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Abstract

We present existence and uniqueness results for a class of higher order anti-periodic fractional boundary value
problems with Riesz space derivative which is two-sided fractional operator. The obtained results are established
by applying some fixed point theorems. Various numerical examples are given to illustrate the obtained results.
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1. Introduction

Recently, many researchers have investigated a large range of problems including fractional differential equations. A variety of
scientific areas such as physics, polymer rheology, regular variation in thermodynamics, biophysics, blood flow phenomena,
aerodynamics, electro-dynamics of complex medium, viscoelasticity, biology, control theory, etc involve fractional differential
equations. Some applications and detailed explanation of fractional differential equations can be found in the books [1, 2, 3]
and references [7, 29, 16]. Geometric and physical interpretation of fractional differentiation and integration can be found in
the paper [27]. Existence results for fractional differential equations have studied and developed by many authors; see the
books [26, 4, 2] and references [11, 12, 24, 15,9, 26,4, 2, 17, 18, 19, 30, 31, 39, 41, 42, 43, 44, 45] and references therein.

Much of recent works on fractional boundary/initial value problems involve Riemann-Lioville and Caputo derivatives in the
literature. Unfortunately, these fractional operators are one-sided operators which hold either past or future memory effects.
Unlike these fractional operators, the Riesz space fractional operator is two-sided operator which holds both the history and
future non-local memory effects. This is important in the mathematical modelling for physical processes on a finite domain
because the present states depend both on the past and future memory effects. As an example, Riesz fractional derivative has
been used for the memory effects in both past and future concentrations in the anomalous diffusion problem [13, 5].

Numerical solutions of the fractional calculus, specifically in the anomalous diffusion that involves the Riesz derivative
have been presented in [13, 8, 5, 38]. Analytical and numerical solutions for fractional differential equations using different
definitions for fractional derivatives and integrals have been proposed and studied in the literature [28, 32, 33, 34, 35, 21, 36, 37].
Recently, there are papers on existence and positive solutions for the fractional boundary value problems with the Riesz-Caputo
derivative [14, 25, 20].

The mathematical modelling of many physical phenomena can be expressed in terms of anti-periodic boundary value
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problems [10]. Recently, a large amount of papers are devoted to anti-periodic boundary value problems, for example, see
[22, 23] and references therein.

In this paper, we study the existence and uniqueness of solutions for the following anti-periodic boundary value problem of
the Riesz-Caputo fractional differential equations

RoDYu(n)
u(0) +u(T)

F(nu(m)) ve(23, 0<n<T,

0, «'(0)+u(T)=0, u"(0)+u"(T)=0, (1.1)

where R%D¥ is the Riesz-Caputo derivative defined below and F : [0,7] x R — R is a continuous function.

The remainder of paper is organized as follows. Section 2 introduces some preliminaries, definitions and lemmas which are
useful in proving main results. Section 3 provides some sufficient conditions for the existence and the uniqueness of solutions
of the problem (1.1) with anti-periodic boundary conditions. Finally, some numerical examples are given to illustrate the
applications of the main results in the last section.

2. Preliminaries

This section is devoted to some important definitions and lemmas that will be needed in the sequel.

Definition 2.1. [26] Let v > 0. The left and right Riemann-Liouville fractional integral of a function f € C[0,T] of order v
defined as, respectively

I f(x) = ﬁ/ox(x—s)"*lf(s)ds7 x€[0,7T].

IV f(x) = F(lv)/xT(sx)v_lf(s)ds, x€[0,T].

Definition 2.2. (Riesz Fractional Integral) Let v > 0. The Riesz fractional integral of a function f € C[0,T] of order v defined
as

1 T
f(x) = / —sV! T].
0. Tf(x) ZF(V) o |X S'| f(S) dS, DAS [Oa ]
Note that the Riesz fractional integral operator can be written as
1
o 1) = 5 (B0 + 11" () @1

Definition 2.3. [26] Let v € (n,n+1],n € N. The left and right Caputo fractional derivative of a function f € C"*1[0,T] of
order v defined as, respectively

1 X
§DLF(0) = o [ = s = e )
n+1
CD}ff(x) = r*((,,l_:)liw /XT(Sfx)n—Vf(r&l)ds — (71)n+1(T1n+1—an+1)u(x)'

where D is the ordinary differential operator.

