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Abstract

In this paper, we obtain the form of the solutions of some rational difference equations via adjusted
Jacobsthal-Padovan numbers. We find a relation between the exact solutions and the adjusted
Jacobsthal-Padovan numbers. Apart from the literature, we give the closed form of the solutions
associated with these well-known integer sequence using exponential functions. Furthermore, we
investigate the asymptotic behavior of the equilibrium point of the solutions of these difference

equations.
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BAZI FARK DENKLEMLERININ AYARLANMIS JACOBSTHAL-
PADOVAN SAYILARI iLE iLISKIiLI TAM COZUMLERI

Oz

Bu makalede, bazi rasyonel fark denklemlerinin ayarlanmis Jacobsthal-Padovan sayilar1 ile
cozliimlerinin formunu elde ediyoruz. Kesin ¢oziimler ile ayarlanmis Jacobsthal-Padovan sayilari
arasinda bir iligki buluyoruz. Literatiiriin disinda, ¢ézlimlerin bu iyi bilinen diziler ile iliskili kapal1

formunu iistel fonksiyonlar kullanarak veriyoruz. Ayrica, bu fark denklemlerinin denge noktasinin

asimptotik davranisini inceliyoruz.
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1. INTRODUCTION

Recently there has been a rapid increase in studying the theory and applications of difference
equations, for related studies, see [3,4,5,19,20]. Especially, the studies that concern the relation
between the special sequences and the closed form of the solutions of difference equations or
systems have been received great interest by many researchers for a long time. Because, some of
the solution forms of these equations are even expressible in terms of well-known integer
sequences. As it can be seen from the references, there are many papers on such these studies from
several authors, see [6,7,8,9,10,11,12,13,21].

In [15], the author studied on the dynamical behaviours of the following difference equation

a
n=0,1,.. €Y

Xn+1 = ———————
M X, — 17

where only a > 0. But they did not give the exact solution of the Eq. (1). In this work, we present
the exact solutions for the case « = 2 and « = —2 via adjusted Jacobsthal-Padovan numbers for

the first time in the literature.

Firstly, we give the closed form of the following rational difference equations

2
- n=01,.. 2
xn+1 xnxn_l _ 1 n ( )
N —-0,1 3
xn+1—ann_1_1, n=0,1,.. 3)

in terms of adjusted Jacobsthal-Padovan numbers and investigate the asymptotic behavior of
solutions of these equations. Also, we find a relation between the exact solutions of Eq. (2), Eq. (3)

and the adjusted Jacobsthal-Padovan numbers.

Let us consider the following definitions which will be needed for the results throughout the paper.
Firstly, we give some information about the generalized Jacobsthal-Padovan sequence. A
generalized Jacobsthal-Padovan sequence {V,,}ns0 = (Vi (Vo, V1, Vo) Inso 1S defined by the third-

order recurrence relations,
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Vn = Vn—2 + 2Vn_3 (4)

with initial conditions V, = ¢o, V; = ¢4, V, = ¢, not all being zero. This sequence can be extended

to negative subscripts by defining

1 1
Von = =5Vem-n +5Vom-3) (5)

for =1, 2,3, .... Therefore, recurrences (4) and (5) hold for all integer n.

Here, a, B and y are the roots of the cubic equation

x3-x-2=0 (6)
Moreover
V78 V78
a=(1+T)1/3+(1—T)1/3 (7
V78 V78
f=wl+—)+w?(1—-—)3
9 9
V78 V78
y=0?(1+—)V +w(d-——)¥3
9 9
where
—1+iV3 27i
w=—-

5 = exp(?)

IS a primitive cube root of unity. Note that
a+p+y=0,

af +ay + By = -1,

and

afy = 2.
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Now, we define a special case of the generalized Jacobsthal-Padovan sequence {V;,}. The adjusted

Jacobsthal-Padovan sequence {K,, },>o IS defined by the following third order recurrence relation
Kn+3 = Kn+1 + ZKn, KO = 0, Kl = 1, KZ = 0.
Also, it can be extended to the negative subscripts as

1 1
K, = _EK—(n—l) + EK—(n—B)

for=1,2,3,.... So, these recurrences hold for all integer n.
For more information, see [1,2,17,18].

