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hypergeometric Kumar confluent hypergeometric function , F , (e, £; z) are defined using a classical
functions, classical ; P : :
Pochhammer symbol Pochammer symbol (¢), and a factorial function. This research paper will present
Two-parameter a two-parameter Pochhammer symbol (4, ££), and discuss some of its properties
Pochhammer symbol, . . . .. .
Classical factorial such as recursive formulae and integral representation. In addition, the generalized
function and Two- Gauss and Kumar confluent hypergeometric functions are defined using the two-
?Jaran_:eter@ctorial parameter Pochhammer symbol and a two-parameter factorial function (m, j)! and
unction. some of the properties of the new generalized hypergeometric functions were also
discussed.
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1. Introduction
The pochhammer symbol is named after the German mathematician Leo Pochhammer, defined as ashifted
(rising) factorial [2] and given by

AA+DA+2)(A+3)--- (A +(n=-1)), nell

), = (1.1)
1, n

Il
o

Rafael and Pariguan in [7] presented the definition of the pochhammer m -symbol as
(Dnu = AHA+ 1) (A+2)(A+3p) - (A+(N=D) ), (1.2)
(Ael,uel and nell)

and introduced the m -analogue of the gamma function.
Remark 1.1. When =1,  (the classical Pochhammer symbol).

Srivastava in [11] generalized the Pochhammer symbol using the extended gamma function in [14] as
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r,(A+n)
4, (R(u)>0;A,nell)
(ha)y=1 T(A) (1.3)
(A, (u=0;4,nell)
A new generalization of the Pochhammer symbol in [11] was proposed by Sahin [14] as
ARG (Re(r) > 0,Re(s) > 0, Re(p) > 0, Re() > 0)
— >0, >0, >0, > 0),
nirspm), = r(n) P 1 (1.4)
(M), (r=1s=0,p=1,n=0),

Where FE{’S”’) is the generalized extended gamma function.

Sahai [18] generalized the Pochhammer symbol using an extended gamma function in [20] as

" (3 +n)
r()

Srivastava [16] introduced a generalized Pochhammer symbol from an extended gamma function in [14] as

(A r,pm), = : (Re(p) >0,Re(m) >0,Re(r) >0;A,nell (1.5

FT”WOHx+n)

I—\(p{kV}ve o ) (7\,)

Another generalized Pochhammer symbol was defined by Safdar [21] using an extended gamma function in
[22] as

(x;p,{kv}vdo)n = ,  (\nel). (1.6)

o+ nip) (R(p) >0, R(w) >0 Anel)
lpw),={ TO) PIm R m AT (L7)
() (L=L2A,nell \{0}),

A factorial function denoted by (!) is given by

AA-D(A-2)(A-3)---3-2-1, Ael
(A)!= (18)
1 A=0

In 2014, Mubeen and Rehman [3] generalized the classical factorial function called (A, 1) -factorials as

(A i)' =Ap(Ap— ) (A = 2p)(Ap =3p) -3 -2p- 1, Ae€ll, >0 (1.9)
On simplifying the right-hand side of (1.8), we have
A, w)'=pu"A=pu"T(A+]) (1.10)

(1.10) is the relationship between the generalized factorial function (4, #)! and the gamma function.
Remark 1.2. When =1, (4, 2)'=(4,2)!=(4)! (the classical factorial function).
Other related literatures can be obtained [23, 24, 25 & 26].

Motivated by (1.9), the second part the paper will propose a new generalized Pochhammer symbol (4, 1),
and give some of its properties.

2. New Generalised Pochhammer Symbol

The (4, &), Pochhammer symbol is defined as
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Ap(Au+ 1) Ape+20)(Ap+3p) - (Ap+(N=Dp), A,uel, nell
(A, 1), = (2.1)
1 n=0

(2.1) can be simplified as
(A1), = A" (A+D(A+2)(A+3)-- (A +1-1) = 4" (4), 22)
Remark 2.1. When =1 in(2.2), (4, 1), =(4,1), = (1), (i.e. the classical Pochhammer symbol)

Theorem 2.1. The following formulas holds

(A, 1), = 1" (Au), (2.3)
(A+p,u), =" (A+p),, pel, nell (2.4)
A+, ), =" (A+dw),, gel, nel (2.5)
From (2.2),
2 I(A+n)
(4, 1), = 1 T (2.6)

(2.6) is the relationship between the two parameters Pochhammer symbol and the classical gamma function.

Proof To prove equations (2.3), (2.4) and (2.5), put A=Ay, A=A+p and A=(1+QqQ)uin (2.2)
respectively.

I'(A+n)
I'(2)
In the third part of the paper, we are going to state some recurrence formulae.