Definition 2.4. Let v € (n,n+ 1],n € N. The Riesz-Caputo fractional derivative R%D"f of order v of a function f € C"1[0,T)]
defined by

/ ‘ s‘n vf (n+1) ( )
(CDVf( )+ (=)™ 1EDEf(x))

((I(r)l+1—an+1)u(x) + (71)n+1(T111+1—VD11+1)u(x)> )
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Lemma 2.5. [26] Let f € C"[0,T] and v € (n,n+ 1]. Then we have the following relations

n—1 f(k) (a)
e

LDy f(x) = f(x)—

n—1 (_1\k £(k)
D7) = £~ ¥ O

In the case when v € (2,3] and f(x) € C3(0,T) we have
oI FGDY£(3) =5 (RSDYF() — 11 DE £ ()

=) = 5 (F(O)+ £(T) = 3 (7 O)+ F ()t 2 f/(T) 2

2

L 1 T° —2Tx 1"
= O+ (D)) = ——=——=f"(T).

The following fixed point theorems will be needed to establish the existence results.
Theorem 2.6. [6] Let M be a closed convex and nonempty subset of a Banach space X. Let A, B be the operators such that
(i) Ax+ By € M whenever x,y € M;
(ii) A is compact and continuous;
(iii) B is a contraction mapping.
Then there exists u € M such that u = Au+ Bu.

Theorem 2.7. [6] Let X be a Banach space. Assume that O is an open bounded subset of X with ® € O and letT : O — X be a
completely continuous operator such that

[Tull < lull, Vuedo.
Then T has a fixed point in O .
Lemma 2.8. Assume that g € C([0,T],R). A unique solution u € C3([0,T]) of the following fractional boundary problem

RCDyu(n)=g(n) ve(2,3, 0<n<T,

2.
u(0)+u(T)=0, ' (0)+d(T)=0, u"(0)+4"(T)=0, 23)
is given as
21? ZTT] r v-3 T v-2
o) =gy y 79" 8 ds— sp [ =9 () s .
v v—1 .
Py, sl sds
Proof. We infer from (2.2) and (2.3) that
1 1 / / T /
u(n) =5 (u(0) +u(T)) + 5 (u (0) +u(T)n — sul(T)
2.5)
1 " 7 2 ZTT] // v— 1
LW O+ )+ s [ o eGo)as
The anti-periodic boundary conditions u(0) + u(T) = 0, u’(O) +u(T)=0, u"(0)+u"(T)=0imply that
_ T, s —2TT] " 1 T v—1
) = (1) + ==l () s [ =5l s(5) s 2.6)
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Then,

1

() == Zu' (1) + oD

: 7 "0 — 5 2g(s)ds —

-1 /T)T(S—n)vzg(s)d&

1 T

u" (1) :m/on(n —5)V 3g(s)ds + F(%—Z)/n (s—n)" g(s)ds.

Hence, we have

W (T) = — Z(;/T(T_S)H (5)ds) + ;/T(T— $)"2g(s)ds
2\T(v-2) o ST vy L T S
2.7
(1) =t [ (1) g(s)ds
I'(v—2)Jo '
Plugging the equations in (2.7) into (2.6) gives
2T%—2Tn (T v3 T r v2 1T vl
”(n)—m b (T —s) 8(S)ds—m/o (T —s)"""g(s)ds ‘*‘W/O In—s|""g(s)ds,
which completes the proof. O

3. Existence of Solutions

We prove the main results of the paper in this section. Let C[0, T] be the space of continuous functions u defined on [0, 7] with
the norm [|u| = supy, (o 7 [u(n)|. We assume the following conditions on F" are satisfied.

(H1) F satisfies a Lipschitz condition in the second variable, that is,

‘F(nau)_F(nav)‘ §L|“—V|»Vn € [O,T],M,VGR.

(H2) F is dominated by a L! function, that is,

|F(n,u)| <€(n),¥Y(n,u) €[0,T] xR, and £ € L'([0,T],R").

