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w —compatible maps;
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of type (a);

w —compatible maps
of type (8); Modular
A —metric spaces

In this article, we have established three new types of compatible mappings named w —compatible
maps, w —compatible maps of type (@)and w —compatible maps of type (f)in modular A —metric
space. Then, by using these definitions we examine the relations between them. The results in this
article generalize many known results in the existing literature.

Modiiler A —Metrik Uzaylarda Cesitli Tipte w —Bagdasabilir Doniisimler

Anahtar Kelimeler Oz

w —bagdasabilir
doénustimler; (a) tip
w —bagdasabilir
dénustmler; (B) tip
w —bagdasabilir
donisimler; Modiiler
A —metrik uzaylar

Bu makalede, modiler A —metrik uzaylar Uzerinde w —bagdasabilir doéntsumler, (a) tip
w —bagdasabilir dontstimler ve () tip w —bagdasabilir donistimler olarak adlandirdigimiz Gig yeni tip
bagdasabilir dontsim tanimladik. Bu tanimlari kullanarak aralarindaki iliskileri arastirdik. Bu makalede
elde edilen sonuglar literattirde var olan ve iyi bilinen birgok sonucu genellestirmesidir.

1. Introduction

In the last quarter of the 20th century, the problem
of finding common fixed points of mappings that
satisfied the contraction condition began to attract
a lot of attention. In 1986, Jungck generalized the
Banach contraction theorem using compatible maps
and obtained the common fixed point theorem
(Jungck 1986). After this, Jungck et al. (1993) gave

the concept compatible maps of type (A) and
Pathak et al. (1996) also gave the notion compatible
maps of type (P) in metric spaces. The fixed point

theory for these mappings in metric spaces and
different generalized metric spaces was extensively
studied by many mathematicians (Cho et al. 1998,
Kutukcu and Sharma 2009). On the other hand,
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Aydin and Kutukcu (2017) introduced the modular
A—metric space by a generalization of the
concepts of the modular metric (Chistyakov 2010
Jand the A — metric space (Abbas et al. 2015). We
also introduce the notions of W— compatible maps,

w— compatible maps of type (a) and w-—

compatible maps of type (,B) in modular A-—

metric space which is important for fixed point
theory. And then,
relationships between these maps. We believe that

we examine some basic

it will create an important infrastructure for
researchers who want to work in fixed point theory.
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2. Material and Method

Now, we will give some basic properties of modular
A — metric spaces.

Definition 2.1 Let y be a nonempty set. A function
A, :(0,0)x x" —[0,0] is said to be a modular

A—metric on y if it satisfies the following

conditions

MAL) A, (U;,U,,Us,..., U, 5, U, ) 20,

MA2) A, (U;,U,,Ug,...,U,_;,U, ) =0 if and only if

u=u,=..=uU_,=U,
MA3)
Azi+,12+...+,1ﬂ (ul’UZ’u37""un—1’un)

< Aﬂi(ul’ulf""(ul )n—l’a)
+A, (Uy,Uy,..,(U, ), 4,2)

+A, (U, Uy

’(un )nfl ’a)

for all U,aey, A4 >0, i=1n and 21>0. A
nonempty set y together with a modular A—

metric is called a modular A — metric space (Aydin
and Kutukcu 2017).

Lemma2.2 Let (x,A) be a modular A—metric
If for all

A(-u,,U,,...,u. ) :(0,00) - [0,] is continuous, then

space. u,,...u, € ¥, the mapping

the following equality is true

A (uu,..,u,v)=A, (V,v,..v,u)

for each u,ve y and 1 >0 (Kaplan 2021).

Theorem 2.3 For each u,,u,,...,U, € ¥, the mapping

A(-u;,U,,...,u. )1 (0,00) > [0,00] is continuous in

(;{, A) modular A — metric space. Then, there are
the following inequalities such that
A (uu,...,u,w) <(n-1)A, (u,u,..,u,v)

+A, (W, W,...,W,V)

and

A, (u,u,...,u,w) S(n—l)A%(u,u,...,u,v)

+A, (V,V,...,V, W)
for each u,v,w e y (Kaplan, 2021).

