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Abstract. In this paper, we introduce and study upper (lower) soft contra continuous multifunctions. Some characterizations
and several properties concerning upper (lower) soft contra continuous multifunctions are obtained..The relationships between

upper (lower) soft continuous multifunction and some known concepts are also discussed..

Keywords: Multifunction, contra-continuous multifunction, soft continuous multifunction, soft topological spaces.

Esnek Kiime Degerli Fonksiyonlarin Alttan ve Ustten

Contra Siireklilikleri

Ozet. Bu makalede, 6ncelikle esnek kiime degerli doniisiimlerin alttan ve iistten kontra siirekliligi tanimlanmustir. Sonra bu
stirekliligin bazi karakterizasyonlari verilerek ¢esitli 6zellikleri incelenmistir. Sonunda ise esnek siirekli kiime degerli doniigiim

ile arasindaki iligki arastirilmustir.

Anahtar Kelimeler: Kiime-degerli fonksiyon, contra-siirekli kiime-degerli fonksiyon, esnek siireklilik, esnek kiime diigerli
fonksiyon, esnek topolojik uzay.

1. INTRODUCTION

Molodtsov [1] introduced the concept of soft sets. Soft set theory has rich potential for practical
applications in several sciences such as economics, engineering, environmental science, social science,
medical science etc. Pei and Miao [2] investigated the relationships between soft sets and information
systems. Ca§ man et al [5] defined a soft topological space. Zorlutuna et al. [8] studied some concepts

in soft topological spaces. Ca§ man and et al. redefined the operations of the soft sets and constructed
a uni-int decision making method by using these new operations [7]. Then Akda§ and Erol [3, 11,12]

introduced the concept of soft multifunction and studied their properties. Many researcher studied on
soft set theory [6, 9, 10] etc. One of the important and basic topics in the theory of classical point set
topology and several branches of mathematics, which have been researched by many authors, is
continuity of functions. This concept has been extended to the setting of multifunctions. In this paper
we study to the concepts of soft upper and soft lower contra- continuous soft multifunctions and obtain
some characterizations of such multifunctions.

2. PRELIMINIARIES AND BASIC PROPERTIES

Definition 1 [1] Let X be an initial universe and E be a set of parameters. Let P(X) denote the
power set of X and A be a non-empty subset of E . A pair (F, A) is called a soft set over X , where
F is a mapping given by F: A— P(X) . In other words, a soft set over X is a parameterized
family of subsets of the universe X . For e € A, F(e) may be considered as the set of e -approximate
elements of the soft set (F, A) .
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Definition 2 [7] A soft set (F, A) over X is called a null soft set, denoted by @ ,, if F(e) =& for
all e A. If A= E, then the null soft set is called universal null soft set, denoted by ®.

Definition 3 [7] A soft set (F, A) over X is called an absolute soft set, denoted by A, if F(e)=X

forall e A. If A= E, then the absolute soft set is called universal soft set, denoted by X.

Definition 4 4] Let Y be a non-empty subset of X , then Y denotes the soft set (Y, E) over X for
which Y(e) =Y, forall e E.

Definition 5 [7] The union of two soft sets of (F, A) and (G, B) over the common universe X is
the soft set (H, C) , where C = AUB and forall e C,

F(e), if ec A-B
H(e) =:G(e), ifeeB-A
F(e)uG(e), ifeecAnB

We write (F, A)u(G, B) = (H, C) .

Definition 6 [7] The intersection (H, C) of two soft sets (F, A) and (G, B) over acommon

universe X , denoted (F, A)F\(G, B) , is definedas C = AnB and H(e) = F(e) nG(e) forall
eeC.

Definition 7 [7] Let (F, A) and (G, B) be two soft sets over a common universe X.(F, A)E(G, B)
,if AcB and F(e) cG(e) forall e A.

Definition 8 [7] For a soft set (F, A) over X the relative complement of (F, A) is denoted by
(F, A)° and is defined by (F, A)° = (F°, A) , where F: A— P(X) is a mapping given by
F(a)= X —F(a) forall a € A

Proposition 1 [10] Let (G, A),(H, A), (S, A), (T, A) be soft sets in X . Then the following
statements are true;

i) If (G, A)(H,A) =, then (G, A)=(H, A)°

i) (G, A)U(G, A)F = X

iii) If (G, A)=(H, A) and (H, A)=(S, A) , then (G, A)=(S, A)

iv) If (G, A)=(H, A) and (S, A)=(T, A) then (G, A)N(S, A)=(H, A)(T, A)

v) (G, A)=(H, A) if and only if (H, A)°c(G, A)°.
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Definition 9 [11] The soft set (G, E) over X is called a soft pointin X , denoted by EZ, if for
e E thereexist xe X suchthat G(e) ={x} and G(e ) = forall e € E—{e}.