Theorem 3.1. Let F € C([0,T] x R,R) satisfy the assumption (HI) with

(v +1)
T TV®+v(v+1))

Then the problem (1.1) has a unique solution.
Proof. We convert the problem (1.1) into a fixed point solution of operator .7 : C([0,T],R) — C([0,T],R) defined by

2T% 2T (T
(Fu)(n) :m b

T
+1"(1v)/0 In —s|V71F(s,M(S))ds7 n €[0,7].

v— T g v—
(T —5) 3F(s7u(s))ds—m/0 (T —5)Y"2F (s,u(s))ds

We shall prove that the operator .7 has a fixed point by showing that .7 is a contraction. To this end, we first demonstrate that
KTV(8+v(v+1))
2I(v+1)

TS, C S, where S, = {u € C([0,T],R) : ||u|]| < r} withr > and K := sup, c(o 71 [F (7,0)|. Foru € S,, we
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have

2T% 2T (T

(T 5o [ (=)l ds+ s [ (=9 2 sl as

I'(v—1)Jo

1 T v—
vl AR AN

2T -2Tn (T

st =9 Sl - PO+ [P0 ds+ s [ (=9 1F(.u(s)

— F(s,0) + |F<s,o>|>ds+r(1v) / "0 = sV F (s,u(s)) — F(s,0)] + |F(5,0) ) ds

2T% -2Tn (T

S(LF+K)(74F(V—2) A (Ts)v_3ds+21_(§_ 1)/()T(Ts)‘/_zds+ F(lv)/on fs|v_1ds)
TV v(v+1))) <r

§(Lr+K)(r(v+1)(2+ ;

Next, for u,v € C([0,T),R) and for any 1 € [0,7T], we get

[(Zu)(n) = (7v)(n)|

2 _
e [ =9 )~ Fls (o) ds
T T 1 T
bty (79" Gl ~ Flsw(oDlds+ s [ = F(ssu(s) = Fls sl ds
272 -2Tn (T v T T v [ v
SL”M—VH(m 0 (T—s) q3615"‘1‘m/0 (T—S) 2ds+m/0 ‘n—s‘ ldS)
< (e 25D vl < =L

This shows that .7 is a contraction. Therefore, the Banach fixed point theorem tells us .7 has a fixed point which is a solution
to the problem (1.1). O

Theorem 3.2. Let F € C([0,T] x R,R) be a completely continuous function. Assume that the conditions (HI) and (H2) hold
LTY(v+1)

aT(v) < 1. Then the fractional boundary problem with anti-periodic boundary conditions (1.1) has a solution on

[0,7].

IOl v(v+1)
C(v+1) 4

Proof. LetS, ={u € C([0,T],R): ||u|| < r be the ball of radius r with r > ), where [|€]| 1 = [y |€(s)|ds.

We define two operator .# and . on S, given by

(T =g [ 10" Pl

_21*-2Tq T
S 4r(v-2) Jo (

T

21“(311)./0 (T —s)""2F(s,u(s)) ds.

(FLu)(n) : T —s) " 3F(s,u(s))ds —

For any u,v € §,, as above, we have

[Ty v(v+])
C(v+1) 4

[Fu+. | < )<

Hence, it follows that .Zu+ .7v € S, whenever u,v € S,. It can easily be shown that .% is a contraction using the assumption



On the Solutions of the Higher Order Fractional Differential Equations of Riesz Space Derivative with Anti-Periodic
Boundary Conditions — 176/179

ZW < 1. The continuity of .# follows from the continuity of F. Moreover, % is uniformly bounded on S, as follows.
(Fa)] g [ 19" IF(s o)) lds + s [ (5 m) ! F(s,uts)las
I'(v)Jo L(v)Jy
<t [l tass [Mo-nya)
<o+ (- < Tl

We now show that the operator .% is compact on S,. For u € S,, we first estimate the derivative (Zu)'(n):

|(Fu) ()] gﬁ JA "(n—s><V*2>\F(s»u<s>>\ds+ﬁ /n (s M) (s.als) | ds

v—1 _ v—1 v—1
(o oy,

™ T Tw ST

3.1

= BT,L,V;

where BT,L,v is independent of the function u. Therefore, for any 1,12 € [0,T] with 17 < 12, we have
2
[(Fu)(m) — (Fu)(n2) :/n [(Fu)(s)|ds < Bry(m—m).
1

Hence, .7 is relatively compact on S,. It follows form Arzela Ascoli Theorem that .% is compact on S,. As a consequence
of Theorem 2.6, we infer that .% + .7 has a fixed point which is a solution of the problem (1.1) on [0, 7]. Thus the proof is
completed. O

(n,u)

Theorem 3.3. Assume that lim,,_q = 0. Then the problem (1.1) has one solution.

