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1. Introduction

The equivalence between the homotopy category of connected CW-complexes X whose homotopy
groups m;(X) are trivial for i > 1 and the category of groups is well known. In [1] it is given that an
analogous equivalence for ¢ > n + 1 (where n is a constant natural number). Whitehead invented the
concept of a crossed module for n = 1. This notion replaces that of a group and gives a satisfactory
answer. Loday reformulates the concept of crossed module to produce an “n-cat-group”, which is a
generalization to any n.

The notion of a cat-1 group is merely another method to express the axioms of a strict two-group.
Nevertheless the type of characterization used for cat-1 groups, and, modified for cat-n groups is in
strictly group theoretic terms and so is frequently better to check than the more categorically defined
variant. As an example, getting a cat-1 group structure from a simplicial group, or a cat-n group
structure from an n-fold simplicial group is typically easy. The notion of a category can be formulated
internal to any other category with enough pullbacks. Since algebraic structures can be defined in
a category by giving suitable objects and morphisms, we can sometimes construct categories within
a category, €. In order to form a category (with objects O and morphisms A) inside €, we need to
define a composition m : A; X3 A — A which is associative and respects identities; note in particular
that m is also a morphism in €.

A cat-1 group is essentially another way of expressing an internal category in the category of
Groups, Grp, where the kernel commutator condition determines the interchange law. It is well-
known that these latter objects are equivalent to crossed modules, and so it’s not surprising to see an
equivalence between the category of cat-1 group and that of crossed modules in Loday’s study.

Alp and Wensley present a share package XMOD consisting functions for computing with finite,
permutation crossed modules, cat-1 groups and their morphisms, written using the GAP group theory
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programming language [2]. Also in [3,4], Porter generalized the category of categorical groups to that
of categories of groups with operations.

The main object of this paper is to formulate internal categories for the category of cat-1 group in
which the objects contain elements we can describe pullbacks in terms of. Also, it is observed that the
equivalence of between internal 1-Cat group and internal crossed modules. As we know the category
of cat-1 group is equivalent to that of crossed modules, we expect to be able to go between internal
category of cat-1 groups and that of crossed modules without hindrance, and we can prove that the
equivalence between the category of cat-1 group and that of crossed modules is also preserved for their
internal categories.

2. Preliminaries

Definition 2.1. Let € be a category with finite products. The internal category C in € consists of
the objects A, O with the morphisms s,t: A — O, e: O — A, m: A x A — A. The diagram of

the morphisms
t

w

e

A 0

has the following equalities:
i.se = te = tdp
11.8m = sy, tm = tmy
iti.m(lg x m) =m(m x 14)
iv.m(es,14) =m(la,et) =1y

where m; and 7o are the projections. In the internal category s,t,e and m are denoted the source,
target, identity and composition morphism, respectively.
(A,O,s,t,e,m) is called the internal category of C in €, [5].

Definition 2.2. A cat-1 group consists of a group G with a normal subgroup N and the morphisms
s, t from G to N satisfied the following conditions:

° S|N = t’N =idn

o [Kers,Kert] =1

A cat-1 group is denoted by (G, N, s,t), [1], [6].

Definition 2.3. Let (G, N, s,t) and (G', N', §', t') be cat-1 groups. A cat-1 group morphism (G, N, s,t) —
(G',N',¢',t') is an a : G — G’ group homomorphism satisfied the below equations:

Example 2.4. Let G be a group with a normal subgroup N = G. We get a cat-1 group (G, G, idg, idg)
for s=t=1idqg .

Example 2.5. Let G be an abelian group with a normal subgroup N = {1}. (G,{1},s,t) is a cat-1
group with s(g) =t(g) =1 for g € G.

Definition 2.6. Let G and N be two groups, 0 : N — G a group homomorphism and G acts on N
on the left. So (G, N, d) is a crossed module if and only if

(CM1) 9(g-n) =g+ 0(n) — g
(CM2) (n)-ni=n+n; —n

for Vn,n; € N and g € G, [7].
Definition 2.7. Let (G1, N1, 01) and (Go, No, 0y) be crossed modules. The crossed module morphism
(aaﬁ) : (GO,NO,aO) - (Glaleal)

is a pair of homomorphisms « : Gg — G and 8 : Ny — N; such that
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e 015(n) = ady(n), for all n € Ny,

e B(%ng) =*90) B(ny), for all gg € Go,ng € No, [8].

