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1. Introduction

Investigations on indicating the existence and uniqueness of fixed points of self-mappings have several
applications in mathematics, economics, engineering, and statistics. In the mathematical aspect, fixed point
theory is worth investigating by its applicability in various problems that consist of differential and integral
equations, approximations, games, and so on. For these reasons, to determine the existence and uniqueness of
(common) fixed points and coincident fixed points in different types of metric spaces, the researchers working
in the different branches of mathematics pay attention.

The notion of a parametric metric space is defined by Hussain et al. [1]. According to this definition, the
distance between the points of the space takes values according to the parameters. Since the measurement tool
depends on the parameters in these spaces, it can be thought as the parameterized extension of the classical
metric. This idea has taken attention by several authors and applied to the weak and strong forms of the metric
spaces. Rao et al. [2] presented parametric S-metric spaces and proved common fixed-point theorems in
parametric S-metric spaces. Later, Cetkin [3] introduced the concept of parametric 2-metric spaces and
investigated some of their characteristics and fixed-point results. Different versions of parametric metric spaces
and investigations on fixed points of the proposed spaces have been considered by several authors [4-8].
Besides, the notion of soft metric spaces introduced by Das and Samanta [9] is one of the generalizations of
metric spaces based on the parameterization tool. In fact, soft metric is a crisp distance function which
measures the distance between two soft points in any soft universe. That is, the parameterization tool is used
just for the points of the soft universe. Nowadays, research on soft metric spaces and their fixed-point theorems
is prevalent. By expanding the role of the parameterization tool in the parametric metric spaces and soft metric
spaces, Tungay and Cetkin [10] defined the concept of a parametric soft metric space and observed the basic
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features of these spaces. Hence, by using the parametric soft metric, one measures the distance between two
soft points according to some parameters chosen in the soft universe.

This study aims to show the existence and uniqueness of fixed soft points and common fixed soft points
of self-soft mappings described on a (complete) parametric soft metric space. Hence, by providing the
parametrized distance between two soft points, where the parameters are soft real numbers, we observe
extensions of some fixed-point results in the proposed spaces. This study is arranged in the following manner.
In section 2, we recall some basic notions and notations necessary for the main sections. In Section 3, we
discuss the existence and uniqueness of fixed soft points in parametric soft metric spaces. In section 4, we
show under what conditions two self-soft mappings have common fixed soft points.

2. Preliminaries

This section mentions the concepts and the findings that we need to understand in this manuscript.

Definition 2.1. [11] Let X denote the nonempty universal set, and E represent the set of parameters. Then, the
mapping F: E — P(X) is called a soft set over the universe X, denoted by the pair (F, E). The collection of all
soft sets over the universe X, with the set of parameters E, is represented by SS(X, E).

Definition 2.2.[12] Let (F,E) and (G, E) be two soft sets over X. Then, the set operations for soft sets are
defined as follows:

(1) (F,E) is asoft subset of (G, E) and write (F,E) & (G,E) if F(e) € G(e), foreache € E.

(2) the union of (F,E) and (G,E) is a soft set (H,E) = (F,E) U (G, E), where H(e) = F(e) U G(e), for all
e€E.

(3) the intersection of (F,E) and (G,E) is a soft set (K,E) = (F,E) N (G,E), where H(e) = F(e) N G(e),
foralle € E.

(4) (F,E) is called an absolute soft set denoted by X, if F(e) = X, foralle € E.
(5) (F,E) is called a null soft set denoted by @, ifF(e) =0, foralle € E.

Definition 2.3. [13] A soft set (F, E) is called a soft real number if the mapping F is a parameterized family
of nonempty bounded subsets of the real line, i.e., F: E —» B(R). For simplicity, soft real numbers are denoted
by the symbols #, 3, and the constant soft real numbers are denoted by 7, 5, £. For instance, 0 represents the
zero soft real number which means that 0(e) = 0, for all e € E. Moreover, R(E)* denotes the collection of
non-negative soft real numbers.

Definition 2.4. [13] The pair (R(E)*, <) is a partially ordered set. Here, the order " < " is the natural order of
reals over the parameters.

Definition 2.5. [9]
(1) A soft point over X is a soft set (P, E) if there is exactly one A € E such that

{x}, ife=2

P:E - P(X); P(e)={®, if e+ A

Therefore, it is indicated by the symbol Py .
(2) If P(1) = {x} € F(2), then P} € (F,E).
(3) Py = B ifandonly if A = pand x = y. Thus, P’ # P, ifand only if 1 # por x # y.