,u . . . .
Proof. lim,_ 1.4 _ 0 implies that there is a 8 > 0 such that |F(n,u)| < €|u| for 0 < |u| < §, where € is chosen such that
TV v(v+1)
(2 ) <1 3.2
(r(v+1)‘ teg))es (3.2)

Set S, ={u e C([0,T],R) : ||u|| < r and let u € JS,, that is ||u|| = r. As before, the continuity of the operator & follows from
the continuity of F, and, as before, it can be shown that .7 = .% +.¥ is bounded on S,. Note that |(Tu) = (Fu) + (FLu)'|
where (Zu)' is given by (3.1) and (.u)’ is given as

v—1
P01 = sy [ TPt as <
Hence,
v—I1
() < UL

Therefore, for 11,1, € [0,T] with 171 < 12, we have

m
((Zw)'(m) = (Tu) (m)| < /n [(Tu)'(s)]ds < Li(m2—m).
1
We deduce that .7 is equicontinuous on [0, 7] . Hence, in view of the Arzela—Ascoli theorem, the operator .7 is completely
continuous. Morevover, we have

T v(v+1)

St )el,

(Fwm < (5

which implies || 7 u|| < ||u|| for u € dS, in light of (3.2). As a consequence of Theorem 2.7, the operator .7 has a fixed point
which is solution of the problem (1.1). O
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Remark 3.4. The results in this paper can be applied to obtain the existence results for nonlinear third-order ordinary
differential equations with anti-periodic boundary conditions [40] by taking v =3

<
—~
=
~
+
<
—~
~
~—
I
=)
:\
—
=
~—~
+ ~—
=\
—~
~
~—
I

u"(0)+u"(T) = 0.

4. Numerical Examples

In this section, numerical examples are given to show the applications of the result of this paper.

Example 4.1. Consider the following fractional boundary problem with anti-periodic boundary conditions

3 1 u(n)
RC1y2
D =— 2  0<n<l,
P = oz 0= 1S @
u(0)+u(1)=0, ' (0)+u'(1)=0, u"(0)+u"(1)=0.
. 1 u(m) . 5 1 ..
Here, F(s,u(s)) = BT mErta(n) T =1and v =3. We have |F(s,u) — F(s,v)| < z|/u— v|/,hence the condition
u
v v(v+1
(H1) is fulfilled with L = %. Also, we calculate F(L\/T+1) 2+ ( 1 )) ~ 0.3150 < 1. Therefore, the fractional boundary value

problem (4.1) has a solution by Theorem 3.1.

Example 4.2. Consider the following fractional boundary problem with anti-periodic boundary conditions

“GDYu(n) = w2 (m) +3(n +2)(u(n) —tanu(n)), ve(23], 0<n<l,
u(0)+u(1)=0, ' (0)+u'(1)=0, u"(0)+u"(1)=0,

_ 32 B _ . . F(n,u)

where F(s,u(s)) =u*(n))+3(N+2)(u(n)—tanu(n)), T =1andv € (2,3]is any real number. We have lim,_ =

u
0, hence the condition of Theorem 3.3 holds. As a result of Theorem 3.3, the fractional boundary value problem (4.2) has at
least one solution.

5. Conclusion

This paper concerns with the existence and uniqueness for fractional differential equations with the Riesz space with anti-
periodic boundary conditions in Banach spaces. With the help of Banach’s contraction principle and some fixed point theorems,
existence results have been presented. As a special value of the fractional order, the results are extended to nonlinear third order
ordinary differential equation with anti-periodic boundary conditions. Some examples are given to illustrate the theoretical
results.
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