Next, we present the first few values of the adjusted Jacobsthal-Padovan numbers with positive

and negative subscripts:

Table 1. The first few values of the adjusted Jacobsthal-Padovan numbers with positive and
negative subscripts.

n |0 2 |3 4 |5 |6 7 1|8 9 10 |11 12 13
K, |0 01 2 (1 |4 5 |6 13 16 | 25 42 57
K,|0|[0]|1 11/ 3 7 (11| 1 29 | 73 69 47 | 339

2 418116 32 | 64 | 128 256 | 512 1024 2048 | 4096

2. PRELIMINAIRES

We begin by introducing some basic definitions and some theorems needed in the sequel. For
details, see [14].

Let I be some interval of real numbers and jet f: I¥** — I be continuously differentiable function.
A difference equation of order (k+1) is an equation of the form

Xns1 = [ Xp—1y s Xn—i), mn=20,1,.. 9

A solution of Eq. (9) is a sequence {x, }n-_j thatis satisfies Eq. (9) for all n > —k.
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Definition 1. A solution of Eq. (9) that is constant for all n > —k is called an equilibrium solution
of Eq. (9). If

Xp =X, foralln > —k

is an equilibrium solution of Eq. (9), then x is called an equilibrium point, or simply an equilibrium
of Eq. (9).

Suppose that the function f is contiuously differentiable in some open neighborhood of an

equilibrium point x. Let

qi:a_ui(f’f""’f)’ i=01,..,k

denote the partial derivative of f(ug, uq, ..., u) With respect to u; evaluated at the equilibrium

point x of Eq.(9).

Definition 2. The equation

Yn+1 = QoYn t @1¥n-1+ =+ GYp-v, 1 =0,1,.. (10)
is called the linearized equation of Eq. (9) about the equilibrium point i, and the equation

A — oA = = Gy — @ = 0 (11)
is called the characteristic equation of Eq. (10) about x.

Let us consider the following theorem which will be needed for the stability results in this study.

Theorem 3. (The Linearized Stability Theorem) Assume that the function f is a continuously
differentiable function defined on some open neighborhood of an equilibrium point x. Then the

following statements are true:

(a) If all roots of Eq. (11) have absolute value less than one, then the equilibrium point x of Eq. (9)

is locally asymptotically stable.

(b) If at least one root of Eq.(11) has absolute value greater than one, then the equilibrium point x
of Eq.(9) is unstable.

The Exact Solutions of Some Difference Equations Associated with Adjusted Jacobsthal-Padovan Numbers 5
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Furthermore, the equilibrium point x of Eq. (9) is called hyperbolic if no root of Eq. (11) has
absolute value equal to one. If there exists a root of Eq. (11) with absolute value equal to one, then

the equilibrium X is called nonhyperbolic.

An equilibrium point x of Eq. (9) is called a repeller if all roots of Eq. (11) have absolute value

greater than one.
3. MAIN RESULTS

In this section, we prove the main results by using the method of induction. Firstly, we obtain the
form of the solutions of Eq. (2) and show that this solution is related to well-known adjusted
Jacobsthal-Padovan numbers. Furthermore, we investigate the asymptotic behavior of the real
equilibrium point of the Eq. (2). Then, we deal with the closed form of solutions and stability of

the Eq. (3) in a similar way.
3.1 The First Equation

Theorem 4. Let {x, }n-_, be a solution of the following difference equation

Then, forn =0, 1, 2, ..., the form of solutions {x, };~_1 IS given by

_ Z”K_nx_lxo + ZnK_(n_l)XO + 21’1+1K_(n+1)
Z”K_(n+1)x_1x0 + ZnK_nX'O + 2n+1K_(n+2)’

(12)

Xn

where K, is the nth adjusted Jacobsthal-Padovan number and the initial conditions x_;, x, € R —
F, with F is the forbidden set of Eq.(2) given by

