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Abstract

The authors prove some new results on the asymptotic behavior of solutions of nth order
forced integro-differential equations with a §-Laplacian. The main goal is to investigate
when all solutions behave at infinity like certain nontrivial nonlinear functions. They
apply a technique involving Young’s inequality. The paper concludes with two examples
illustrating the applicability of the main results.
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1. Introduction

Consider the forced integro-differential equation

t
(at) @'@)°)" " = ety + [ (¢~ 9)7 f(s,0(5))d (1.1)
where § > 1 is the ratio of odd positive integers, « € (0,1), ¢ > 1, and n € N. We assume

that:

(i) a:[c,00) = (0,00) and e : [¢,00) — R are continuous functions;
(ii) f : [c,00) x R — R is continuous function and there exist a continuous function
m : [¢,00) = (0,00) and positive numbers v and 7 with v < 3 such that

zf(t,z) <m)t™ T

(n—1)
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A function x : [c,00) — R is a solution of equation (1.1) if x € C*! ([¢, 00), R), a(z)’ e
C" 1 ([e,00),R), and x satisfies equation (1.1). Oscillation and nonoscillation of such
solutions are defined in the usual way.

In the last few decades, integral equations have gained considerably more attention
due to their applications in many engineering and scientific disciplines; they appear as
the mathematical models for systems and processes in areas such as physics, mechanics,
chemistry, aerodynamics, and the electrodynamics of complex media.

Oscillation and other asymptotic results for integral as well as integro-differential equa-
tions are relatively scarce in the literature; some recent results on various types of integral
equations can be found in [1,3-12,15-17]. It appears that there are no such results for
integral equations of the type (1.1). The main objective of this paper then is to establish
some new criteria for the asymptotic behavior of all solutions of equation (1.1). We also
investigate some new criteria on the asymptotic behavior of the nonoscillatory solutions
of equation (1.1) with 7 =1 in condition (ii).

2. Main results

To obtain our results in this paper, we shall make use of the following lemmas.

Lemma 2.1 (Young’s inequality [13]). If X and Y are nonnegative, 6 > 1, and 1/0 +
1/6* =1, then
1oy 1y
XYy <-X°+-Y 2.1
S SXOH YO (2.1)
where equality holds if and only if Y = X0~ 1.
Lemma 2.2 ([14,18]). Let 8, vy, and p be positive constants such that
p(B—1)4+1>0 and p(y—1)+1>0.
Then .
/ (t— )PP D p0-Dgs =B, ¢ >0,

0
where

Bi=Blp(y—1)+1,p(8—1)+1] and B,y = /01 £ — sy 1ds,
for§>0,1>0,and 0 =p(f+~v—2)+1.
Lemma 2.3 ([2]). Let o and p be positive constants such that p(a — 1) +1 > 0. Then,
/Ot(t — s)p(o‘_l)epsds < Qet, t>0,
where

T +p(a—1)
@=—en

and

oo
I'(x) :/ s teds, x>0,
0
is the Euler-Gamma function.

For notational purpose, for any continuous function b : [¢,00) — (0,00), it will be
convenient to set L
= (mP)\
YV B= [ mP(t)
t)= (8 — — 2.2
alt) = (3= (75 (m , (22)

I(t,c) == /Ct a8 (s)ds.

and let
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We now give our first result on the asymptotic behavior of the nonoscillatory solutions

of equation (1.1).

Theorem 2.4. Let conditions (i)-(ii) hold and assume that there exist real numbersp > 1,
O0<a<l,andT=2—a—1/p such that p(a —1)+1>0 and p(t — 1) +1 > 0. If there

is a continuous function b : [c,00) — (0,00) such that

o
/ ()t VPt e)dt < 0o,  where q = L,
c p— 1
Jim [e(t)] < oc.
and .
lim [ (t—s)* ts" 1g(s)ds < oo,
t—oo J.
then every nonoscillatory solution x(t) of equation (1.1) satisfies
t
lim sup ()] < o0

oo tD/BI(t, )

(2.3)

(2.4)

(2.5)

(2.6)

Proof. Let x(t) be an eventually positive solution of equation (1.1), say x(t) > 0 for t > t;

for some t1 > c. It follows from (i)—(ii) and (1.1) that

() @)") " < [ 9, wlo)lds + )

+ tlt (t—s)*tsT ! [m(s)xy(s) — b(s)xﬁ(s)} ds
+ tt (t—s)* L™ b(s) 2P (s)ds.