Definition 10 [11] The soft point E/ is said to be in the soft set (H, E) , denoted by Eg‘é(H, E),
if yeH(e) .

Proposition 2 [10] Let E/ be a soft pointand (H, E) beasoftsetin X . If E;‘E(H, E) , then
EZ¢(H, E)°.

Definition 11 [4] Let = be the collection of soft sets over X , then 7 is said to be a soft topology on
X if satisfies the following axioms.

(1) @, X belong to 7,
(2) the union of any number of soft sets in = belongs to 7,
(3) the intersection of any two soft sets in 7 belongs to .

The triplet (X, 7, E) is called a soft topological space over X . Let (X, 7, E) be a soft topological
space over X , then the members of 7 are said to be soft open sets in X . A soft set (F, A) over X is

said to be a soft closed set in X , if its relative complement (F, A)° belongs to 7.

Definition 12 [11] Let S(X, E) and S(Y, K) be two soft classes. Let u: X —Y be multifunction

and p:E — K be mapping. Then a soft multifunction F :S(X, E) = S(Y, K) is defined as
follows:

For a soft set (G, E) in S(X, E),(F(G, E), K) isasoftsetin (Y,K) given by

G = {;—N(G(e»(k) NEz& pK)NE =D

, otherwise
for k € K.(F(G, E), K) is called a soft image of a soft set (G, E) .
Moreover, F(G, E) = G{F(E(j‘) : Ee"é(G, E)} for asoft subset (G, E) of X.

Definition 13 [11] Let F:S(X, E) — S(Y, K) be a soft multifunction. The soft upper (lower)
inverse image of (H, K) denoted by F*(H, K) and F~(H, K) respectively defined as follows;
F*(H,K) ={EfeX : F(E)=(H, K)}

F (H,K)={EfeX : F(EZ)n(H, K) = ®}. Also, F(X) = UF (EZ) .
Definition 14 [12] Let F,G: X —Y be two soft multifunctions. For Efé)Z , the combination and

intersection of F and G is denoted by
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(FUG)E) =F(E/)VG(E) ,
(FNG)(ES) =F(ES)NG(E).

Definition 15 [11] Let F:S(X, E) = S(Y, K) and G:S(X, E) = S(Y, K) be two soft
multifunctions. Then, F equalto G if F(E})=G(E/) foreach Ef € X.

Definition 16 [11] The soft multifunction F :S(X, E) — S(Y, K) is called surjective if p and u
are surjective.

Theorem 1 [11] Let F :S(X, E) = S(Y, K) be a soft multifunction. Then, for soft sets
(F, E), (G, E) and for a family of soft sets (G;, E)
hold:

in the soft class S(X, E) the following are

iel

(@) F(®)=a
(b) F(X)Y
(©) F((G, A\U(H, B)) = F(G, A\UF(H, B) in general F(Ui(G,, E)) = UiF(G,, E)
(d) F((G, A(H, B))F (G, A)nF(H, B) in general F(()(G;, E))cniF (G;, E)
() If (G, E)c(H, E) , then F(G, E)cF(H, E) .
Theorem 2 [11] Let F :S(X, E) — S(Y, K) be a soft multifunction. Then the follows are true:
(@ F(®)=® and F* (D) =D
() F~(Y)=X and F*(Y) =X
(© F (G, K)U(H, K)) = F (G, K)UF~(H, K)
(d) F*(G, K)UF*(H, K)cF*((G, K)U(H, K))
€ F (G, K)N(H, K))cF (G, K)~F~(H, K)
(F1F* (G, K)"F*(H, K) = F*((G, K)"(H, K))
(@) If (G, K)=(H, K) , then F~(G, K)=F (H, K) and F*(G, K)cF*(H, K) .
Proposition 3 [11] Let F :S(X, E) — S(Y, K) be a soft multifunction. Then the follows are true:
@) (G, A)cF*(F(G, A))=F (F(G, A)) for a soft subset (G,A) in X . If F is surjectice

then (G,A) =F"(F(G,A) = F (F(G,A)
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(b) F(F*(H, B))c(H, B)cF(F~(H,B)) for asoft subset (H, B) in Y.