The notation SP(X) indicates the family of all soft points of the universe X.
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Definition 2.6. [13] Let § denote a family of soft points. Then, the induced soft set by taking off all collection
elements is symbolized by SS(S). Besides, the notation SP(F, E) represents the family of all soft points of the
soft set (F,E).

Definition 2.7. [14] Let (F,E;) € SS(X,E;) and (G,E,) € SS(Y,E;). Then, the pair (¢,¢):=
©y: SS(X,E1) > SS(Y, E,) is called a soft mapping. Here, ¢: X — Y and ¥: E; — E; are the crisp functions.
In this case, the image and the preimage of the soft sets (F, E;) and (G, E,) under the soft mapping ¢, are
also soft sets which are defined as follows, respectively.

op(EED)0 = | ] oFE) vkeE,
e€yp=1(k)

and

93 ((GED)(e) = 07 (G(¥(e)),Ve € Ey

If ¢ and ¢ are both injective (surjective), then the soft mapping ¢, is said to be injective (surjective).

e — ¥
e X RE )
y ——— “ = e
¥ - ~ Y r . - ~ Y
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Figure 1. Graphical representation of a soft mapping

Definition 2.8. [10] A parametric soft metric on X is a mapping d: SP(X) x SP(X) x R(E)* - R(E)* which
satisfies the following axioms.

(P1) d(P}, R, t) =0, forall £ S 0 if and only if Py = P,

(P2) d(P}, P}, t) = d(B}, Py, ), forall £ S 0.

(P3) d(P},P),t) £ d(Pf, B, t) + d(B7, B, B), forall Py, B, P7 € SP(X) and all £ 5 0.
In this case, X is said to be a parametric soft metric space and represented by the pair (X, d).

If the parameter set is one-pointed, then this definition turns to the original parametric metric definition
of Hussain et al. [1]. Besides, in a case when one considers the interval (0, o) instead of R(E)*, then Definition
2.8 coincides with the definition of Bhardwaj et al. [8]. If one also considers the parameter set is one-pointed
for the parameters only, then Definition 2.8 coincides with the soft metric definition of Das and Samanta [9].
Hence, our definition can be thought as the parametric extension of the parametric metric, soft metric and soft
parametric metric, since both of the points and the parameters of the distance function are all have softness.
Example 2.9.[10] Define a mapping d: SP(X) x SP(X) x R(E)* —» R(E)* by follows: forall £ S 0

1, Pf+Pp
d(Pf,p),E) == g
( At ) 0’ Pj( — Puy

Therefore, d is a parametric soft metric over X.
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Example 2.10. [10] Let R be the set of all reals and define a mapping d: SP(R) x SP(R) x R(E)* - R(E)*
by follows: for each t > 0,

d Py B, o) =t[lx -yl +|A—al]
Then, d is a parametric soft metric over R.

Definition 2.11.[10] Let (X, d) be a parametric soft metric space.

(1) If lim d(P’;",P,{‘, t) =0, for all £ S 0, then the sequence of soft points {Pf"

n

} is convergent to a soft
nenN

point P{* € SP(X). This is denoted by P, — P} or lim P, = P}".
n n—-oo

n

(2 If lim d(P™ P ™) = 0, for each T S 0, then the sequence of soft points {Pf"} satisfies the
n,m—oo n m n NneN

Cauchy property.

(3) If each sequence of soft points that satisfies the Cauchy property is convergent to some point in the given
space, then the space is called complete.

Definition 2.12. [10] Let ¢y (X,d;) — (¥,d,) be a soft mapping between parametric soft metric spaces.
Then, the continuity of ¢, at P;" in X, is described sequentially in the following manner:

n—-oo

if for any sequence {Pf“} such that lim P, = Pf, then lim gy, (B = @y (PY).
n neN Tl

3. Main Results

This section is devoted to investigating the existence and the uniqueness of the (common) fixed soft points of
self-soft mappings in the parametric soft metric spaces.