Applying (2.1) to [m(t)a"(t) — b(t)z?(t)| with

_8 _ _am) g e B
5_7>1, X=a2(t), Y Ok d s o
we obtain
(2 () — b ) = By Ly 2 Y a8/
(1) =40’ (0) = 200 [0 3 5 = T )|
;

v

_ (W) [gm(t)} T -9 i g0,

where g(t) is as in (2.2). Using (2.8) in (2.7) gives

(a®) @@)") " < [ 0= 9 U5, o] ds + )

t
+ [ (=)t gy(s)ds
t1
t
+ [ (=)' sT(s)2P(s)ds.
t1

In view of (2.4) and (2.5), it follows from (2.9) that

(att) @@)") " < 2+ "t — )1 57 b(s) (5)ds 1= w(?)

t1

= 2ot [xy - 5x°] < Zoeo) (57
B

for some constant M; > 0. Integrating this inequality (n — 1)-times from ¢; to ¢ gives

a(t) (' ()7 < Myt™2 + Mat™ w(t) := Q(t)
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for some positive constants My > 0 and M3 > 0. This can be written as

1/8
7' (t) < (2((2) : (2.10)

Noting that €(t) is an increasing function, it follows from (2.10) that

z(t) < z(ty) + QY8 (1) /t a VB (s)ds = x(t1) + QYB)I(¢t, )

t1

_ [ x(t1) —i—Ql/ﬁ(t)} I(t,t1)

I(t,t1)
< [ o) Ql/ﬁ(t)] I(t, 1) (2.11)
I(ta,t1)
for t >ty and all ty > ¢;. From (2.11), we obtain
z(t) 1/8
< Mg+ Q7P(1) fort >t 2.12
where My = x(t1)/I(t2,t1) > 0. Applying the elementary inequality
(A+B* <2¢7YA* +B*), A B>0 and p>1, (2.13)
to (2.12) gives
x(t) g 1 1
( ) < 257N ()P + 2°71Q(t)  for t > . (2.14)
I(t,t1)

In view of the definition of Q(t), it follows from (2.14) that

(I(ZEIZ))B <2771 4+ 277 Mot 4 Myt (b))

from which we see that

(w(t))ﬁ < M + 287 Mzw(t) (2.15)
te-D/B1(t,ty)) =0 ’ '
for some constant My > 0. In view of the definition of w(t), it follows from (2.15) that
<$(t)>6 < Mg + My / "t — ) 5 b(s)a (s)ds, (2.16)
t=I(t 1)) h

where Mg = My + 2P 1M M3 and M; = 2815, Applying Hélder’s inequality and
Lemma 2.2 to the integral on the right in (2.16), we obtain

/t (t— ) 7 b(s)2P (s)ds < </t (t — s)Ple=b sp(rl)d8>1/p (/: bq(s)xﬁq(s)ds>l/q

t1 t1

t p , st 1/q
< </ (t — s)Pe=b sp(T_l)ds> < bq(s)xﬁq(s)ds>
0

t1

< (Bth)/r ( t bq(s)xﬁq(s)ds>l/q

= Bl/p( tbq(s)xﬁq(s)ds) 1/11’ (2.17)

t1
where

B=Bp(r—-1)+1,pla—-1)+1], and O=p(t+a—2)+1=0.
Using (2.17) in (2.16), we obtain
A(t) = (x(t))ﬁ <14 Mg+ M ( tbQ(s)xﬁq(s)ds>l/q (2.18)
— \t-DBI(t ) T 68 ’ '

t1
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where Mg = M;B'/? > 0. Employing again inequality (2.13), we obtain from (2.18) that

t
29(t) < 2971 (1 + Mg)? 4297 M [ b(s5)2%(s)ds,
t1

which, in view of the left hand side of (2.18), can be written as

t
29(t) < 2971 4+ M) + 297 MY [ 09(s)sM V9155, 81)29(s)ds. (2.19)
t1
Setting P, = 2971(1 + Mg)9, Q1 = 297 'M{, and w(t) = 29(t) so that z(t) = w'/9(t),
inequality (2.19) becomes

t
wt) < PL+Qp [ b1(s)s™ DB ¢ w(s)ds.
t1

By Gronwall’s inequality and (2.3), we see that w(¢) is bounded. Thus,
. x(t)
Hmsup 75 T 1)
which is what we wanted to show.

The proof in case x(t) is eventually negative is similar. This completes the proof of the
theorem. O

< 00,

We now give our second result on the asymptotic behavior of nonoscillatory solutions
of (1.1).