(c) For two soft subsets (H,B) and (U,C) in Y such that (H, B)R(U,C) =@ then
F*(H, B)~F (U,C) = ®.

Definition 17 [11] For a multifunction F, : (X, 7, E) — (Y, 8, K) and a soft multifunction
F,:(Y,0,K)—>(Z, o, L), the soft soft multifunction F,0F, :(X,7,E) > (Z,o,L) ,is

defined by (F,0F)(EZ) = F,(F.(EZ)) for EZ € X.

Proposition 4 [11] Let F:(X,7,E) > (Y,o0,K) and G:(Y,o, K) = (Z, n, L) be two soft
multifunction. Then the follows are true:

@ (F)" =F

(b) For a soft subset (T,C) in Z,(GoF) (T,C)=F (G (T,C)) and
(GoF)"(T,C)=F"(G"(T,C)) .

Proposition 5 [12] Let F,G: X —Y be two soft multifunctions. For a soft set (H, K) in'Y the
following statements are hold:

(i) (FUG) (H,K)=F (H,K)UG (H,K) .
(i) (FUG)"(H,K)=F*(H,K)UG*(H, K)

(iii) (F~G) (H,K) = F (H, K)nG (H, K)
(iv) F*(H, K)nG*(H, K) = (F G)*(H, K).

Proposition 6 [12] Let F: X — Y be a soft multifunction. Then the following are hold: (i)
F((G, E)u(H, E)) = F(G, E)UF(H, E)

(i) F((G, E)n(H, E))cF (G, E)~F(H, E)
(i) F(X)—-F (G, E)cF (X — (G, E)).

Proposition 7 [11] Let (G, K) be a soft set over Y . Then the followings are true for a soft
multifunction F: (X, 7, E) = (Y, 0,K) :

(@ F*(Y —(G,K)) = X ~F (G, K)

() F (Y =(G,K))= X —=F"(G, K) .
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3. UPPER AND LOWER SOFT CONTRA-CONTINUOUS MULTIFUNCTIONS
Definition 18 A soft multifunction F : (X, z, E) > (Y, €, K) is called;

i) soft lower contra-continuous multifunction if for any soft closed set (H, K) in Y with
F(Ej)r_\(H, K)=¢, there exists a soft open set (B,E) in X containing Ef such that
F(B, E)n(H, K) = ®.

ii) soft upper contra-continuous multifunction if for any soft closed set (H, K) in Y with

F(E;‘)E(H, K) , there exists a soft open set (B, E) in X containing E} such that

F(B, E)c(H, K) .

Theorem 3 The following statements are equivalent for a soft multifunction
F:(X,7,E)—>(Y,0,K) .

i) F is soft upper contra-continuous,

i) F*(M, K) is soft open for any soft closed set (M, K) inY,

iii) F~(G, K) is soft closed for any soft open set (G, K) in'Y.
Proof. i) =>1ii ) Let (M, K) be any soft closed set in Y and F(Ef)E(M, K) namely
EjéF*(M, K) .Byi ) , there exists a soft open set (A, E) containing E/ such that
F(A E)=(M, K) . Thus, EZeInT (F*(M, K)) and hence F*(M, K) is a soft open set in X.

i) =>iii) Let (G, K) beasoftopensetinY . Then \7—((3, K) isasoft closed setin Y . By
i), F*(Y — (G, K)) issoftopen set. Since F*(Y —(G,K)) = X —=F (G, K) , then F~ (G, K) is soft
closed setin X.

i) =>ii) Let (M, K) be a soft closed set in Y. Then V—(M, K) is a soft open setin Y .
By iii), F'(Y—(M,K)) is soft closed set. Since F*(Y —(M,K))=X—F (M, K) , then
F~ (M, K) is soft open setin X.

ii)=>1i) Let (H, K) be any soft closed setin Y and F(E;‘)E(H, K) . By (ii), F"(H,K)

is soft open setin X . Take (B, E) = F"(H, K) . Then, (B, E)EF+(H, K) . Thus, F is soft upper
contra-continuous.

Definition 19 The soft kernel of a soft set (H, E) in a soft topological space (X, 7, E) is denoted by
Ker(H, E) and defined as Ker(H, E) = ~{(G, E) e r: (H, E)=(G, E)}.
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Lemma 1 For a soft set (G, E) in a soft topological space (X, 7, E) , if (G, E) ez, then
(G,E)=Ker(G,E) .

Proof. Obvious from the definition 19.

