let M be a right R-module such that for every finitely generated submodule N of M, Rad
N =Nn Rad M. Then M is is cofinitely weak g-supplemented if and only if M is cofinitely g-
supplemented.

Corollary 3.12. Let M be a finitely generated right R-module such that for every finitely generated

submodule N of M, Rad N = N n Rad M. Then M is weakly g-supplemented if and only if M is g-
supplemented. Furthermore, in this case every finitely generated submodule of M is a g-supplement.
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