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Abstract

In this research paper, the author studies some problems which are relating to harmonic summability
of double Fourier series on Norlund summability. These results constitute substantial extension and
generalization of related works of F. Moricz and B.E Rhodes [1] and H.K. Nigam and K. Sharma [2].
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1. Introduction
Let f(a, B) be Lebesgue integral in the square R(—m, 7; —m, 7) and be of period 27 in each of the variables o and
B. Then the series

oo o0

Z Z Ymn {rmncos ma cos NB + Smn SiN ma cos NP + tyy cos ma sin nf + ¢mnSin ma sin nﬁ} (1.1)

m=0n=0

is called the double Fourier series associated with the function f(«a, 8)([2],[3]) where

1 form=0n=0
Yimn = % form=0,n>00rm>0,n=0
1 form,n>0
1
rmn:—z//f(a,ﬁ) cos ma cos nf da df (1.2)
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1 .
== //Rf(a, B) sin ma cos nf da df (1.3)
tn = // fla, B) cos ma sin nf da dfp (1.4)
Gmn = % = //Rf(oz,ﬁ) sin ma sin nB3 da dp. (1.5)

We have
K@) = e 9) = £ty 0+ 1o - 0+ 5) 4 St =)+ £l - o= 5) =~ 41(a. ) . 16

1.Definition( [4],[5])
Let{p(l) }and {pf)} are two sequence of constants, real or complex.

Let
P = pi i 4y )
PO <m+ﬁm+ﬁm+ P,

We shall also consider a double Norlund transform of {ay,y }. Then the double Norlund transform is

m n

EZZﬁ%lmn (1.7)

V =
FArEpIp

2. Definition([4],[5])
The double sequence {«a;,} is said to be Noérlund summable to a limit V if

Vinn =V, (m,n) — (00, 00). (1.8)
It is also known as summable(N, p£,) , p(2)).

3. Definition([1], [2], [4], [5], [6])
If

=1 form=0,1,2, ...
Pm / (1.9)

pf) =1form=0,1,2,...

then the double Norlund transform reduces to double Cesaro transform of order one. This summability method is
known as Cesaro summability (C,1,1).

4.Definition([1], [2], [5], [6])

1
=—  m=20,1,2 dn® =
m+17m b anp n+17

then the double Norlund summability (XN, p%) , pn ) becomes Harmonic summability and is denoted by (H, 1, 1).

n=0,1,2,..

5. Definition([5])
If, for any v > 1,Vmn — V, (m,n) — (o0, 00)in such a manner that y > ™, v > = then the sequence {;g} is
said to be restrictedly summable N, at(x, y) to the same limit.

There are several results on Norlund summability of Fourier series. Norlund summability of Fourier series
has been studied by the authors[1-16]. This motivates us to study on the Norlund summability of Fourier series in
more generalized as particular cases. Therefore, an attempt to make an advance in this research work, we study on
the double Fourier series and its conjugate series by Norlund method. T. Sing [7] proved the following theorem:
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Theorem 1.1. If

v

A )

where x(y) = f(v+vy) + f(v—y) —2f(y) as v — 0, then the Fourier series of f(u) at
where {p,, } is real non-increasing sequence such that

In this present research paper, we established the following theorem which is
and also the generalized results of [2].

x(y)‘dy = O(

log v—1

n

D

a=2

Pa
aloga

o(Pp).

2. Main Results
Theorem 2.1. If (o, ) — (0,0),

/Oa /Oﬁ X(s,8)|dsdt = o (10;;1 bgifl)
/:ds/oﬂ X(s7t)dt—o(logﬁﬂl),(0<5<w)
and
/;dt/oa X(s,1) ds—o(logO;_1>,(O<5<7r)

then the double Fourier series of f(w, ) at o = z, f = y is summable (N7 p%)pg)
non-negative, non-increasing sequence of constants such that

RO

The following lemmas are required in the proof of our theorem.

n

>

k=2

P\

P
klogk

n

).

v =y is summable (N, p,) to f(y)

the extended forms of Singh [7]

(2.1)

(2.2)

(2.3)

) to f(z,y) where {p)} are real

(2.4)

Lemma 2.1. If {p,} is non-negative and non-increasing, then for 0 < a < b < 00,0 < t < 7 and for any n, we have

i pkei(nfk)t

k=a

< AP[t71].

Lemma 2.2. Under the condition of lemma 2.1,

b

D

k=a

Py sin (nf k+ %)t

int
Sy

1
‘zo(nPn),0<t<.
n

Lemma 2.3. Under the condition of lemma 2.1,

b .
Z D s

k=a

(n—k+3)t

int
S35

1 1
’ =0 |:P[t1]:| fO’/‘ - S t S 0.
t n

(2.6)
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Lemma 2.4. Under the condition of lemma 2.1,

SZ’I’L(TL_I{;"‘ ) ‘:O(l) for0§5<t§77 (28)

S’LTL§

They are uniformly in each of the intervals.