Theorem 4 Let F: (X, 7, E) = (Y, 8, K) be a soft multifunction. If

CI(F~(H, K))EF’(Ker(H, K)) forany softset (H,K) in Y ,then F is soft upper contra-
continuous.

Proof. Suppose that CI(F~(H, K))EF‘(Ker(H, K)) for every soft set (H,K) in Y. Let
(H,K)eéd. By Lemma 1, CI(F (H, K))EF‘(Ker(H, K)) =F (H, K) . This implies that
CI(F (H, K)) =F (H, K) and hence F~(H, K) is soft closed setin X . Thus, by Theorem 3, F

is soft upper contra-continuous.

Definition 20 [11] A soft multifunction F : (X, 7, E) —> (Y, 8, K) is called;

i) soft lower continuous if for any soft open set (H, K) in Y with F(Ee")r_\(H, K) # ¢ there
exists a soft open subset (B, E) of X containing E/ such that (B, E)EF‘(H, K) .

ii) soft upper continuous if for any soft open set (H, K) in Y with F(Ee")E(H, K) there
exists a soft open subset (B, E) of X containing E/ such that (B, E)EF+(H, K) .

Remark 1 The notions of soft upper contra-continuous multifunctions and soft upper continuous
multifunctions are independent as shown in the following examples.

Example 1 Let X ={x,, %,}, Y ={¥,, V,}, E ={e,.&,},K ={k,, k,}, T ={®, X, (G, E)} and
7={0,Y, (H, K)} where (G, E) ={(e,, {x)} and (H, K) ={(k,, {y.}). (k.. {y,})} . Then the
multifunction : (X, 7, E) = (Y,V, K) where u: X —Y isamultifunction defined by

u(x)) ={y.},u(x,) =Y and p:E — K isafunction defined by p(e;) =k,, p(e,) =k, is soft upper
contra-continuous, but it is not soft upper semi-continuous. Because for a soft open set (H, K) in'Y
F"(H, K)=(G, E) is soft closed setin X .

Example 2 Let X :{X17 X2}1 Y :{y11 y2}1 E :{el’ez}! K :{klv kz}a :E :{q)l >Z’ (G, E)C} and

V={d,Y, (H, K)} where (G, E) ={(e,, {x,})(&,, X)} and (H, K) = {(k,,{y,}), (k,, {y, )}
Then the multifunction : (X, 7, E) = (Y,V, K) where u: X —Y isa multifunction defined by
u(x,) ={y.},u(x,) =Y and p:E — K isafunction defined by p(e,) = k,, p(e,) =k, is soft
lower contra-continuous, but it is not soft lower semi-continuous. Because for a soft open set (H, K)
inY F (H,K)=(G, E) issoftclosed setin X .

Theorem 5 The following statements are equivalent for a soft multifunction
F:(X,7,E) > (Y,0,K) :
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i) F is soft lower contra-continuous,
i) F~(M, K) is soft open for any soft closed set (M, K) in Y,

iii) F* (G, K) is soft closed for any soft open set (G, K) in Y.
Proof. It is similar to that of Theorem 3.

Theorem 6 For a soft multifunction F : (X, 7, E) > (Y, 8, K) , if

CI(F*(H, K))EF*(Ker(H, K)) for every softset (H, K) in Y, then F is soft lower contra-
continuous.

Proof. Suppose that CI(F*(H, K))EF*(Ker(H, K)) for every soft set (H,K) in Y. Let
H,K)e®d. We have CI(F*(H, K))cF* (Ker(H, K)) = F*(H, K) : Thus,
CI(F"(H,K))=F"(H, K) and hence F"(H, K) is soft closed in X . By Theorem 5. F is soft
lower contra- continuous.

Definition 21 Let {F, : X —Y :i € I} be a family of soft multifunctions. Then the union UieIFi and

the intersection n,_, F, defined as follows:

U_F:X>Y,(U_F)EY)=U,F(E/) and

iel " i i i

n; F X _)Y7(n'e| Fi)(EeZ):n'el FI(E(;C) '

iel " i i i

Theorem 7 If F, : X —Y are soft upper contra-continuous multifunctions for i =1,2,...,n, then

U"iz1 F; is a soft upper contra-continuous multifunction.