3. Main Results

The proof of (2.6) follows from the fact that (1), =

Theorem 3.1. The following formula holds true

(4 )y = (A+0)(4, 1), (R Y)

Proof
(A1) = L"AUA+D(A+2)(A+3) - (A+n=-D1) (A +n)

Using (2.2) in the above equation, we obtained the desired result.
Theorem 3.2. The following formula holds true

(ﬂ“"'l’/u"'l)n_(ﬂ“wu)n :(ﬂ“nu)n {%(ﬂ;——,})n_l} (32)

Proof
(A+Lu+1), =(u+D)"(A+D(A+2)(1+3)---(A+n=2)(1+n)

Multiplying both sides of the equation by Ax" and dividing through by (+1)" , we get the required result.
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Theorem 3.2.
(A1), = (A+N=D(A 1), 5 (3:3)
Proof
L), =" 2(A+D(A+2)(A+3)---(L+n=2)(A+n-1)
On using (2.2), we obtained the desired result.
Theorem 3.3.

(4 ) pn = (A, 1) (A + M, g+ M), (3.4)
Proof

Ay =u""AA+DY(A+2)(1+3)---(A+m+n-1)

=u""AA+D(A+2)(A+3)---(A+m=-D(A+m)(A+m+D)(A+m+2)---(A+m+n-1)
=4 )y (A+m,u+m),.
Theorem 3.4.
(A=1u-1) ., = u(A+n-1)(A-1 u-1), (3.5)
Proof
(A-1 -1, ., =(u-D)" " A-DAA+DA+2)(1+3)---(A+n—-2)(A+n-1)

n+l T

=p(A+n-D(A-1u-1),.

Theorem 3.5.
A+Lu+Y), =(A+n)(A+L u+), , (3.6)
Proof
A+Lu+D)  =(u+)" (A+)(A+2)(1+3)---(A+n-1) (3.7)
Multiplying both sides of (3.7) by (¢ +1)(A1+n), we get the desired result.
Theorem 3.6.
(Ap), =— (a1 u+1) (3.8)
"o(A+n)(u+1) "
Proof

(A+Lu+1), =(u+1)" (A+D(21+2)(A+3)--(A+n=1)(A+n)

Multiplying through by A" and dividing the result by(/I + n) , We get (3.8).
Theorem 3.7.
gt (A=mp—m)

(B0, “(a-n) Goma-m, 9
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Proof
(A-mu—m) . (u-m)"(@A-m)(A-m+1)(A-m+2)--(A+n-1)

(A—m,u—m), (u-m)" (A-m)(A-m+1)(A-m+2)--(1-1)

n+m __

=(u-m)" A2+ (1+2)---(A+n-1)
Multiplying both sides by #", we’ve

'un (/l_m"u_m)m-m

(ﬂ—m,ﬂ—m)m Z(/l,,U)n(,U—m)

on dividing both sides by (z—m)", we get the desired result.

Theorem 3.8.
(Ap) =—E———(Ap) (A+mu+m) (3.10)
Proof
(Aop), (A+mu+m) =p™(u+m) " AA+D(A+2)-(A+m=1)(2+m)(A+m+1)(A+m+2)--(A+n-1)
Multiplying both sides by #" , we’ve
M (Ap) (A+mou+m) = p"(p+ m)nfm L AA+D)(A+2)-(A+n-1)
=" (u+m)"" (2, m),

Dividing through by 22" (2 +m)"™" , we get the desired result.

Theorem 3.9.

(2os1), = y" T(A+m)I(A+n)
n (ﬂ+m)” I'(A)C(A+m+n)

Proof Taking the right-hand side of (3.11) and using (2.6), we get
u" T(A+m)(A+n)
(ﬂ+m)” I'(A)I(A+m+n)

(A+m, u+m) (3.11)

1
A+m, p+m)

(l+m,,u+m)n:(/1,y)n( (/1+m,/,z+m)n
:(/I’fu)n

Theorem 3.10.

u" T(A-m)I(A+n)

ot = oy T Gmemy ™4™ (312

Proof Taking the right-hand side of (3.12) and using (2.6), we get
u" T(A-m)I(A+n)
(ﬂ_m)” r(A)C(A+m+n)

1
A—m,p—m)

(ﬂ—mw—m)n:(iw)n( (A=m, p=m),

=(4u),
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Corrolary 3.1. The following integral representation holds
(), = “ j " et (3.13)

The hypergeometric functions is defined using a factorial function and a Pochhammer symbol. In the fourth
part of this paper, we will define new generalized hypergeometric functions using (1.10) and (2.1).

4. Generalized Hypergeometric Functions

The new generalized Gauss and confluent hypergeometric functions are given by

pp{(“gﬁg%-; } $ @ Pnedn @)y 2"
1B & 5D Bpn (M) @)
In particular,

fil(ea ). 5:2] Z (?5)[2[“ (;—mj)' (4.2)
And

Al p)r2)- 3 00 I 9

Theorem 4.1. The following integral representation holds true

F (a3,B), a5, P |- p" Tm_t OOy e
6]_a82| a 7\4 8]_$82’ )8 (44)

O

Proof

(o, B), 0ty 0ty } (0, B (0) i - (0 ) 2"
F ’ 1
“[ Bty 2|2 O ®m G (D)

i 9 Ttk_le_t (O('Z)m(a3)m”'(ap)m (tz)m
0

m=0 F(}\') (Sl)m(SZ)m (Sq)m (m'J)I
— Hn Ttk et ~ (a2)m(a3)m"'(ap)m (tZ)m
FO\.) 0 m=0 (61)m(62)m (Sq)m (m,J)'
_ p' T A1t Og, Olgyeey Op
_let e _f{ 5.5, ,5 tz}dt