Proof. Let Upypn(z,y; f) = Upy denotes the rectangular (m, n)th partial sum of the series (1.1), then we must have

Unntei )~ 1) = 5 [ [ (e 91D} @)D (e 29)
™ Jo Jo
where
sin (m+ 2
Dy, (a) = (232’71;) (2.10)
2
and
sin(n+ %) p
D3 (B) = ésm §2) 2.11)
where D} () and D? () are respectively denote the Dirichlet kernels.
Let < Vi (z,y) p denote the double Norlund transform of the sequence < V.., — f(x,y) ¢ then
q
an<x y (1) (2)Zzpm lpn g{Ulg_f(:E7y)}7
P Pa™ 120 9=0
ZZ{ WP = / / )Dg(ﬁ)dadﬁ}
n =0 g=0
m . 1 n - 1
ay sin(l+3)1 1 @ sin(g+3)0
/ / { D Pt o) Pgn— 5 — dadf (2.12)
2nPn’ 15 2 2nPy” 150 sin
/ / BN (@)NP(B)dadp (2.13)
where
—l+3)a
N (a P sin (m 2 (2.14)
"o p&l) Z sing
and
— g+ l) 8
NO(@) Z @ snl=gts)d (215
P,(LQ) smg
Also equation (2.13) can be written as
Vo) = fle) = [ [ 3@ a)ND @N (5)dads

<// // // //) BNV (a) NP (B)dadp

= 11 +]2+[3+I4 say (216)
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by hypothesis and using the results of equations (2.6) and equations (2.7), we easily obtain

| 14]

Also, for I3,

Thus

o Je

(P&’P,?) / /T

< ’l’le)PTLQ)

o(1).

I3

BNV (a)N 2 (B) dadﬁ’

x(a, BN ()N ()

dadﬁ)

/ Do [ " (e HNP(B)ds

= /;an da{/ /} BN®
= I31+132 say.
a| = <p<1> A / aﬁ’dﬁ>

- O(Pm> O<1ogn>

= o(1).

Again by equation (2.6) and equation (2.7) and hypothesis,

where

I3

(o

1 T P . T T
= (/ Oy

(|13,2,

do

1) +o(Iz2.2) say

B
- / (@B)ldw
0

and I3 21 and I3 2 » stands for two inner integrals.

113,211

(2)

(8)dp

1 g P[ -1 1
- - T _n P® il
o (P’r(nl)Pfr(?) /5 da{ T (bl(Oé,T) nry ¢1(Oé, n)})
1 - 1] ﬂ'd T d
\emam 7 i o), el ) +o

N
pYlog n

)|de. d5> (as N?(B), NV (a) are even function)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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and
()
1 T B
= 0 W g |X1 o, w | w
)
1 "ol B
= 2.22
’ P(l)P@)/; B log(%) 222
Also,
T ) n
/ 6dpw}/ L[, po
1+ log(3) L 58 1 ylogy |7 W
for
Jj+1 1 1 j+1 1 +1
/j ylogy [ W] = jlogj J; W |~ jlogj [
: (2) (2) (2) (2) (2)
jlogj{(J+ S }<jlogj{] TR }
for
(2) (2)
2D :
) @) (2) 2 Pj D;
Py Spy and kp <pp < = —
SR BT jlogj o jlog
thus,
n (2) (2)
1 (2)] 2P, P
d|xP, < A+
/1 ylogy { =] Z jlog j JlogJ
0 (P,(f)) . (2.23)
Now, by hypothesis equation (2.4) and using the equation (2.23) and equation (2.13), we get
13,21 = o(1). (2.24)
Combining equations (2.18), (2.19),(2.20), (2.21), (2.22), (2.23) and (2.24), we get
|I5] = o(1). (2.25)
Similarly, we can show that
|Iz| = o(1). (2.26)
Now, for I,
L = / / BN () NP (B)dadp
- ([ // L L) semn s
= ha+ha+Lis+14 say. (2.27)
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Then by (2.6) and (2.7)

L] = (// |mndad5>

1 1
o(mn)o <log m log n)

= o(1). (2.28)

Similarly,
I, 5] = o(1
2] = o) (2.29)
[11,3] = o(1)

and

4 T P, Pa 1 1
[e—1] F[B1] _ (1) (2) (2)
/L L (Oé,ﬁ)‘ a ﬁ dO[d,B - X((Sa T)(sP[(S 1]7 P[T 1] P[‘r 1]

( Paly 1o [ P
—7P2 ot 7P11/ 1
[71/‘“‘7 PO SR (O‘/B)[g}

Thus,

L p
L ) R ) PO
P a8

|14 = (
1

where o(1) corresponds to the integrated part in (2.29) and Ci, C; and Cs are repetitively denote the remaining
there integrals

Ca= 021)} . (2.31)

Again for Cy4

pw r 2
o /5 o o Ty / i d[Pm—u}
4 = 0 1 1
1 log(=) a 1 log(3) B
= o(PPR) (2.32)
as in (2.23), using the estimate (2.31), we get from (2.30) that
[11,4] = o(1) (2.33)
thus
[I;| = O(1). (2.34)

Combining equations (2.17),(2.23),(2.24),(2.34), we get equation (2.16). Which competes the proof of the theorem. O
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Conclusion

Mathematical analysis is primarily concerned with the notion of limit of a sequences of real or complex number

which forms the basis for study of infinite series. The general theory of the convergence and Summability of a
double Fourier series has also been discussed by [1-16]. In 1913, in connection with the study of summation by
arithmetic means of double Fourier series corresponding to function having discontinuities along a curve Moore [16]
was led to the introduction of the notion of restricted summability of a double series. This differs from summability
in the general sense in that the indices of the sequences whose limit is involved, become infinite in such a manner
that there ratios remain bounded by two ordinary positive constants.
Corresponding to the classical tests for convergence of ordinary Fourier series, tests for pringsheim convergence of
the double fourier series have been given by a number of writers. A main point of difference in which double, or
multiple, Fourier series differ from ordinary series is the fact that the behavior of the former, as regards convergence,
divergence, or oscillation, at a point, does not, as in the later case, depend only on the nature of the function in a
neighborhood of the point, but upon its nature in cross-neighborhood of the point. The purpose of this research
paper is to formulate the least conditions for Norlund summability of double Fourier series. The main theorem for
No6'"rlund summability of double Fourier series provide more stability to the system. Summability methods are
used to decrease error. In this research we may find that our main theorem is a extended version by which many
well known results on summabilities, can be obtained that is shown in above part. A function of two variables may
be associated with a double fourier series.
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