F= U {(x—pxo): 2"K_(n+1)X—1X0 + 2"K_pnxo + 2" K _(42) = 0}'

n=-1

Proof. We prove by mathematical induction on k. For k = 0, from Eqg. (2),

2 _ 2K_yx_1x9 + 2Koxo + 2°K_,
X_1Xg — 1 B 2K_2x_1xO + 2K_1x0 + 22K_3

x1=
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Assume that the equality holds for n = k, that is

 2FK _x_qxg + 2KK_e_pyxo + 2K (s
ZkK_(k+1)X_1XO + ZkK_kXO + 2k+1K_(k+2).

(13)

Xk

Thus, we have to prove that it is true for k + 1. Taking into account (8) and (13), it follows that

2
Xe+1 = m
2
<2"K_kx_1x0 + 2KK_k—1yXo + 2k+1K_(k+1)> <2k—1K_(k_1)x_1x0 + 2K1K_ _2yxo + 2"K_k> .
2KK_ (kr1)X—1Xo + 28K xo + 2FF1K_ 40y J\ 2K 71K e 1x0 + 281K (eqyXg + 2KK_ 41y

_ 2(xoK_j + 2K_p_» + xK_g_1X_1)
—(%oK_x — 2K_j = XoKo—x + 2K_—5 + oK 1% — %oK1-X_1)

_ ZK_(k+1)x_1x0 + ZK_k.'X'O + 22K—(k+2)
(=K_(ks) + K—e—1))%-1%0 + (—K_i + K_(—2)) %o + (—2K_(42) + 2K_y)

Let us recall that
2K n = —K_(n-1) + K_(n-3)
and multiplying both the numerator and denominator by 2%, we have

2k+1K_(k+1)x_1x0 + 2k+1K_kx0 + 2k+2K_(k+2)
281K _(ka2)X—1X0 + 2KFIK_(y1yXo + 2KF2K_ 4y

which ends the induction and the proof.
3.2 The Second Equation
Theorem 5. Let {x,},-_, be a solution of the following difference equation

-2

T 1’ n=201,..
XnXn-1 —

Xn4+1 =

Then, forn =0, 1, 2, ..., the form of solutions {x,},—_; is given by

The Exact Solutions of Some Difference Equations Associated with Adjusted Jacobsthal-Padovan Numbers 7
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X = ZnK_nx_le - ZnK_(n_l)xO + 2n+1K_(n+1)
n —ZnK_(n+1)x_1X0 + ZnK_nxO - 2n+1K_(n+2)’

where K, is the nth adjusted Jacobsthal-Padovan number and the initial conditions x_;, x, € R —
F, with F is the forbidden set of Eq. (3) given by

F= U {(x_1,%0): —2"K_(ny1yX_1%0 + 2"K_pXg — 21K _(n42) = 0}.

n=-1

Proof. We start to prove the theorem, by using the mathematical induction as in Theorem 4. For

k = 0, from Eq. (3), we have

=2 2K _yx_yxo — 2Koxg + 22K,
M X — 1 —2K yx_jxo + 2K_1xq — 22K

Now suppose that our assumption holds forall 1 < n < k. That is,

. 2K _x_1x0 — 2¥K__pyxo + 2¥TTK_(y (15)
k —ZkK_(k+1)x_1x0 + 2KK_xo — 2kJrlK—(k+2).

Hence, we must prove that it is true for k + 1. Taking into account (8) and (15), as in Theorem 4,
similarly, we have
_ -2
Xe+1 = XX g — 1
—2

ZkK_kx_le - ZkK_(k_l)xO + 2k+1K_(k+1) Zk_lK_(k_l)x_le — 2"_1K_(k_2)x0 + ZkK_k _1
—ZkK_(k+1)X_1x0 + sz_kxO - 2k+1K_(k+2) —Zk_lK_kX_le + Zk_lK_(k_l)xO - ZkK_(k+1)