Proposition 2.4 For each wu,u,,.,u, €y, the

mapping A(-Uy,Uy ..U, ) 1 (0,00) — [0,00] is

continuous in (;(,A) modular A — metric space.

Then, the following inequality

A (Uu,. U V) <A, (U, U V) <A, (UU,.,uY)

n n?

A

<
2

is satisfied for

S

<4 (Kaplan 2021).

>

y=R. A function

A, :1(0,0)x y" —[0,0] defined by

Example 2.5 Let

A, (U, g U,) =

'~ n-1'"n

+H|u, = Ug| +[u, —u,|+...+|u, —u,|

+|un—2 _un—1| + |un—2 _un|
+|un—l _un|]

l n
HZZ‘“i _ui‘

i=li<]

foreach A >0 and U;,U,,...,U, € ¥.

Then, (yx, A) is a usual modular A -metric space.

Example 2.6 Let ;(:[0,6] and define a modular
A —metric A, :(0,00)X;(n —)[O,oo] by

u; u

g’ —g

2 i

]

A, (U Uy ety ) =D
i=1

foreach u;,u,,...,.u, € 7.

Thus, (x,A) isa modular A—metric space.

745
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Definition 2.7 The open ball of center U, € ¥ and
radius r >0 in a modular A — metric space (;(, A)
is the subset

Ba, (Up,r) ={vex: Al(vyv,.vu)<r}

(Kaplan 2021).

Definition 2.8 Let (y, A) be a modular A — metric

space, let U € y be apointand let{U, }_, < ¥ be

sequence. We say that
L {u)

A (u.,u,U,,...u,u)—>0 as kK> o

converges to u if

for all A >0. That is, for each ¢ >0,
there exists K, (8) € IN satisfying
A (u.u,u,,.,uu)se  for all
k>k,.
{u, } is said to be a Cauchy sequence if
A (u,u,,u,....u,u.)—>0 as
k,m— o0 for all A > 0. Thatis, for all
£ >0, thereexists k; (¢) € IN such that
for all k,m=>Kk,,
A (u,u,u, .U )< e,
iii. (x,A) is complete if every Cauchy
sequence in y is convergent in y
(Kaplan 2021).

Theorem 2.9 The limit of a convergent sequence in
a modular A — metric space is unique (Kaplan 2021)

Theorem2.10 Every convergent sequence in a
modular A— metric space is a Cauchy sequence
(Kaplan 2021)

3. Results

Definition3.1 Let (;(, A) be a modular A — metric
space and let i,77: ¥y — x be two self-mappings.
We say that the pair (,u,?]) is a W—compatible if

we have that

|iI’TO10A/I (ﬂﬁxk,---,ﬂﬂxk,ﬂﬂxk) =0

k—

where {Xk} is a sequence in y such that
lim ux, = limnx, =t for some point te y and
k—>o0 kK—o0

A>0.
Example 3.2 Let y =IR and define a function

A, :1(0,0)x y" —[0,00] by

Al(xl,xz,...,xn)zii i ‘xi —xj‘

N3 o
forall >0 and X;,%,...%, € 7. Then, (7, A) is
a modular A — metric space. Let g,77: y — y be
defined on y by u(x)=x’and 7(x)=x° for
each such  that

xey. Take {x}

1
X, :E, k =1,2,... In this case, we have

. .1
am k. =lim-z =0
. .1
fimmx. =lim.s =0

1
Moreover, unX, = and nuX, :k—6 . Thus, the

K

pair (/1,77) is W — compatible maps since
1M A, (407X 11X T, )