Theorem 2.5. Let condition (i) and condition (ii) with T = 1 hold, and assume that there
exist p>1 and 0 < a < 1 such that p(a — 1) + 1 > 0. If, in addition to (2.3) and (2.4),
there is a continuous function b : [c,00) — (0,00) such that

t
lim [ (t—s)* tgy(s)ds < oo,

t—00 Je
then every nonoscillatory solution z(t) of equation (1.1) satisfies
—t/B) 2 (t
lim sup ¢ [2(0)

P BT (1, e)

Proof. Let x(t) be an eventually positive solution of equation (1.1), say x(t) > 0 for ¢t > ¢;
for some t; > c¢. Proceeding exactly as in the proof of Theorem 2.4, we again arrive at
(2.16) with 7 = 1, namely,

z s t 1
<t(n1)/ét])(t’tl)> < Mg + Mz /t1 (t —s)* L b(s)z? (s)ds. (2.20)

Applying Holder’s inequality and Lemma 2.3 to the integral on the right hand side, we
obtain

/ "t = 5)7 b(s)a? (5)ds = /

t1 t1

t p , 1/q
< (/ (t — s)Pe=b epsds) (/ e_qsbq(s)xﬁq(s)ds)
t1 t1
t Up , st 1/q
< (/ (t — s)Ple=b epsds) (/ e_qsbq(s)xﬁq(s)ds)
0 31

t1

t {(t —5)* ! es} [efsb(s)a:ﬁ(s)} ds

1/
= Q/Pet (/t e_qsbq(s)xﬁq(s)ds> q. (2.21)
t1



928 S. R. Grace, J. R. Graef, E. Tung

Using (2.21) in (2.20), we obtain

x(t) g < ! —qspq Ba Ve
() = (t(n—l)/ﬁet/ﬁf(t,t1)> = 14 My & Mo (/t1 e (S)ds) o (222)

where My an upper bound for Mge™, and My = M;Q'/? > 0. Employing inequality
(2.13) again, (2.22) becomes

t
29(t) < 29711 + My) + 2q_1Mf0/ e~ b(s)z’(s)ds,
t1

which can be written as
t
29(t) < 2971 4 M) + 297 MY [ b9(s)s TP (s, 11)29(s)ds. (2.23)
t1

Setting Py = 2971(1 + My)4, Qo = 2971 M, and w(t) = 2%(t), inequality (2.23) becomes

t
w(t) < Pa+ Qo [ b9(s)s™ D55 ¢ )w(s)ds.
t1

The conclusion follows from Gronwall’s inequality and (2.3), that is,

y et -

imsup —————-— < 00.

t%oop t(nfl)/ﬁl(t, tl)

This completes the proof of the theorem. O

We conclude this paper with two examples to illustrate our results.

Example 2.6. Consider the fourth order integro-differential equation
¢
(t'(#)*)" = e sin3t + / (t — 5)" V2155716253 ()ds, ¢ > 8. (2.24)
8

Here we have v = 1/2, ¢ = 8, 8 = 3, a(t) = t, e(t) = e *sin 3t, f(t,z(t)) = e *t=1/625/3(¢),
and v = 5/3. Then

t
16,6 = 1,8) = [ 57 Pds = S~ )
8

Letting p = 3/2, we see that ¢ =3, p(a—1)+1=1/4>0,7=2—-a —1/p=>5/6 and
p(T—1)+1=3/4 > 0. Letting m(t) = b(t) = e~*, we see that (ii) holds and g;(t) = ke~
with & > 0. Since

% ()-8 3\ [t
/c b6 DB 4 ) < (2> /8 gt < o0,
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condition (2.3) holds. It can be easily seen that condition (2.4) is satisfied. To see that
(2.5) holds, note that letting u = ¢ — s + 8, the integral becomes

t
/ (t — s) 25 V0 e 545
8

< _k8—1/6 /S(U, - 8)_1/2€4u—4t—32du
t

k t B y
< i, e ®)7 e

k 10 —1/2 4u t —-1/2 4u
:W /8 (U—8) e*du + 16(u—8) et dy

k ) 16 - . i . . )
) ,,ljgg/b (u—8)~ 24 du] +W [/16(u_8) 1/2 4u g,

ke 16 . k(16 —8)~V/2 rt
ey _Q\—1/2 nM\v—o) 4u
< \/§e4t+32 b1—1>1§1+ /b (U 8) du + \/§e4t+32 /16 e du

595/264 k2—7/2
- V2elt+32 + V264432

0 (2.5) holds. Since all conditions of Theorem 2.4 are satisfied, we may conclude that
every nonoscillatory solution z(t) of equation (2.24) satisfies (2.6), that is,

lim sup & = lim sup w
t—o00 t(n_l)/ﬁl(t, ¢) t—00 %t(t2/3 —4)

Example 2.7. Consider the fourth order integro-differential equation
(1))

Here we have a = 1/2, ¢ = 8, 8 = 3, a(t) = t, e(t) = e *cos3t, and f(t,z(t)) =
e dtgd/ 3(t). Proceeding as in Example 2.1, we can easily see that all conditions of Theorem
2.5 are satisfied, and so every nonoscillatory solution of equation (2.25) satisfies

O o N i 0]
msup ——5-—- - =1msSup5——;——_
t—>oop t(nfl)/ﬁl(t, C) t_mop %t(t2/3 — 4)

(€4t—664) <00 ast— 0o,

< 00.

n

t
= e cos 3t +/ (t— 5)_1/26_4s$5/3(3)d5a t=>8. (2.25)
8

< Q.
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