Lemma 3.1. Let (X, d) be a parametric soft metric space. Then, the sequence of soft points {PA’C”} . satisfies
n Jne
the Cauchy property if the following equality is satisfied for all k € [0,1)and n € N.
d (B i B) 2 kod (B, B ) 1)
Proof. Letm > n > 1 be chosen. Then, it implies that the following for all £ S 0,

d (P pimE) Zd(Bi B E) + d (BE, B E) + 4 d (BEM, PEM )

An+1’ Anaz

S (k™ + k™M 4+ k™ 1)d( A"i,t) )

kn
1-k

-~ X X

= d (B, piE)

Assume that d(P’[‘)",P/fi1 ,£) S 0. Since k < 1, if one taken limit as m,n — +oo in the previous inequality,
then the following is gained

lim d(Px" me t)=0 3)

n,m—oo

As a result,

—~

Pf“} satisfies the Cauchy property. Also, in case d(P° P, ',£) =0,we have
nenN

S

d (P/{:l", P/{:nm, E) = 0, for all m > n and hence the result is clear.
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Theorem 3.2. Let (X, d) be a complete parametric soft metric space and Oy (X,d) - (X, d) be asurjective
soft self-mapping. If there exist non-negative soft real numbers such that @ + 8 + 7 S 1 satisfying the
following for all P}, B} € SP(X) and for all £ 5 0.

d(py (PY), @y (B)),T) 2 @ad(Py,B),t) + B d(P, oy (P),E) + ¥ d(B), @y (B)), ) (4)
then there exists a fixed soft point of ¢, .

Proof. By the assumptions, it is evident that ¢, is an injective soft mapping. Let &, denote the inverse
mapping of ¢, , for simplicity. Choose PA’;" € SP(X), and set a sequence as follows:

By =0, (By) B =8, () = 83 (By) o B = 6, (B) = 0,77 (B)

Let us choose P, x" t# P foraII positive integers (otherwise, if there exists some P, o such that Pf""‘l1 =
no—

1o , then P, " is a fixed pomt of ¢y, . By the condition (4), we gain the following mequalltles

Tl

d (an 1 an‘t) = d(<p1lJ ((pw -1 (&n : )) » (% 1 (&:n))'f)
@d (o () ot (50).6) + B (o™ (B) 00 (00 (B22)) 1)

+yd (01 (20 0y (0y 72(P1)). ) ©

= QA3 (B0, 8, (B, ) + BA(B, (B, B, ) + (8, (B, B, )

VA

n xn+1 Xn Xn— xn+1 Xn
= ad (B E) + Bd (B B E) + 7d (B, B )
By arranging the right side of the previous inequality, it is obtained that
A-BdE "1 P™MD 2 (@ +7) A B (6)

If@ +7 = 0,then B S 1. This fact contradicts with the inequality (6). Thus, @ + ¥ must be non-negative and
1-p8 So.
B

This implies the following result in the case k = —= < 1 and for all n € N U {0}

a+y

|

AR B D) 2 k(R B D) @
By repeating (7) n-times, we obtain the following inequality for all £ S 0,
~ —n
d(PA’;’:;l,PA’;”, £) < k d(P, P, D) (8)
By Lemma 3.1, {Pf"} satisfies the Cauchy property.
n JneN

So, by the hypothesis, {Pf"} converges to some soft point P;” € SP(X). Now since @y Is surjective, we
n JnenN

may write B” = ¢, (P#y ) for some Puy € SP(X). Taking into consideration, we obtain that
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d(prrei) =d(oy (B0) 00 (B)E)

a d(P/{::T' P;Ly' a + E d(P;::l, Py (P}LJ::_T)' D +v d(Puy’ Py (Puy)’ a (9)

IA

=ad(P ™ B0 + B AR BT +7 d(B PP, E)
This inequality witnesses the following result in case n tends to infinity
0= (a+ 7)d(B),B7,0) (10)

As a result, Puy = F,” is obtained as claimed.
Corollary 3.3. Let (X, d) be a complete parametric soft metric space and POy (X,d) - (X,d) be asurjective
self-soft mapping. If there exists a constant k = 1 satisfying for all P}, B}’ € SP(X), Py # B, and for all £
S0,

d(py (PO, @y (B, D) 2 k d(Pf, B, D) (11)
Then, there exists a unique fixed soft point of ¢, .

Proof. By the previous theorem, in the case 8 = y = 0and @ = k, the existence of the fixed soft point is
clear. So, it is sufficient only to prove that the uniqueness. To do this, let us suppose the converse. That is, let
P, B7 be two fixed soft points of ¢, , then from condition (11), we obtain the following

d(Pwl P]/Zl E) = d((pll) (Ppw)' q)l[) (P]/Z)' D E l—{ d(Pw' P]/Z' a (12)
which implies d(P, B?,t) = 0, that is P” = P7 as desired.

