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ABSTRACT 

In this paper a general fixed point theorem for mappings satisfying an φ  - implicit relation is proved, which 
generalize the results from [3] and [14].  
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1. INTRODUCTION 
 

In [4], [5] Dhage introduced a new class of generalized 

metric space, called D - metric space. Mustafa and Sims 

[12], [13] proved that most of the claims concerning the 

fundamental topological structures of D - metric spaces 

are incorrect and introduced an appropriate notion of 

generalized metric space, named G - metric space. In 

fact, Mustafa and other authors [3], [7] – [15], [18] 

studied many fixed point results for self mappings in a 

G - metric space under certain conditions. In [6] and 

[18] some fixed point theorems for mappings satisfying 

φ  - maps are proved. In [16], [17], Popa initiated the 
study of fixed points for mappings satisfying implicit 

relations. In [2] Altun and Turkoglu introduced a new 

type of implicit relations satisfying a φ  - map. The 
purpose of this paper is to prove a general fixed point 

theorem in G - metric spaces for mappings satisfying an 

φ  - implicit relation which generalize the results from 
[3] and [14]. 

 

2. PRELIMINARIES 

 

Definition 2.1 ([13])   Let X be a nonempty set and 

+→ R3: XG  satisfying the following properties: 

0=),,(:)( 1 zyxGG  if zyx == ; 

),,(<0:)( 2 yxxGG  for all Xyx ∈,  with yx ≠ ; 

),,(),,(:)( 3 zyxGyxxGG ≤  for all Xzyx ∈,,  with 

zy ≠ ; 

...=),,(=),,(=),,(:)( 4 xzyGyzxGzyxGG  

(symmetry in all three variables); 

),,(),,(),,(:)( 5 zyaGaaxGzyxGG +≤  for all 

Xazyx ∈,,,  (rectangle inequality). 

Then, the function G is called a G - metric on 

X and ),( GX  is called a G - metric space.  

Note that if 0=),,( zyxG  then zyx == . 

 

Definition 2.2 ([13])  Let ),( GX  be a G - metric space. 

A sequence )( nx  in X is said to be 
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• G - convergent if for 0>ε , there exists an Xx∈  

and N∈k  such that for all knm ≥, , 

ε<),,( mn xxxG . 

• G - Cauchy if for each 0>ε , there exists N∈k  such 

that for all kpnm ≥,, , ε<),,( pmn xxxG , that is 

0),,( →pmn xxxG  as ∞→pmn ,, . 

A space ),( GX  is called G - complete if 

every G - Cauchy sequence in ),( GX  is G  - 

convergent.  

 

Lemma 2.1 ([13])  Let ),( GX  be a G - metric space. 

Then the following properties are equivalent: 

1) )( nx  is G - convergent to x; 

2) 0),,( →xxxG nn  as ∞→n ; 

3) 0),,( →xxxG n  as ∞→n ; 

4) 0),,( →xxxG nm  as ∞→mn, .   

 

Lemma 2.2 ([13]) If ),( GX  is a G - metric space, then 

the following are equivalent: 

1) The sequence )( nx  is G - Cauchy; 

2) For every 0>ε , there exists N∈k  such that 

ε<),,( mmn xxxG  for kmn >, .   

 

Lemma 2.3 ([13])  Let ),( GX  be a G - metric space. 

Then, the function ),,( zyxG  is jointly continuous in all 

three of its variables.   

 

3.  IMPLICIT RELATIONS 

 

Definition 3.1.  A function )0,[)[0,: ∞→∞f  is a φ  - 

function, φ∈f  if f is a nondecreasing function such 

that ∞∑
∞

<)(
1=

tf n

n

, for all ttf <)(  for 0>t  and 

0=(0)f .   

 

Definition 3.2. Let φF  be the set of all continuous 

functions RR →+
6

61 :),...,( ttF  such that: 

FF :)( 1  is nonincreasing in 5t , 

:)( 2F  There exists a function φ∈φ1  such that for all 

0, ≥vu , 0,0),,,,( ≤+ vuuvvuF  implies )(1 vu φ≤ , 

:)( 3F  There exists a function φ∈φ2  such that for all 

0>', tt , 0)',,0,0,,( ≤ttttF  implies )'(2 tt φ≤ .   