. 1 11
= Jim A, [k—k—k—]

imAA o1
Coen| kS kS| [k K®

1 1

" Kk

+ ..+

|

Example 3.3 Let ;(z[O,Z] and define a function
A, 1(0,0)x y" —[0,0] by

A (X Xy X)) = D0 7
i=1 joi+l

forall A >0 and X,X,,...X, € ¥. Then, (;(,A) is

a modular A —metric space. Then, (}(,A)is a
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modular A—metric space. Also, define
Mty —> x by
1, Xe[O,l]
X)=
#x)= e xe(1,2]
2
2, x=1
U(X): X+3 1
4 i)
for each xey. Take ({x} such that
1

X, :1_F’k =1,2,... In this case, we have

ux, =1

Akl
= "k

mn% =1

X, = 2.

Thus, the pair (/1,77) is not w—compatible maps

since

l!'_tg) A (/J77Xk e HITXy Wﬂxk)
= lim Ai(l,...,l,Z)

k—o0

. [|ee| \eeﬂ]
=lim| —+...+—
k—o0 A A

e—¢’

=lim(n-1)

k—o0

#0

Definition 3.4 Let (;{, A) be a modular A — metric
space and let u,77: y — x be two self mappings.

We say that the pair (,u,f]) is a W—compatible

maps of type (a) if we have that

lim A, (pmX %% ) =0
0

lim A, (12X, 1paXy o g%, )

where {Xk} is a sequence in y such that
lim ux, = limnx, =t for some point te y and
k—o0 k—o0

A1>0.

Example 3.5 Let y =[0,6] and define a function

A, 1(0,0)x y" —[0,0] by

n n eXi_eXi‘
A (X Xg X ) =D D —
i=1 j=i+1 A
forall 2 >0 and X;,X,,....X, € 7. Then, (;(,A) is
a modular A—metric space. Also, define
My —x by
X, xel0,3 6-x%x, xe|0,3
W)= SR - o
6, Xe[3,6] 6, Xe[3,6]
for each xey. Take {x} such that
X, :3—%,k =1,2,... In this case, we have
k
lim ux —Iim3—i =3
k—)oolu k _k—>oo k2 B
lim7x —Iim6—3+i =3
k~>oc77 k _k%w k2 -
and
1 1
unx, =6 nuX =6-3+—=3+—
k k
1
nnx, =6 Ay =3—p

Thus, the pair (,u,n) is w—compatible of type

(a) since

1im A, (X XX
—1limA,(6.6,....6)

k —o0

|e® —ef|+ |t e+t [e* — e
=lim

k —o0 /1
=0
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1im A, (120X 11 1o X, )

= lim Al£3+i2,3—i,...,3—ij
k

k—w k2 k2
1 1 1 1
3+— 3-— 3-—= 3-—
e K_g K¥ly tle ¥_g ¥
=lim
k—w l
=0

But, the pair (y,iy) is not w—compatible maps

since

=limA, [6,6,...,6,3+k—12j

k—o0
_ 1
6 3+k—2
6 6 6 6 € —-€
_ ‘e —e‘ ‘e —e‘
=lim + 4.+
k—w /1
1
3 -
e _g K
=[im
k—o

#0.

Example 3.6 Let ¥ = IR and A be afunctionon y
defined by

Al(xl,xz,...,xn)zgzn: Zn: ‘xi —xj‘

i=1 j=i+1

forall >0 and X,X,,...X, € 7. Then, (;(,A) is

a modular A-—metric space. Also, define
unixy —>x by
2, x=0 3, x=0
X)=49 1 X)=49 1
'u() — x=0 77() —, x=0
X X
for each Xxey. Take ({x]} such that

X, =K, k=1,2,... In this case, we have

) .1
limux, =Ilim—= =0
k—>oolu k k—>w k3

. .1
limpx, =lim— =0.
k—>o0 k%ook
Also,

HiX =K ux, =K, = kK=, pux, =k
Consequently, the pair (/1,77) is w—compatible
maps since