Corollary 3.4. Let (X, d) be a complete parametric soft metric space and @y be asurjective self soft mapping
in this space. If the following is satisfied for some positive integer n and a soft constant k = 1,

d(ey(PY), @y (B),B) 2 kd(Pf, B, D) (13)
forall Py, B € SP(X), P’ # P}, and for all £ S 0, then there exists a unique fixed soft point of ¢, .

Proof. By the previous corollary, qo{lﬁ has a fixed soft point, such as . However, <p{j,(<p¢ (B?) =
Oy (<p{l5(Ppw)) = @y (B7). So @y (B)is also a fixed soft point of the soft mapping <p{;,. Hence
@y (P) = PP. Since the mappings ¢, and @y, have the same fixed soft points. The result is obtained.

Definition 3.5. Let §, and ¢, be two self soft mappings of the soft universe X. Then, 8, and ¢y, are said to
be weakly compatible if §,(Py) = @y, (P)), for some P € SP(X) and 8,(@y (PY)) = @y (8,(PY)).

Theorem 3.6. Let (X, d) be a complete parametric soft metric space and &,,, Oy ()? d) - (X, d) be the weakly
compatible mappings such that ¢, (X) < 8, (X). If the following inequality holds for some k = 1 and for
all Py", B € X,

d(8,(PY), 8,(B)), 8) = kd(py (P, ¢y (B D) (14)

and if besides one of the images ¢y, X) or 6p()?) is complete, then these mappings have a unique common
fixed soft point in X.
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Proof. LetP/ff)0 € SP(X) be taken arbitrarily. Since ¢, (X) < 6, (X), choose Pﬁl such that B! =
8, (Plxl) =@y (Pf") . In general, choose F;f;’:l such that

P)M1 = §,(P™1) = ¢y (P, then from the condition (14) we gain the following

HUn+1 TL+1

1
d(P;;’:l P;Zﬁzz t) = d(fpw ( ) Py ( )::1) ) Ed(Pyn Puj;n:f ) (15)
By repeating (15) (n + 1) —times, we obtain the following

(P}, PYme2 £) 2 pn¥ig(ple, P ) (16)

HUnt+1’ " Hns2’

1 - ~
where £ = e Hence for n > m, we have forall ¢ > 0,

d(Pﬂin’Pﬂ)::ln'f) g (PYn P:Vn+1 t) + d(PYn P:Vn+1 t) 4+ o + d(PM);rln_—ll’Pﬂ)::ln’t)
(17)
g (?n + :gn+1 4+ o+ ?m—l ) d(PJ;O,PH}?,E)

The previous inequality witnesses the fact that if n and m tend to infinity,

n,m—oo
P for some P;” € SP(X). Hence, we get

lim d(P"" P)m,£) = 0. Therefore, {P/f‘"} Nsatisfies the Cauchy property and by the hypothesis P;™ —
n Jne n

limP)" = lim Oy ( ) = lim §, (PA’;") = B? (18)

n—-oo Hn n—-oo n—-oo

Since one of the soft images ¢y, (X) or &,(X) is complete and ¢, (X) <€ 6, (X), 6,(R}) = P for some
PV € X. Now from (14), we have for all £ S 0,

1
d(py (B, 0y (B").T) 2 =d(8,(R), 8, (B0), ) (19)
This implies the following for all £ S 0
o~ 1 _
d(py (PV),P7,T) < Ed(ap(af),prI’, t) (20)

The last inequality witnesses the fact that ¢y, (B7) = F,” . Therefore ¢y, (BY) = 8,(B)) = B”.

Since ¢y, and &, are weakly compatible self-soft mappings, we have &8, (@y, (B7)) = @y (6,(B))), that is
8,(B”) = ¢y (B”). Now we show that F;” is a fixed point of §, and ¢, . From (14), we have

d(8,(B7), 8,(Pi™), D) 2 k d(py (B ), py (B, D) (21)
If one takes limit as n — oo in (21), then the following inequality
d(6,(B"), B, 8) 2 kd(py (B7), B, D)) (22)

implies the fact that §,(P°) = B°. Hence, we have 6,(F”) = @y (F”) = B7.
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Uniqueness: Let us suppose the converse, that is, let B> # Py be two common fixed points of the given self-
soft mappings. Then, we have_d(8,(P®),8,(P7), 1)) = kd(py (PF), @y (PF), D)), forallt S 0,_which
witnesses the fact that B° = B;. Hence, we get uniqueness.