  

Example3.1. 

65432161 =),...,( etdtctbtattttF −−−−− , where 

0>a , 0,,, ≥edcb , 1<2 edcba ++++ . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0)(=,0),,,,( ≤+−−−−+ vudcubvavuvuuvvuF  

which implies v
dc

dba
u

−−
++

≤
1

 and )( 2F  is satisfied for 

t
dc

dba
t

)(1
=)(1 +−

++
φ . 

:)( 3F  Let 0>', tt  be and 

0'=)',,0,0,,( ≤−−− etdtattttttF  which implies 

'
)(1
t

da

e
t

+−
≤  and )( 3F  is satisfied for 

t
da

e
t

)(1
=)(2 +−

φ . 

 

Example 3.2. },...,{max=),...,( 62161 ttktttF − , 

where 







∈

2

1
0,k . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0},,{max=,0),,,,( ≤+−+ vuvukuvuuvvuF . Hence 

v
k

k
u

−
≤
1

 and )( 2F  is satisfied for .
1

=)(1 t
k

k
t

−
φ  

:)( 3F  Let 0>', tt  be and 

0}',{max=)',,0,0,,( ≤− ttktttttF . If '> tt , then 

0)(1 ≤− kt , a contradiction. Hence 'tt ≤  which 

implies 'ktt ≤  and )( 3F  is satisfied for .=)(2 kttφ    

  

Example3.3. 







 +

−
2

,,,max=),...,( 65
432161

tt
tttktttF , where 

( )0,1∈k . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0
2

,,max=,0),,,,( ≤






 +

−+
vu

vukuvuuvvuF . If 

vu > , then 0)(1 ≤− ku , a contradiction. Hence vu ≤  

which implies kvu ≤  and )( 2F  is satisfied for 

ktt =)(1φ . 

:)( 3F  Let 0>', tt  be and 

0
2

'
,max=)',,0,0,,( ≤







 +

−
tt

tktttttF . If '> tt , then 

0)(1 ≤− kt , a contradiction. Hence 'tt ≤  which 

implies 'ktt ≤  and )( 3F  is satisfied for .=)(2 kttφ    

  

Example3.4. 

654321
2
161 )(=),...,( tdtctbtatttttF −++− , where 

0>a , 0,, ≥dcb , 1<cba ++ . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0)(=,0),,,,( 2 ≤++−+ cubvavuuvuuvvuF . If 

0>u , then v
c

ba
u

−
+

≤
1

. If 0=u  then v
c

ba
u

−
+

≤
1

 and 

)( 2F  is satisfied for .
1

=)(1 t
c

ba
t

−
+

φ  
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:)( 3F  Let 0>', tt  be and 

0'=)',,0,0,,( 22 ≤−− cttattttttF , which implies 

'
1

t
a

c
t

−
≤  and )( 3F  is satisfied for .

1
=)(2 t

a

c
t

−
φ    

 

Example3.5. 







 ++

−
2

,
2

,max=),...,( 6543
2161

tttt
tktttF , where 

0,1)(∈k . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0
2

,max=,0),,,,( ≤






 +

−+
vu

vkuvuuvvuF . If 

vu > , then 0)(1 ≤− ku , a contradiction. Hence vu ≤  

which implies kvu ≤  and )( 2F  is satisfied for 

.=)(1 kttφ  

:)( 3F  Let 0>', tt  be and 

0
2

'
,max=)',,0,0,,( ≤







 +

−
tt

tktttttF . If '> tt  then 

0)(1 ≤− kt , a contradiction, hence 'tt ≤  , which 

implies 'ktt ≤  and )( 3F  is satisfied for .=)(2 kttφ    

  