Definition 2.8. Let XMod be a category of crossed modules over groups and X be an internal
category. So X includes X; = (A1, B;,01) and Xy = (Ao, Bo, y) with source s = (s4,sp), target
t = (ta,tp), identity e = (e4, ep) and composition m = (m4, mp) morphism defined by m (a1, a}) =
aj o ay, mp(b1,b)) = by o by with si(a1) = t1(a)) and so(b1) = to(b}). Then we have the following
features:

1.54e4 =taeq =tda,,spep = tpep = idp,

18.84MA = SAT2, tamA =1taT,SpMpB = STy, tpmp = tpm

iii.m(lx, x m) =m(m x 1x,)

iv.m(easa, 1x,) =m(lx,,eata) = 1x,,m(epsp,1x,) = m(lx,,eptp) = 1x,

The condition iii can be expressed the following diagram:

iXmxm
X1><X1><X1 X1><X1
mXidx, m
X1 x X3 pos X1

X = (X1, Xo, s,t,e,m) is called the internal category of crossed modules over groups, [9], [10], [11].

3. Internal of cat-1

Let C be an internal category in the category 1-Cat of cat-1 groups. Then C consists of two cat-1
groups X1 = (G1, N1, s,t), Xo = (Go, No, §',t') with s* = (s1,50), t* = (t1,t0), €* = (e1, eg) illustrated
below diagram

t1

€ — e
€1

t s t s
to

Ny v Ny

and m = (mg,my) : X1 x X7 — X; morphisms. (G1,Go, s1,t1, m1) and (N1, Ny, S0, to, mo) are the
internal of groups.

i.81€1 =tie1 = ’idGO, Spep = toeo = idNO

1.s1ma = s172, tima = 171, Somy = SoTe, tomy = L™

iti.m(lg, x m) =m(m x 1lg,)

iv.m(elsl, 1(;1) = m(lGl,eltl) = 1G1,m(€080, 1N1) = m(lNl,(Eoto) = 1N1

where m = (mg, my) is the composition map for the internal of the category Grp of groups and
ma(g1,97) = g1 0 g4, mny(ni,n}) =ny on) with s1(g1) = t1(g}) and so(n1) = to(n}). The category of
internal categories within the category of cat-1 groups is denoted by C(Int(cat-1)).

Proposition 3.1. Let (G1, Ny, s,t) be a cat-1 group. Then (G x G1, N1 x Ny, (s, s), (t,t)) is a cat-1
group and (X7, Xo, s*,t*,e*, m*) becomes an internal category in 1-Cat where X; = (G1 x G1, N1 X
N17 (578)7 (tat))aXO = (Gl,NhS,t),S* = (SG,SN),t* == (tG,tN),e* = (€G7€N)7m == (mGumN)‘
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ProoOF. We show that (G; x G, N1 x Ny, (s,s), (t,t)) is a cat-1 group.

Ker(s,s) = {(g,9") € G1 x G1/(5,8)(9,9") = Inyxn, }
= {(g9,9) € G1 x G1|(s9,5¢") = (1,1)}
= Kers x Kers

As the same way, Ker(t,t) = Kert x Kert.
Since for (n1,n}) € N1 x N1, (g1,92) € Kers, (g3, g4) € Kert the equations

(575)‘N1><N1(n17n/1) = (S(nl)’s(nll)) = (nhn,l) = IdN1><N1 (nlvnll)a

(ta t)|N1><N1 (nlvnll) = (t(nl)at(nll)) = (nlanll) = IdN1><N1(n17n,1)

and

(91,92)(g3,92) (97 L 0 ) (g3 ga ) = (919397 *95 "5 929495 95 ")
= (171)

are valid, the cat-1 group conditions are satisfied.
Also, we get

sn(s,8)(91,91) = sn(sg1,s91) = s(91)s(g1) = s(9191) = ssa (91, 91)

tn(s,s) = stg,ttg = tn(t,t) and stg = tn(s, s) for the commutativity of below diagram. Thus, s*
and t* are cat-1 group morphisms.

tg
ma
(Gl X Gl) X (Gl X Gl) G1 X Gl o G1
eG
3| |7 (5,8) | | (1) S|t
tN
my
(N1 X N1> X (N1 X Nl) N1 X N1 SN N1
eN
(mg, my) is a morphism of cat-1 groups because of the diagram’s commutativity. ]

4. Natural Equivalence

Theorem 4.1. The category of internal categories within the category of cat-1 groups is natural
equivalent to the category of internal categories within the category of crossed modules over groups.