Theorem 3.7. Let (X, d) be a complete parametric soft metric space and Oy, 6p: X — X be two surjective self

soft mappings which satisfy the following conditions for some soft real numbers @, 8 and k such that&@ >
1+ 2kandf > 1 + 2k.

d(@y 6,(P1), 8,(P1), D) + kd(py 8,(P1),PL D) = @ d(6,(P), Py, ) (23)

and

for all P € SP(X),all £ S 0. If one of the soft mappings is continuous, then they have a common fixed soft
point.

Proof. Choose a soft point P;° € SP(X). Since ¢y, is surjective, P,.° = ¢y, (P;.*) for some P* € SP(X).
Since &, is surjective, too, P,12 = &) (P/{il) for some ,{;2 € SP(X). Continuing this process, we may set a

sequence of soft points {PA’;"} in such a way that
neN

Xon _— X2n Xaon _ X
P = gy (Bm1) and BEm = g, (B2),vn e N U (0 (25)

Azn

Now forn € N U {0}, we have

d(q’lp 8 (Px2n+2) 5 (Px2n+2) D + kd(¢w 5 (Px2n+2) x2n+2 D > ad (5 ( x2n+2)'P/1’:i:;2'E) (26)

12n+2

Thus, we get

d(pxzn Px2n+1 t) + kd( xzn Px2n+z t) E ad (Px2n+1 Px2n+2,f) (27)

Aan ? " Aonsr’ Aan ’ " Aans2 ’ Azn+1 ’ Aan+2
Since

d(PxZn Px2n+2 t) g d(P/{:iln P;:ilnﬂ t)+ d( x2n+1 Px2"+2,f)

Aan ’ " Az’ Aan+1 ’ Aant2

Hence from (27),

=1
&

+

d (Px2n+1 Px2n+2, f) g

A2n+1 ’ Aant2

X2 X2n+2
d (B, pnee ) (28)

/’lZn+2

bl

QI

On the other hand, we have

d(5p Py (Px2n+1) Py (Px2n+1) D + k d( Py (Px2n+1 Px2n+1 ﬂ > ﬂd(q’w (Px2n+1 Px2n+1 t‘) (29)

l271+1 12n+1 12n+1 12n+1

Thus, we have

d(&ii’:‘ll'Pﬁzn t)-l- kd( pXen-1 Px2n+1,_) E ( pXan p x2n+1'f) (30)

Aan-1 "' Aans1 Aan " Aans1

Since
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d (szn—l Px2n+1, f)

Aan-1’" Aan+1

d(szn—l szn, f) + d( xZn Px2n+1 t)

Aan-1’"Aan Azan+1

And from (30), we have

&

d (Bm, plent ) 2 EREL (Bjns, pfen ) 31)

Aan ' Azn+1

| I
=

T+k T+k =
>0

Let # = max { = ,___} Then, by combining (28) and (31), we have foreachn € N U {0} and t

d (B, P ) 22d (P B E) (32)
By repeating (31) n-times, we get foralln € N u {0}andall£ S 0
d(Bon, P £) 27 d (PR, I E) (33)

By Lemma 3.1, {PA’;"}%N satisfies the Cauchy property. Then by the hypothesis, the sequence converges to
some soft point as P - P So, xz’:l — P and P, szz - P If @y, is continuous, then ¢, (Px2"+1) -
@y (P7). But ¢y, (PxZ"“) "fl" PP. As aresult, ¢, (P) = P. By the surjectivity of &,, we have
8,(P”) = B;? for some soft point P?. Now
d(@y (8,(P),8,P2),8) + kd(ey (6,(PP),P2,t) S ad(s,(P?),PY,t)
implies that
kd(P®,Pf,t) S ad(PZ,P2,1).
Thus, we gain the following
d(P®,P?,t) < gd(Ppw, P?,t)
Since @ S k, we conclude that d (P, P, t) = 0.S0 P = PY.
Hence, ¢y, () = 6,(P;”) = P;°. This completes the proof as claimed.

4. Conclusion

Fixed point theory is essential in the surveys given in metric and topological spaces. Several authors have
applied/embedded this theory in different metric spaces and applied sciences. Since the solutions of integral
and differential equations are based on the fixed-point theory constructed in normed spaces, in this merit, we
decide to investigate the existence and the uniqueness of fixed soft points of self-soft mappings in parametric
soft metric spaces, which spaces the parameterization tool plays the key role. Moreover, the studies on fixed-
circle results have gained attention in metric and metric-like spaces [15,16,17], nowadays. For further research,
we hope to investigate some different kinds of fixed soft point theorems, some fixed-circle theorems and also,
we plan to give some applications in such spaces.
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