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1. Introduction

It is well-known that the piecewise- uniform fitted meshes studied by Shishkin [1] and the corresponding
numerical algorithms were developed and shown to be & —uniform in various studies including the book by
Shishkin [2]. The numerical results using a fitted mesh method were firstly presented in [3]. We refer the
readers to Bakhvalov [4], Gartland [5] and Vulanovic [6] for other approaches to adapting the mesh, involving
complicated redistribution of the mesh points [7, 8]. We note that none has the simplicity of the piecewise
uniform fitted meshes.

Motivating by this these considerations, we remark that both fitted operators and fitted meshes need to be
studied. Since the methods using fitted meshes are usually easier to implement than the methods using fitted
operators in practice, they recommended to be applied whenever possible. We also note that the methods using
fitted meshes are easier to generalize to the problems in more than one dimension and to the nonlinear
problems.

In this paper, the following convection—diffusion problem with a concentrated source is considered and
we prove that e-uniformly convergent methods can be designed for the problem (1). In other words, in this
article, to investigate the numerical solution of equation (1) and to obtain a suitable method, we will focus on
the following boundary value problem [9]

Lu=—-eu" +bu'+cu=f(x), u(0)=0, u(l)=0 Q)
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It is worth mentioning that the modelling of real-world problems including physical, chemical, and
biological phenomena contain interactions of convection and diffusion processes, which can be
described by the convection-diffusion- problem [10].

We remark that, we have studied the following

Xi+1
—£gi(Xi—1) Uj—q + u; + €9{(Xi11) Uiy = (f — cw) f gi dx
Xi—1
and we obtained the analytical solution
4 U= Uy = vy X (! 2
v S o et iv1=(i—c i)E P 1 (2

see [10] and [11] for details. In this article, we will use the equation (1), and after applying various numerical
treatments, we will get the same solution given by the equation (2) which was studied before in [12]. In this
study, we have,

9iCris) = DGy = =0 and g{(x,11) = DGy, = 1M1
1 2
Xit+1
—eD*¥GU;_1 + Uy + e D" GyUipr = (i — c Up) f G'dx
Xi-1
T, (&, b;, c;, h, M) = eD* G,
T,(&, b;,c;,h,M) = —eD~ Gy
Xi+1
Ty(g, b;, ¢, M) = f G'dx
Xi-1
At the end of this paper, we will show that
. ePi
1\}11_%0711(8’[)"’ ci,h, M) = Py
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Jim T by b, M) = = (=)
Xi+1 )
lim G'dx = lim T5(g, b;, ¢;, M) = (£> <eP1 _ 1)
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Now, consider
—eD*D™G; —bD¥G; =AX;;, j=1,23,..,M—-1

Gio1—G G —G_\1  [(Gy1—G;
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where

T Xi € (X}, Xj41)
AXi,jz hj+1 ¢ 17

0, otherwise
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If j=0 or j=M,thenGy, =0 orGy =0.

h1’1Sj<Z_1
L M< <2M 1
D R
J B 2M 3M 1
1, 4—1—4
B 3M<,<4M 1
2 4—]—4_

b h, b
- j+1 (1 +T> + G] 2 +—> + Gj—l(_l) = 0

In the previous equation, if we take G;; =12, G; =7, Gi_y =r°=1andA; =1+ % then we will get

b h, b h,
(1) 4 (22
£ £
-2 +1r(1+2)-1=0 >2(1-r1)Fr-1)=0

Then, the roots of the quadratic equation are givenby: r, =1andr, = % Similarly, we get
1

bh, LY

In the previous equation, if we take G;; =12, G; =7, Gi_y =r®=1and A, =1+—2= bhz , then we will get

b h, bh,
(1+—)+T(2+—>—1=0
£ £
122, +7r(1+2,)—-1=0 =2(1—-12,)F—-1)=0

Then, the roots of the quadratic equation are givenby: r, =1andr, = Ai
2

2. Derivation of Trapezoidal Rule

We can derive the trapezoidal rule by using polynomial interpolants of f (x) function. The usage of a Lagrange
interpolant for each sub-interval [xi_l,x-], i=1,2,3,...,nleads to the trapezoidal rule in [13], that is,

Xi

ff(x)dx~ fP(x)dx

where h -
PO = o G 4 f ()
i-1
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fOaa)  [Ga—x)? (o —x)? + fOa) [0 —x-1)®  (ooq —x-1)°
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For the composite trapezoidal rule, we have,

b n X n
[rea=Y [rea = - [ L2
a i=1x,_, i=1
b h n h n
| Peyax=3 ;mxi_l) HD]= 5 [f(xO) + 2;f(xi) + <xn)]