Example 3.6. 
432

2
6

2
5

2
4

2
33

161
1

=),...,(
ttt

tttt
ctttF

+++

+
− , 

where (0,1)∈c . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0
21

=,0),,,,(
22

3 ≤
++

−+
uv

vu
cuvuuvvuF . If 0>u , 

then cv
uv

v
cvu ≤

++
≤

21
. If 0=u , then cvu ≤  and 

)( 2F  is satisfied for .=)(1 cttφ  

:)( 3F  Let 0>', tt  be and 

0
1

)'(
=)',,0,0,,(

22
3 ≤

+
−

t

tct
tttttF , which implies 

222 )'()'(
1

tct
t

t
ct ≤

+
≤ , from where 'tct ≤  and 

)( 3F  is satisfied for .=)(2 tctφ    

  

Example 3.7. 
2
4

2
3

652
2

2
161

1
=),...,(

tt

tt
cattttF

++
−− , 

where 0>a , 0≥c , 1<ca + . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0=,0),,,,( 22 ≤−+ avuvuuvvuF . Hence vau ≤  

and )( 2F  is satisfied for .=)(1 tatφ  

:)( 3F  Let 0>', tt  be and 

0'=)',,0,0,,( 22 ≤−− cttattttttF , which implies 

'
1

t
a

c
t

−
≤  and )( 3F  is satisfied for .

1
=)(2 t

a

c
t

−
φ    

 

Example3.8. 

},{2max=),...,( 65432161 tttcbtattttF +−−−  

where 0>a , 0, ≥cb , 1<2cba ++ . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0},{2max=,0),,,,( ≤+−−−+ vuucbvavuvuuvvuF . 

If vu > , then 0))2((1 ≤++− cbau , a contradiction. 

Hence vu ≤  which implies v
c

cba
u

−
++

≤
1

 and )( 2F  

is satisfied for .
1

=)(1 t
c

cba
t

−
++

φ  

:)( 3F  Let 0>', tt  be and 

0)'(=)',,0,0,,( ≤+−− ttcattttttF , which implies 

'
)(1
t

ca

c
t

+−
≤  and )( 3F  is satisfied for 

.
)(1

=)(2 t
ca

c
t

+−
φ    

 

Example3.9. 

},2{max=),...,( 65432161 tttcbtattttF +−−− , 

where 0>a , 0, ≥cb , 1<3cba ++ . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0)(2=,0),,,,( ≤+−−−+ vucbvavuvuuvvuF  which 

implies v
c

cba
u

21−
++

≤  and )( 2F  is satisfied for 

.
21

=)(1 t
c

cba
t

−
++

φ  

:)( 3F  Let 0>', tt  be and 

0}',2{max=)',,0,0,,( ≤−− ttcattttttF . If '2> tt  

then 0))((1 ≤+− cat , a contradiction. Hence '2tt ≤  

which implies '
1

2
t

a

c
t

−
≤  and )( 3F  is satisfied for 

.
1

2
=)(2 t

a

c
t

−
φ    

 

Example3.10. 

},,,{max=),...,( 656432161 ttttttctttF − , where 

(0,1)∈c . 

:)( 1F  Obviously. 

:)( 2F  Let 0, ≥vu  be and 

0=,0),,,,( ≤−+ cvuvuuvvuF  which implies cvu ≤  

and )( 2F  is satisfied for .=)(1 cttφ  

:)( 3F  Let 0>', tt  be and 

0}',{max=)',,0,0,,( ≤− tttctttttF . If '> tt  then 

0)(1 ≤− ct , a contradiction. Hence 'tt ≤  which 
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implies 'ctt ≤  and )( 3F  is satisfied for .=)(2 cttφ    

 

4. MAIN RESULTS 

 

Theorem 4.1   Let ),( GX  be a G - metric space. 

Suppose that 

0,)),,(),,,(),,,(

),,,(),,,(),,,((

≤TxTxyGTyTyxGTyTyyG

TxTxxGyyxGTyTyTxGF
   (4.1) 

for all Xyx ∈,  where F satisfies condition )( 3F . Then 

T has at most a fixed point.   