PRrOOF. Let F be a functor
C(Int(cat—1)) - C(Int(X Mod))

S1 31|Ke'rs
G Go Kers Kers'
~_ ~t1|Kers —
€1 ellKers/
/ / F !
t||s t s | — thers 13 |Ke7's’
S0 tOlI'ms
_ >
Ny Ny Ims———= Ims’
~_f ~ ~—50l1ms —

eU‘Ims’
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where s1|gers, t1|Kers, S0|1ms and to|rms are well-defined morphisms with the following relations:

s't1|gers(x) = tos(x) = tp(1) =1

and
s's1|kers(z) = sps(z) = sp(1) =1

for x € Kers,

50| 1ms(n) € Ims’

and
to|rms(n) € Ims’

with n = s(g), s0s(g) = §'s1(g) and to|rms(n) = to|rmss(g) = s't1(g) for g € G and n € I'ms.
Since t't1(g) = tot(g) and s's1(g) = sps(g) for g € G1, we get

t/|Kers’t1|Kers($) = tO‘ImsﬂKers(l')

for x € Kers. t|gers : Kers — Ims is a crossed module with the conjugation action of I'ms on
Kers, [1]. The composition m; : Kers x Kers — Kers

mi(z,y) = malgers(z,y) = mn(s, s)(z,y)
is well-defined group homomorphism for z,y € Kers, since
smi(x,y) = sma|gers(x,y) = my(s,s)(z,y) = my(sz,sy) =mp(1,1) = 1.
It is clear that mg : Ims x Ims — Ims
mo(a,b) = mpy(a,b)

is also well-defined for a,b € I'ms.

Kers x Kers Kers
(t|K67'57t|K67'5) thers
Ims x Ims ——=— > I'ms
The above diagram is commutative:
t|Kersm1(-T’ y) = t‘Kers(mG|Kers(x7 y)) = t‘KersmN(S(aj)a S(y))
mO(t|Ker37 t|Kers)($7 y) = mO(t’Kers(fL')a t|Kers(y)) = mN(t’Kers(l')a t|Kers(y)) = t‘KersmG($7 y)

for x,y € Kers. Also,

mol®0) my (2, y) my (a, by (z,y)my(a,b) !
= ma(a,b)mg(z,y)yme(a,b) !
= me((a,b)(z, y)(a, b))
= mg(aza™t byb™t)
= ma(®xly)

for a,b € Ims. Thus (mg, m1) is a crossed module morphism.
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Let G be a functor as the following

84

C(Int(X Mod)) - C(Int(cat—1))

SA s
A1 Ao A1 >4B1 :t]l——;A()NBQ
\tf/ ~N~—>~k~~
eA €1
G
2l do —— || s sg ||t
SB SB
Bl Bo Bl BO
~_tisp ~ S~
eB €B
where
sf(al, bl) = b1
Sa—(ao, bo) = b()
and
tii_ (al, bl) 61(a1)b1
tg (a0, bo) = dolao)bo

for (a1,b1) € A1 % By,(ag, bo) € Ag x By. It is clear that the first axiom of the definition of cat-1 group

is satisfied.

Kersl+
Kertf

Since 0; is a crossed module, we have aja)~

Thus [Kers], Kert]] = 1 because of

(a1, 1)(ay ", 01 (a}

{(al,bl) S Al X Bl\sf(al,bl) =
{(al,bl) S Al X Bl‘ti’—(alabl) =
{(a7!,01(a1))|ar € A1}

N(((a) ™, 81(a})) (a1,1)) 7t =

bl = 131} = Al X 131
(91(a1)b1 = 131}

1_ 11
ay

(81(%)&1)‘

(ara; ™, (@) (@, (P Vay), 00(a))) "t = 1,

[1]. So, (A1 % By, By, s*,t*) is a cat-1 group.