We note that, this is known as the composite trapezoidal rule in [13].
Lemma 2.1: If
T, (&, b, c;, h, M) = eD* G,
then
ePi

I\EII_IEOTl(SJ bi! Ci, h” M) = ePi +1
Proor. Consider the uniform case, that is 7 = % Then, the mesh parameters can be written as h; = h; = 2_1\/7

2bh
and/'ll =1, = 1+m

lim T (e, by, ¢, b, M) = lim 21—20 = ¢
Ml_r>r§o 1(&, by, ¢i h, )—Mlgrgo h; T ePit1

Lemma 2.2: If
T,(&, b;, c;,h,M) = —eD~ Gy,
then

- 1 1
Alll_r)rgoTz(E, by, ci, h, M) = e (epz + 1)

Proor. We follow the same steps in the proof of Lemma 2.1. For the uniform case when t = 2 we use the

difference solution G' and the fact that h} = h} = %;

. Gy —Gy—q 1 1
wm To(& by ¢ b, M) = lim === == (3)

Lemma 2.3: If
Xi+1
T5(g, b;, c;, M) = f G'dx
Xi-1

then
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Proor. In order to calculate the following integral

Xit+1

f G'dx

Xi-1

the trapezoidal rule is used for the exact solution of

. . M
( a1r1]+a2r] OSjSZ
j ;g M _ . 2M
. sty +aur,, —<j<—
Gi = 4 4
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Using the properties of Green’s function in [14-18], we get,

For Gy = Gy =0, we have,

aq + azl’{I] = a3 + a4ﬂ.;]
1 = 1
a3+a42 —a5+a61

as + agly’ = a; + agld,’

aq + azl’{Ij =0

a7 + aSA;j = O

For j = M/4, we have, a; A, + ap (kit(1 — Ay + A1) — ashy + agkskyt = 0.

For %’ we have, as4, + a4(k2_2(1 — A2+ A1) —asd; — a6k1_2k51 =%

For j=3M/4, we have, = agd; + ag(ki3(1 — A, + A1) — azAy — agksk;3 = 0.

hy

56

In order to get the difference solution exactly, we need to determine the eight unknown coefficients. Two
equations can be obtained by using the boundary conditions: G, = G,; = 0; the difference equations related

to the nodes xu/4, X2nm/4 AN X344 give us other three equations; and finally, the continuity conditions can

be applied to obtain the other three equations. Next, the corresponding numerical algorithm can be obtained
by using the fitted finite difference operator in order to get a system of finite difference equations on a standard
mesh. We remark that the mesh is often a uniform mesh in practice. Finally, the obtained system can be solved
in a practical way to get the numerical solutions. We refer the readers to [16] for other approaches in
constructing fitted finite difference operators.
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where ky = A%, ko = A2, ks = M54 & = kit (A — A+ 40), & = k321 — Ay + A4y), & = ki3 (1 — A, +
M M
M) andn = e(Ay — 1)(1+ AFA0).

Using the symbolic programming MATHEMATICA, one can solve AX = B linear system and obtain the
following results:

a; = Elﬁ ko ks
n
a; = _Ekl ky ks
n

h
as =;2(—k2 ky +ky ke ks +hky)

h
ag = —k3ky ks
n
h,
a; =—
T
h
a8 = _Zkg
n
Xit+1 Xi—1+T Xi xXi+T Xit+1
f Gldx = f Gidx + f Gldx + f Gldx + f G'dx
Xi—1 Xi—1 Xi—1+T Xi Xi+T
Wmmf=%
Xi+1
1\}11_120 G'dx 1\}11_1)20(11+12+I3+I4)
Xi-1

Unless otherwise indicated, we will apply the trapezoidal rule for numerical integration until the end of this
work.

Xi—1+T GM

— i gy — Go 4
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2 z-1 2
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Since the integral T; integral can be written as the sum of the integrals I, I, I3 and I, we have

Xi+1 b
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im X =\z)Rnh{ == ={7") n
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Finally, we proved that the numerical and analytical results converge exactly (see [11]), that is,

epi 1 h epi_l
—a Ve Ui Ve = a0 3 Gy

3. Conclusion

In this paper, we studied different finite difference methods for the convection-diffusion problem. We
presented numerical behaviour of the convection-diffusion problem. We applied a uniformly convergent
numerical algorithm, called II’in-Allen-Southwell scheme, with better accuracy throughout the domain for
various values of ¢. At the end of the study, we showed how to construct such a method. Finally, we have
constructed a uniformly convergent numerical method for the convection-diffusion problem.
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