Proof. Suppose that T has two distinct fixed 

points u, v. Then by (4.1) we have successively 

0,)),,(),,,(),0,0,,,(),,,((

0,)),,(),,,(),,,(

),,,(),,,(),,,((

≤

≤

uuvGvvuGvvuGvvuGF

TuTuvGTvTvuGTvTvvG

TuTuuGvvuGTvTvTuGF

 

which implies by )( 3F  that 

)).,,((),,( 2 uuvGvvuG φ≤  

Similarly, we have 

)).,,((),,( 2 vvuGuuvG φ≤  

Hence 

),,(<)),,(()),,((),,( 2
22 vvuGvvuGuuvGvvuG φ≤φ≤ , 

a contradiction. Hence vu = .  

 

Theorem 4.2  Let ),( GX  be a complete G - metric 

space. Suppose that (4.1) holds for all Xyx ∈,  and 

φ∈FF . Then T has a unique fixed point.   

 

Proof. By (4.1) for Txy =  we obtain 

0.),0),,(),,,(

),,,(),,,(),,,((

2222

22

≤xTxTxGxTxTTxG

TxTxxGTxTxxGxTxTTxGF
 

By rectangle inequality and )( 1F  we have that 

0.),0),,(),,(),,,(

),,,(),,,(),,,((

2222

22

≤+ xTxTTxGTxTxxGxTxTTxG

TxTxxGTxTxxGxTxTTxGF
 

By )( 2F  we obtain 

)).,,((),,( 1
22 TxTxxGxTxTTxG φ≤   (4.2) 

Let Xx ∈0  be and 0,1,2,...= ,= 1 nTxx nn − . Hence 

)).,,((...

)),,((

)),,((),,(

1101

112
2
1

1111

xxxG

xxxG

xxxGxxxG

n

nnn

nnnnnn

φ≤≤

φ≤

φ≤

−−−

−++

 

By rectangle inequality we obtain 

)).,,((=

)),,((...)),,((

),,(...),,(),,(

1101

1

=

110
1

11101

111

xxxG

xxxGxxxG

xxxGxxxGxxxG

k
m

nk

mn

mmmnnnmmn

φ∑

φ++φ≤

++≤

−

−
−++

 

Let 0>ε . Since ∞φ∑
∞

<)),,(( 1101
=1

xxxGk

k

, there exists 

N∈k  such that for knm ≥> , 

εφ∑
−

+
<)),,(( 1101

1

1=

xxxGk
m

nk

. 

It follows by Lemma 2.2 that }{ nx  is a G - Cauchy 

sequence in a complete G - metric space and so has a 

limit u. We prove that Tuu = . By (4.1) we have 

successively 

0.)),,(),,,(),,,(

),,,(),,,(),,,((

0,)),,(),,,(),,,(

),,,(),,,(),,,((

11

111

≤

≤

++

+++

nnn

nnnnn

nnn

nnnnn

xxuGTuTuxGTuTuuG

xxxGuuxGTuTuxGF

TxTxuGTuTuxGTuTuuG

TxTxxGuuxGTuTuTxGF

 

 Letting n tend to infinity we obtain 

0.),0),,(),,,(),0,0,,,(( ≤TuTuuGTuTuuGTuTuuGF  

By )( 2F  we obtain 0=(0)),,( φ≤TuTuuG . Hence 

Tuu = , and u is a fixed point of T. By Theorem 4.1 u 

is the unique fixed point of T.  

 

Corollary 4.1 (Theorem 2.1 [14])  Let ),( GX  be a 

complete G - metric space and let XXT →:  be a 

mapping which satisfy for all Xzyx ∈,,  the inequality 

)},,(),,,(),,,(

),,,(),,,(),,,({max),,(

TxTxzGTzTzyGTyTyxG

TyTyyGTxTxxGzyxGkTzTyTxG ≤

(4.3) 

where 







∈

2

1
0,k . Then, T has a unique fixed point.   

 

Proof. If yz =  by (4.3) we obtain 

)}.,,(),0,,,(),,,(

),,,(),,,({max),,(

TxTxyGTyTyxGTyTyyG

TxTxxGyyxGkTyTyTxG ≤
 

By Theorem 4.2 and Example 3.2, T has a unique fixed 

point.  