1im A, (47X 7% T )
=lim A, (k**,...k* k**)

k—)oo
33
=lim= ‘x. X ‘
1 ]
k>N S
. A
- I|m—Uk15 —k15\+...+\k15—k15ﬂ
k—>w n
=0

But, the pair (/1,77) is not a w— compatible maps

of type (a) since

1im A, (mX XX, )
=lim A, (k** k*,...k*)

k—o0

= lim iﬂk“” L S R kZSH

k—o N
o A 15 25
_!Lrgoﬁ(n—l)\k —k?*|

= o0
I!L”JOA/I (ﬂﬂxk THHX e fuxk)
=lim A, (k* k°,...k?)

k —o0

— lim ka“ L R S S R kg\]

kK —o0 n

—lim 2 (n-1)[c -k

k—o0 n
= 00,
Proposition 3.7 Llet umnp:y—>y be two
continuous maps in (;(,A) modular A — metric
space. If the pair (,11,77) is w— compatible maps,

then itis w— compatible maps of type (a).
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Proof : Assume that x# and 1 are w—compatible
maps and {,uxk} and {nxk} converge to same

t e X forasequence of {X} inthe y. We have

Iim gipax = lim pnx, =

lim X = lim npx, = nt

since the maps x and 7 are continuous. Moreover,

we obtain
I!'_TO A, (,U77Xk THITX e HTTXy ’ﬂluxk) =0
since the pair (/1,77) is w—compatible maps.

A, (T X oo X ) = A, (T X X, )

<AL (XTI X )

n

+ A (X eI T, )

n

+ A (B oo LK 11X )

n

from the above inequality,
1im A, (74X oo 2%, ) = 0
is obtained. In a similar vein,

1im A, (40X 10X, e 111% ) =O0.

Consequently, the pair (/1,77) isa w—compatible

maps of type ().

Proposition 3.8 Llet unp:y—>y be w-—
compatible maps of type (a) in (;(,A) modular

A — metric space. If at least one of £ and 7 are

continuous maps, then they are w-—compatible
maps.

Proof : Assume that the map 7 be a continuous map

and {ux,}and {nxk}converge to same te y. In

this case, we have

lim7px = limpnx =t

since the map 7 is continuous. We can write the

following inequality from the condition (MA3)

A (,mek veees HIPRSTIHX )
<A, (11X o HITX 111X, )

n

+ A (HI7X e MK 1T )

+ A (X 1o T TTTTX, )

n

Moreover, we obtain
lim A, (122X, 1%, e p112%, ) =0
n

0

lim A, (X 11m7%, ent11%, )

since the pair (/1,77) is a w— compatible maps of

type (a). From the above equalities,
I!'_TO A, (,L”?Xk THITX e HITXy ’ﬂﬂxk) =0

and the pair (/1,77) is w— compatible maps.

Corollary 3.9 Let u,7: y — y be two continuous
maps in (;(,A) modular A — metric space. If the
pair (,u,ﬂ)is W — compatible maps if and only if it

isa w— compatible maps of type (a).

Definition 3.10 Let ()(, A) be a modular A — metric
space and let u,77: ¥ — y be two self mappings.

We say that (,u,77) is a W—compatible maps of

type (,B) if we have that
lim A, (upXy s a1, ) =0

where {Xk} is a sequence in y such that
lim ux, =limnx, =t for some point te y and
k—o0 k—o

A>0.
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Example 3.11 Let y = IRand define a function
A, :1(0,0)x 7" —[0,0] by

Al(xl,xz,...,xn):%i Zn: ‘xi —xj‘

i=1 j=i+1

forall >0 and X;,X,,....X, € 7. Then, (x,A) is

a modular A—metric space. Also, define
uniy—x by
5 x=0 1, x=0
X)=141 X)=141
'u() —, x=0 77() —, x=0
X X
for each Xey. Take {Xk} such that

X, =K, k=1,2,.... In this case, we have

lim zx,

=lim—= =0
k—o0 k—o0
. 1
imax = limge: =0
and unXx, = k® T, = k6,7777xk = kghu,uxk =k*.