The composition my : (A1 x By) x

ma(((ar,b1), (ay,0})) =

is a group homomorphism with

ma(((a1,b1), (a1, 0)((@x, b1), (a}, b))

(Al A Bl) — A1 A B1 given by

(ml((alv all))a mo((b17 bll)))

ma((a1,b1) * (a1,b1), (a, b)) *

7mw%m@u#%wm

(af, 5))

= (ma(d}*ar, aya}), mo(bidy, b))

(ma((ar, af) 01 )(alva’l)) mo((b1,b)(b1,b))))

(ma (a1, a;)my (P97 (@1, af)), mo (b, by )mo (b1, 1))
= (mi(ar,a;)™ O my (@, af), mo(b, b )mo (b1, b))
= (ma(ax,ay), mo(br,by)) * (ma(ax,ay), mo(br, b))
= mal((a1,b), (a},7)) * ma((ax,br), (a}, b)))-
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Also, since (X1, Xo, s, t, €, (m1, mg)) in C(Int(X Mod)) where X; = (A1, B1,01), Xo = (Ao, Bo, ), s =
(sa,8B),t = (ta,tp),e = (ea,ep), we get group morphism

mgsz:leBl%Bl.

(A1 X Bl) X (Al X Bl) A Al X Bl
(st ) || e ) st |e
Bl X Bl mB Bl
In this diagram,
sima = mp(sy,s])
tfma = mp(t],t])

are hold. So, (ma,mp) is a cat-1 group morphism.
For any object (X7, Xo, s*,t*,€*,m) in C(Int(cat—1)) with X1 = (G1, N1, s,t), Xo = (Go, No, §',t'), s*

(s1,80),t* = (t1,t0),e* = (e1,e9) and m = (mg,my), we get the following diagrams

S1 31|Ke'rs
_—
Gy Go Kers Kers'
~_ ~—t1Kers —
€1 elIKe'rs
’ ’ F !
t S t s  — thers 13 |Ke7's’
S0 tOlIms
_—— _—
Ny Ny Ims———= Ims’
~_ o _~ ~—50|Ims _—
€o e()lI'ms
and
S1|Kers ’ tA S ’ ’
Kers —475... = Kers Kers x Ims ” Kers' x Ims
\_/ '\_//
e1|Ke1"s €A
G
thers tllKerS’ P tik 51+ SJ t(T
tO‘Ims SB
_— >
Ims Ims’' Ims Ims'.
~—50lrms — ~— B
eO|Ims €B

Thus, we have GF(X1, Xo, s*,t*,e*,m) as an object in C(Int(cat—1)).

ta
Kers x Ims ” Kers' x Ims'
\_//

€A

) s ||+

ty $q So t0
tp

Ims Ims

\S_B/

€B

Also, we have G = Kers x Ims, N1 = Ims,Gy = Kers' x Ims’ and Ny = Ims’ and the natural

transformation
¢t le(mt(eat—1) = GF
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Conversely, for any object (Xi, Xo,s,t,e,m) in C(Int(XMod)) where X1 = (A1, B1,01), X9 =
(Ao, Bo, 0p), we get the following diagrams

SA

—_—S
Al ' AO A1 A B1 2 A() X BQ
N~ A - ~—
eA el
G
o1 do p—— t;r sir saL tar
SB S0
B, ; By By ; By
\B/ \_0/
e €0
and
S1 Sl‘Ke'rsi‘r
+ > +
Al x By 0 Ay X By Kers] ol Kers
N~ — - \—;K—e-ﬁsj/
1
“ el‘Ke'rer
F + +
i |5 ||t s Fligersd A
S0 tOlImsiF
+ = +
B; 0 By Ims] o Imsg
S~ W '\0|_I_m€j-/
1
0 60|Imsg

Therefore, we get F(G(X1, Xo,s,t,e))

1] g oot

Kers

Kers{ ?—; Kersg
~Kersy —

€1 ‘Kersg

+ +
tl |Kersi_ to |Ke'rsg

Imsa_

as an object in C'(Int(XMod)). We can easily find

Kersir =~ Ay, Kersg ~ A,

Imsi" =~ Bl,Imsa' =~ By.

So, there is a

€ Lo xMod)) = F'G
natural transformation.

Finally, there is a natural equivalence between the category of internal categories in cat-1 and the
category of internal categories in XMod. O

5. Conclusion

It is possible that each category containing pullbacks can generate other categories inside that category.
By this idea, we construct internal categories in the category of cat-1 groups. Since the category of
crossed modules is equivalent to that of cat-1 groups, we conclude that this equivalence is also between
their internal categories valid. This idea can be extended to other equivalent categories.
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