Theorem 4.2. The beta-type integral representation holds true
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(allﬁ)!ab"'!ap. _ 1 ap-1 8q—op—1 (OC]_,B),OCZ,...,OLpfl.
B e (]
(Re(a,) > 0;Re(5,) > 0;Re(B) = 0)

Proof
F {(Gl,ﬁ),agp--, } i(alif’) m (0) - ((x’p)m z"
P 61’82""’8 m=0 1)m(82)m"'(6q)m (m, ))!
- (aliﬁ) (az)m (ap 1)m oy +m-1 8g—op—1 Zm
tr 1-t)* ™
B(ap, g ocp)mz‘a (8)m(B2)m *+* (Bg1)m I =0 (m, j)!
1 o Sq-ag-1 v (01 B)m (02) - (g 4); (12)™
=——|t" "1-t)° P dt
B(Otp,Sq J. ( ) n%;) (Sl)m(SZ)m"'(Sq—l)m (m,J)l
1 . ap=lrg  \8q—ap-1 (aliB)f(XZ""’ap—l_
B(ap, q ap)lt (1-1) p_qu_l[ 5,505, ,tz}dt.
Corollary 4.1. The following integral representations hold true
1Fi[(aB), ;2] (k) J'tk et R [ 8 tz]dt, (46)
. _iw Alg-t
R [(c.B),8;2] = ) !t R [0, 8;t2]dt, o1
R [(o.B) 6'2]=;'1[t°“1(1—t)5‘°“1 R [ - tz]dt
i Ee B(a, 8- 3 oroL e ’ (4.8)
1 e o .
2F1[(0L1,B),0c2,8;z]=m£t 1(1—t)5 11F0[(oc1,B),—,tZ]dt 9

Theorem 4.3. The following derivative holds

i = (a11B)’a21"'1ap_Z _}(OLl’B)m(aZ)m”'(ap)m E (a1+11B+1)1a2""’ap_z
dz® % 8,858 | B)nB)m By P 8,85, 8, (410




S R. Kabara /TKJM/ 4(2) (2022) 21-31 28

Proof

i {(aliﬁ)iaz """ &y 'Z} i (al!B)m(az)m "'(ap)m zm
80] , m=1 (Sl)m(SZ)m (Sq)m er(m)

As m—>m+1,

d (0‘1’5),0‘2 """ Ap S (aliﬁ)m+1(a2)m+l "'(ap)mﬂ z"
1o S 'z Z S S (8 =m+1

q m=0 ( 1)m+1( 2)m+1 ( q)m+1 J r(m+1)
Using (1.6), yields

d £ |:(a1’B)'a2 """ Ay . }_ 1 (oy,B)(ar,) "'(ap) = (04, B)m (at,) "'(ap)m z"
4o p'a Z\== Z :
dz 5, b (B)@)+(8g) m (8)n(8y)m - (Bg)m (M, ])!

Applying (4.1), we obtain the required result.

Corollary 4.2.
%{DFQ [(cB). 1, 8]} =%}”(°§B) R [(@+1B+1),%+18+1 2], (4.11)
and
%{ﬁ[(a,ﬁ),é;z]} =%®L—E’5B)1F1[(a+1,[3+1),6+1;2]. (4.12)
Proof.

1 @B 2"
Rl rsiz]= 2 = = e o

& (0B (W) m2™?
‘% ®)n (M)

As m—m+1, we have

d . _ S (avﬂ)mﬂ(ﬂ‘)mﬂ Zm
g 2hledas]= 2 o e e e

:} . (Q’B)mﬂ(}\')mﬂ Zm

J'mZ;) @)na  J'T(Mm+1)
_12(0,B) i (a+1B+D),(A+D), z"

| G+ (m, j)!

:lx(ogﬁ) L@ +LB+D),h+18+17]
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5. Families of Generating Functions Relations

A A+L A+n-1

In this section, we denote the following array of numbers N NN by A(N, 1)
Theorem 5.1. The following relation holds true
i {A(NJH‘n)’(%’B)’O‘z’---'ar.ZjN}
oy TN 81,8,000 O
AN, L), (0, B), Ly ooy 01, i \"
_ E (N, ), (0, B), OL;Z( Jj 1) 5.1)
8,85, O 1-
Proof: Given that
¢ -2 ; -2
1-2)|1-—— =1-t)|1-—
o)) ool
Since
-1 ( )n
(1-z2) Z (5.2)
Yields

Applying (5.2) again and (4.1), we get the deswed result.

Theorem 5.2

5 & {A(N’_n)'(al’B)'%""’ar ;sz}

N
— n! s 01,05,..., O
A(N, 1), (o, B), 0ty .ns 0ty
= r+N Fs ( ) ( ' B) ? ,Z[ tjj (1 t)_}L (5-3)
0,,0,,...,9 1-
Proof: The proof of (5.3) is similar to (5.1). This can be obtained from the fact that

[
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