 

Corollary 4.2 (Theorem 3.2 [14])  Let ),( GX  be a 

complete G - metric space and let XXT →:  be a 

mapping satisfying the following inequality for all 

Xzyx ∈,,  

)},,(),,(

),,,(),,(

),,,(),,({max),,(

TxTxzGTzTzxG

TyTyzGTzTzyG

TxTxyGTyTyxGkTzTyTxG

+

+

+≤

   (4.4) 

where ( )0,1∈k . Then, T has a unique fixed point.   

 

Proof. If yz =  we obtain by (4.4) that  

)}.,,(),2,,(),,({max),,( TyTyyGTxTxyGTyTyxGkTyTyTxG +≤

 

By Theorem 4.2 and Example 3.9 with 0== ba  and 

kc = , then T has a unique fixed point.  

 

Corollary 4.3 (Theorem 2.6 [14])  Let ),( GX  be a 

complete G - metric space and let XXT →:  be a 

mapping satisfying the following inequality for all 

Xzyx ∈,,   

)},,,(),2,,(),,({max),,( TxTxyGTyTyxGTyTyyGkTzTyTxG +≤

   (4.5) 
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where 







∈

3

1
0,k . Then, T has a unique fixed point. 

 

Proof. By Theorem 4.2 and Example 3.9 with 

0== ba  and kc = , then T has a unique fixed point.  

 

Corollary 4.4 (Theorem 2.8 [14])  Let ),( GX  be a 

complete G - metric space and let XXT →:  be a 

mapping satisfying the following inequality for all 

Xzyx ∈,,   

)},,(),,(

),,,(),,(

),,,(),,({max),,(

TyTyyGTyTyxG

TzTzxGTzTzyG

TxTxyGTxTxzGkTzTyTxG

+

+

+≤

   (4.6) 

where 







∈

3

1
0,k . Then, T has a unique fixed point.   

 

Proof. If yz =  by (4.6) we obtain  

),,(),2,,(),,({max),,( TxTxyGTyTyxGTyTyyGkTyTyTxG +≤
 

and the proof follows by Corollary 4.3. 

 

Corollary 4.5 (Theorem 2.1 [3])  Let ),( GX  be a 

complete G - metric space and let XXT →:  be a 

mapping satisfying the following inequality for all 

Xzyx ∈,,   

},
2

),,(),,(

,
2

),,(),,(

,
2

),,(),,(

),,,(),,,(),,,({max),,(

TxTxzGTzTzxG

TyTyzGTzTzyG

TxTxzGTyTyxG

TyTyyGTxTxxGzyxGkTzTyTxG

+

+

+

≤

   (4.7) 

where ( )0,1∈k . Then, T has a unique fixed point.   

 

Proof. If yz =  by (4.7) we obtain  

}.
2

),,(),,(

),,,(),,,(),,,({max),,(

TxTxyGTyTyxG

TyTyyGTxTxxGyyxGkTyTyTxG

+

≤

 

By Theorem 4.2 and Example 3.3, T has a unique fixed 

point.  

 

Corollary 4.6 (Theorem 2.2 [3])  Let ),( GX  be a 

complete G - metric space and let XXT →:  be a 

mapping satisfying the following inequality for all 

Xzyx ∈,,  

)},,(),,,(

),,,(),,,(),,,({max),,(

TxTxzGTyTyxG

TyTyyGTxTxxGzyxGkTzTyTxG ≤

   (4.8) 

where 







∈

2

1
0,k . Then, T has a unique fixed point.   

Proof. If zy =  we obtain  

)}.,,(),,,(

),,,(),,,(),,,({max),,(

TxTxyGTyTyxG

TyTyyGTxTxxGyyxGkTyTyTxG ≤

 

By Theorem 4.2 and Example 3.2, T has a unique fixed 

point.  

 

Remark 4.1.  

1)   In the proof of Theorem 2.2 [3], )0,1[∈k . 

2)   By Examples 3.1, 3.4, 3.5, 3.6, 3.7 and 3.10 

we obtain new results.   
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