Proof. Let (H,K) be a soft closed set of Y. We will show that
(V"aFR)"(H,K)={Ef e X : U"ix Fi(Ej)E(H, K)} is soft open set in X. Let
Ef e (U"=F) (H,K) . Then F(EZ)c(H, K) for i=1,2....n.Since F, : X —Y is soft upper
contra-continuous multifunction for i =1,2,...,n, then there exists a soft open set (U, E) containing
EZ such that F,(EZ)c(H, K)for all EZ€(U, E) . LeT (G, E)=Ui”:1(u, E) then (G, E) is soft
open set. Then (G, E)c (UM F)"(H,K) . Thus, (U"=1F)"(H, K) is soft open and hence U"i=1 F,
is a soft upper contra-continuous multifunction.

Theorem 8 If F, : X —Y are soft lower contra-continuous multifunctions for i =1,2,...,n, then

W= F, is a soft lower contra-continuous multifunction.

Proof. Let (H, K) be a soft closed set of Y . We will show that (U"i=F) (H, K) =

161



AKDAG

{Ef e X :U a1 Fi(Eg‘)E(H, K) = ¢} is soft opensetin X . Let Ef € (U"i=1F) (H, K) .
Then Fi(Ee")F\(H, K) # ® and hence Fio(Ee’f)f_w(H,K);tCD for an i, . Since Fio . X =Y issoft
lower contra-continuous multifunction, there exists a soft open set (U, E) containing Ef such that
Fio(EeZ)r_\(H,K) #® for all EZe(U,E) . Then W' F(EZ)N(H,K)=¢ and hence

(U, E)c(Uia F) (H, K) . Thus, (U"%=1F) (H, K) is soft open set and
hence U"i=1 F, is soft lower contra-continuous multifunction.

Theorem 9 Let F : (X, 7, E) > (Y, 6, K) be a soft multifunction and {(U,, E) :i € I} be a soft
open cover for X . Then Fis soft lower contra-continuous if and only if F | (U, E) is a soft lower

contra-continuous multifunction for all i e I.

Proof. (=>) Let EZ be soft pointin X and (H, K) be a soft closed setin Y with

Ee"éF‘(H, K) . Since {(U,, E):i e I} is asoft open cover for X , then Ee’fé(Uio, E) foran i, el
. We have F(Ef) = FiO(Ee)‘) and hence Ee’féFi(f (H, K) . Since F \(Uio’ E) is soft lower contra-
continuous, there exists a soft open set (B, E) = Gm(UiO, E) in Uio such that E;‘E(B, E) and
(B, E) = Gﬁ(uio, E)<F (H, K)E(uio, E)=F\ (U, ,E) (H,K) ,where (B, E) is soft open set
in X . We have EZ&(B, E) =

GE(uio, E)EF\(UiO,E)’(H, K)=F (H, K)E(uio, E)cF (H, K) . Hence, F is soft lower

contra-continuous.

(<=) Let EZ be soft pointin X and Eg‘é(Ui, E) . Let (H, K) be a soft closed set in Y
with Ee’féF’(H, K) . Since F is soft lower contra-continuous and F(Ef) =F \(Uio’ E)EZ)
there exists a soft open set (U, E) containing EZ such that (U, E)EF‘(H, K) . Take

(B,E) = (U,, E)n(U, E) . Then (B, E) is soft opensetin (U,, E) containing EZ . We have

(B, E)EF’(H, K) . Thus F is soft lower contra- continuous.

Theorem 10 Let F : (X, 7, E) —> (Y, €, K) be a soft multifunction and {(U;, E) :i € 1} be a soft
open cover for X . Then Fis soft upper contra-continuous if and only if F | (U, E) is a soft upper

contra-continuous multifunction for all i e I.

Proof. It is similar to that of Theorem 9.
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Theorem 11 If F: (X, 7, E) = (Y, €, K) is an soft upper semi-continuous multifunction and

F,:(Y,60,K)— (Z,0,L) is asoft upper contra-continuous multifunction, then F,0F, is soft upper
contra-continuous.

Proof. Let (M, L) be a soft closed set in Z. We have (F,0F,)"(M,L)=F"(F, (M, L)) . Since F,
is soft upper contra-continuous, F,"(M, L) is soft open in Y. Since F, is upper continuous,
F(F, (M, L)) =(F,0F)" (M, L) issoft open in X. Thus, F,0F, is soft upper contra-continuous.

4. CONCLUSION

In this paper | study on soft multifunctions which defined between soft topological spaces. | give
the definition of upper and lower contra continuous soft multifunctions. Then | obtain characterizations
of these soft multifunctions and investigate properties of them. I expect that results in this paper will be
basis for further applications of soft multifunctions in soft sets theory.
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