Thus, the pair (/1,77) is w— compatible maps since

'!Lril A, (,U77Xk vy HITX, ,ka)
=lim A, (k°,...k° k°)

k—o0

L ‘xi—x.
i3 %
=m%ﬂk6—k6\+ +]k® =k |

But, the pair (/1,77) is not a w— compatible maps

of type (,B) since

1M A, (L% veees X, 1771 )
=lim A, (k*,... k* k%)

k—o0

= lim lﬂk“ LR SE S EaH SN

_ !ergoz(n—l)‘k4 —kg‘

= 00,

Example 3.12 Let's take modular A — metric space
and the pair (/1,77) is given at the Example 3.3. Itis
not w-—compatible maps and w-—compatible
maps of type () but it is w— compatible maps of

type (). Really, define u,n: y — y by

, Xe[O,l]
X)=
ﬂ() XLl, Xe(l,Z]
2
2, x=1
X)=
77() x+3, «z1
4
for each XxeX. Take {Xk} such  that
X, zl—i,k =1,2,... In this case, we have
x =1 X _ k-1
HXy X 1K
« =1 « 16k -1
HHR nnx 16k

unx =1 nux =2

The Example 3.3 shows that the pair (,U,T])is not
W — compatible maps. Now, let's show that it is not

a w-—compatible of type (a) but it is a w—
compatible of type (,B) From Definition 3.4, the

pair (/1,77) is not a w— compatible of type (a)

since
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lim A, (7% 1%, 1eel111X, )

_lim A2(1,16k_1,...,16k_1]

ke 16k 16k
16k-1 16k-1 16k-1 16k-1
e—e 1k |+le—e 0k |+ . +|e 10k —e 16K
= lim
k—o A
. (n-1 -
=Inn( )e(l—e mk}
k—o0 A

=0
l!ile,i (ﬂﬂxk VX e ﬂxk)
:!LrQAﬂ(Z’l""’l)

kz—ﬂ+k2—Q+“:qe—q

=lim
k—o0 /1
:Hmﬁﬂ:ihe?—q
k—o0 /1
_ (n_l)‘ez _e‘
A

From Definition 3.10, the pair (,u,n) is w—

compatible of type (,B) since

1M A, (42X veee, Xy 1177%, )

= lim Ai(l,l,...,l,li:;lj

k— o
B 16k-1] ]
e—e 16k
_|le—¢| |e—¢|
=lim + + ...+
koo /{ )1 ,%

16k-1

iim Ml

k—o0 A
=0

Proposition 3.13 Let (y,A) be a modular A-

metric space and u,17 1 ¥y — y be two continuous
maps. If the pair (,U,T]) is w—compatible maps,

then itis w— compatible of type (,B)

Proof: Assume that the maps g and 77 are w—
compatible maps and {,uxk} and {nxk}converge
to same t € y for a sequence {xk}in the y. We
have

lim gux, = lim unx, = ut

K —o0 k—o0

limpux, = limpnx, =nt

K—>a0 K—o0

since the maps & and 7 are continuous. Also, we

get

|il’2 A (/”7Xk rees HIPRSTIHX ) =0

k—

since the pair (y,n) is w—compatible maps.

Thus, from the following inequality
A, (X oo 111X ) < A (X )
n

+A£ (yyxk ,...,/mxk)+ ot A& (7777Xk ,...,myxk)

SAi(yyxk,...,ynxk)+...+Ai(,u,uxk,...,,unxk)

AL (X oo 1X ) et A (X X, )
n? 2

we obtain

1im A, (upaXy , paXy oo X, ) =0.

Consequently, the pair (/1,77) isa w— compatible

maps of type(,B).