2KK eryx_1x0 — 2KTIK_xg + 2KV2K_ (40

T 2RIy X1 %o + 2T K (g yXo — 252K _(pa)

and the proof is complete.
3.3 Stability of Eq. (2) and Eq. (3)

In this section, we deal with the asymptotic behavior of the equilibrium point of Eq. (2) and Eq.
(3), respectively. The real equilibrium point of Eq. (2) is the solution of the following equation

The Exact Solutions of Some Difference Equations Associated with Adjusted Jacobsthal-Padovan Numbers 8
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_ 2
X = ——=
xX(x)—1

After simplification, one can easily obtain the unique real equilibrium point of Eq. (2) is ¥ = «,

where a is given with Eq. (7) and numerically as « = 1.5214.

Now, we show that the equilibrium point of Eq. (2) is repeller.
Theorem 6. The unique real equilibrium point of Eq. (2) is repeller.
Proof. Let I be an interval of real numbers and

fiI? -1

be a continuous function defined by

2
XpXn_1— 1

ot Xn-1) =

Therefore, it follows that

af(xnr xn—l) — _an—l
axn (xnxn—l - 1)2’

af(xn' xn—l) _ _an
axn—l (xnxn—l - 1)2.

Then,

of(£,%)  —2%
ax,  (xx —1)2

2%
G

—2X

The Exact Solutions of Some Difference Equations Associated with Adjusted Jacobsthal-Padovan Numbers 9
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CZ3
2
of (x,%) —2x
0xp—1 (X2 —1)2

—2x

and the linearized equation of Eq. (2) about X = a is

ol o
Yn+1 = <_ 7) Yn T <_ 7) Yn-1

or equivalently

as as
Yn+1 T 7yn + 7yn—1 = 0.

Therefore, the corresponding characteristic equation is

3 (13

Z+—2+—=0.
T2t

Then, it is clearly seen that

1 1
Adig = —Za3 iZ\/a3(a3 - 8)
and we have

So, from Theorem (3), the equilibrium point x is repeller point and this completes the proof.

The Exact Solutions of Some Difference Equations Associated with Adjusted Jacobsthal-Padovan Numbers 10
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Now, let us consider the difference equation Eq. (3) and show that the equilibrium point of Eq. (3)

is repeller.
The real equilibrium point of Eqg. (3) is the solutions of the following equation

-2

X i ® 1

After simplification, one can easily obtain the equilibrium point of Eq. (3) is ¥ = —a, and
numerically as —1.5214.

Theorem 7. The unique real equilibrium point of Eq. (3) is repeller.

Proof. Let I be an interval of real numbers and

fiI? -1

be a continuous function defined by

-2

f (X xn-1) = m

Therefore, it follows that

af(xnr xn—l) — an—l
axn (xnxn—l - 1)2’

af(xnr xn—l) _ an

axn—l (xnxn—l - 1)2.
Then
of(x,x) 2%

ox,  (xx—1)2

_ 2x
(®2-1)2

2X

NEj
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and the linearized equation of Eq. (3) about x is

as o
VYn+1 = (7) Yn t+ <7> Yn-1

or equivalently

3 3

a a
Yn+1 _Tyn _Tyn—l =0

Therefore, the corresponding characteristic equation is

2T, %,
2 2

Then, it is clearly seen that

1 1
Aig = Za3 iZ\/a3(a3 +8
and we have

So, from Theorem (3), the equilibrium point X is repeller point and this completes the proof.
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4. CONCLUSION

In recent years, there has been a great interest in studying some special rational difference
equations. Because some of the solution forms of these equations are even expressible in terms of
well-known integer sequences. We find a relation between the exact solution of Eq.(2), Eq.(3) and

the adjusted Jacobsthal-Padovan sequence.

Moreover, one can obtain the form of the solutions of the following difference equations

+2

S EE— n=0,1,..,
XpXn-1 +1

Xn+1 =

and these specific forms also contain some special sequences A089977 and A122946 numbers, for
more information about these sequences, see [16]. Furthermore, the unique real equilibrium points

of these equations are locally asymptotically stable.
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