Proposition 3.14 Let be w-—

Hnnix—>x
compatible maps of type (,B) in (;(,A) modular
A — metric space. If the maps ¢ and 7 are

continuous maps, then they are w-—compatible
maps.

Proof: Assume that the pair (,u,n) is a w—
compatible maps of type (,B) and {,uxk} and
{nxk} converge to same t € y for a sequence of

{X.} in z.We have
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Iim giex, = lim gnpx, = pit
limux, = limpnx, =t

since the maps 4 and 7 are continuous. Thus, we

know that

A, (0%, e, )
<AL (X oo X ) ot A (T ey X )

n n

<A (X oo X ) + A, (£Xp oo 2% )

+A, (77,uxk ..... 7777X|()+...+Ai(77,uxk ..... 7777Xk)

n? n?

+ A, (X et X, )

nZ

from condition (MA3). Thus, we obtain
!'_)T) A, (A”?Xk ey HITXy ’Uﬂxk) =0.

Then, the pair (/1,77) is w— compatible maps.
Corollary 3.15 Let 1,77 : ¥y — y be two continuous
maps in ()(,A) modular A — metric space. If the
pair (,U,T]) is w—compatible maps if and only if it
isa w—compatible maps of type (,B)

Proposition 3.16 Let (x,A) be a modular A-

metric space and u,17 1 ¥y — y be two continuous
maps. If the pair (,U,I]) is a w—compatible maps
of type (,B), then it is a w—compatible maps of
type (a).

Proof: Assume that the maps & and 7 are w—
compatible maps of type (,B) and {,uxk} and
{nxk} converge to same t € y for a sequence of
{X} inthe y. Inthis case, we have

lim gux, = lim unx, = ut

kK —o0 K —o0

limnpux, =limnpnyx, =nt

k—o0 k—o0

since the maps x and 7 are continuous. Also, we

get

1im A, (X e s, 7717%) = 0

since the pair (y,n) is a w— compatible maps of

type (,B) Thus, we obtain
lim A, (47X, oo X, 1777%, ) =0

from the following inequality

A, (X oo XTI )
<AL (KX ooy X 12X, )

n

+ A (X 1o T 2%, )

n

+..+ A& (’7’7Xk yeen ITIX ,,u,uxk)

n

In the similar vein, we have
1M A, (122X ooty 112, ) =0

Then, the pair (/1,77) is a w— compatible of type
(@)-

Proposition 3.17 let unp:y—>y be w-—
compatible maps of type (a) in (;(,A) modular
A — metric space. If at least one of ¢ and 7 are

continuous maps, then they are w-—compatible

maps of type (ﬂ)

Proof: Suppose that the map x be a continuous
map and {,uxk} and {nxk} converge to same

t € y. In this case, we have
lim zux, = lim pnx, = ut
k —o0 k—o

since the map u is continuous. We know that
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A (X s XTI )
<A, (HX oo X T )

n

+ A (X e X 11X )

n

+ A, (171X oo X 111X, )

n

from condition (MA3). We have

1im A, (122X, X, e p112%,) =0

n

lim A, (X XX ) =0

since the pair (y,n) is a w—compatible maps of
type (a). Also, ;!I_To A, (77X X e miX, ) = 0.
n

From the last inequality, we know that
1im A, (4 roeesiaX 1% ) =0.

Then, the pair (,u,n) isa w—compatible maps of
type(,B).

Corollary 3.18 Let 1,17 : ¥ — y be two continuous
maps in (;(,A) modular A — metric space. If the
pair (/I,U)is a w— compatible maps of type (a) if

and only if itis a w— compatible maps of type (,B)

4. Conclusion

This study
compatible mappings, W— compatible maps of type

introduces the concepts of WwW-—

(a) and W—compatible maps of type(,B) on

modular A —metric spaces. The relationships

between these mappings are examined and

necessary inverse examples are presented.
Different types of compatible mappings concepts
can be defined and with the help of these
definitions, common fixed point theorems can be

proved.
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