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Abstract
In the present paper, we define the generalized Kwang-Wu Chen matrix. Basic properties
of this generalization, such as explicit formulas and generating functions are presented.
Moreover, we focus on a new class of generalized Fubini polynomials. Then we discuss their
relationship with other polynomials such as Fubini, Bell, Fulerian and Frobenius-Euler
polynomials. We have also investigated some basic properties related to the degenerate
generalized Fubini polynomials.
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1. Introduction

The nth Bernoulli numbers B,, are defined by the generating function

t t"
— = ZBT%, t| < 2. (1.1)
n>0 :

The rational numbers By =1, By = —1/2, By =1/6, B3 =0, B4y = —1/30 and Bg,+1 =0
for n > 0, have many beautiful properties. The most basic recurrence relation is

i("}:l) By, = 0. (1.2)

et

k=0
In 2001, Kwang-Wu Chen [5] gave an algorithm for computing Bernoulli numbers, with
1
AWm = g5 Gnklm = (m+ 1) anm+1 + Mapm. (1.3)

The primary purpose of this paper is to extend the Fubini transform for generalizing
Fubini polynomials and studying its properties. We first generalize (1.3). The idea is
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to construct an infinite matrix M := (ay, m)n m>0 I which the first row agm, = oy, of
the matrix is the initial sequence and the first column ano = B is the final sequence.
More precisely, for nonzero complex numbers x and y, we propose to study the following
three-term recurrence relation

an+1,m(‘r7 y) =z (m + 1) an,m—l—l(xa y) + yman,m(xa y) (14)

By setting z = —1 and y = 1 in (1.4), we get (1.3). More directly, we propose to generalize
the Fubini transformation.

The Fubini transform of a sequence (c,),,~( is the sequence (3,),,~, given by

8, = Zk!{Z}tkak
k=0

and the inverse transform is

1 2
n — 7k
o = i3 ()

2. Definitions and notation

In this section, we introduce some definitions and notations which are useful in the rest
of the paper. Following the usual notations [7].
The falling factorial 22 (x € C) is defined by

=z(z—1)---(r-—n+1),22=1
and the rising factorial denoted by z”, is defined by
a:ﬁ:a:(:v—l—l)---(xjtn—l),xﬁ: 1.

The (signed) Stirling numbers of the first kind denoted s (n, k) are the coefficients in

the expansion
n

= Zs(n, k) ", (2.1)

k=0
The exponential generating function is

1
il (In(1+8)"=> s(nk) = (2.2)
n>k

and s (n, k) satisfy the following recurrence relation:

s(n+1,k)=s(n,k—1)—ns(n,k) (2.3)
and that
s(n,0) =0p0 (n€N), s(n,k) =0 (k>nork<0),

where 0y, ,, denoted Kronecker symbol.

The Stirling numbers of the second kind denoted {7} count the number of ways to
partition a set of n things into k£ nonempty subsets. Explicitly {Z} are the coefficients in
the expansion
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The r-Stirling numbers [3] denotes {}} , for any positive 7 € IN, the number of partitions
of a set of n objects into exactly k nonempty, disjoint subsets, such that the first r elements
are in distinct subsets. These numbers obey the recurrence relation

{Z}T =0, n<r,

{Z}T - 5k,r, n=r, (2'4)

and

n n n—1
{k}r:{k}rl_(r_l){ k }rl‘ (25)

The exponential generating function is given by
(N n4r)| t"
e (e —1) _Z{k—i—r} e (2.6)
n>k T

3. The Generalized Fubini transform

Theorem 3.1. Given an initial sequence (ag,m) define the matriz M associated with

m>0’
the initial sequence by (1.4) then

(1) The entries of the matrix M are given by

n—+m n—k k
anm(x,y) m'z{k‘—i—m} (k+m)ly" "2 ag mik- (3.1)

(2) Suppose that the initial sequence ag m+r has the following ordinary generating func-
tion A, (t) = 3 agpirt®. Then, the sequence (any (), s, of the rth columns of
k>0 =
tn
the matriz M has an exponential generating function By (t;x,y) = Y an,(z, y)

n>0
given by

B, (t;z,y) = e:y (ety;i)r [(etyy_ 1>TAT (;j(ety - 1)>1 . (3.2)

Proof. (1) We prove the relation (3.1) by induction on n. The result clearly holds for
n = 0, we now show that the formula for n + 1 follows from (1.4) and induction
hypothesis

n+m-+1 _
an+1,m (2, Y) 'Z{k+m+1} (k+m+1)aFy"Faq
+1

ntml a4 1 ~[n+m |k, n—kt1
+m{ m } Yy Go,m‘f‘mz k4 m (k 4+ m)lz"™y ao,m+k
m k=1 m
1 {n—l—m—i—l

(n +m + ].) CLQ ;m4n+1-
n+m+ 1}m+1
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After some rearrangements, we get

an+1,m (2, Y) _*1 En {n+m+ 1} (k+m)'$kyn kHGO +k+m{n+m} y”“ao
n+1m\4, 1 m m
ml = k+m m

n+m
1 |Z{ } (k + m)la®y" " ag p y
m

} (n+m+ 1" ag minia-
+1

From (2.4) and (2.5), and after some rearrangements, we get

n+m-+1 n—+m _
Ant1,m(2,Y) ,Z({ k4 m } +m{k+m} )(k—i—m)!xky" k+1a07m+k
m+1 m
n+m+1 1 I fn+m+1 11
+{ } yn+ Om+{ } <n+m+1) a0, m+4n+1
m ” n+m+1
n+1
| n—k+1
S 3! s SRR

(2) The verification of (3.2) follows by induction on n. By using (3.1), we obtain

n+r e "
B, (t;x,y) = (r;Z{ } (k + r)laty kaO,r-Hc) o

n>0
k+7" ( > {n+r} (ty)"
= Z - Or+kz .
k>0 Skl kT n!

From the relation (2.6), we obtain

‘ B (k+7m)! [z k [ k
Br(talC,y)*Zi " a0,r-+k71¢ (6 —1)

|
=

k k
= e”yz< —:T> ao r+k (;j (ety — 1)) )

k>0

Since

()G e = o) [
we get

B, (t;x,y) = e:y (e_tyjt)r l(etyy— 1>TA7« <;(6ty - 1)>] :

This evidently completes the proof of Theorem.

The following corollary represents another expression for the generating function B,

Corollary 3.2.

B, (t;x,y) 'Zs r k) dtk Key—1> A, (m(ety—l)ﬂ . (3.3)

Y
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To prove formula (3.3) using

<e_tyd>rF(t) = _Ttyz.s r, k) a* F(t),
dt = ) T

with

F(t)= <etyy_ 1>TAT <§(ety — 1)) .

Theorem 3.3. Given final sequence (an,0),~,, define the matriz M associated with the
final sequence by B

i1 (2, 5) = —— 5 (@t o.) = yma o). (3.4)

x(m+1

then

(1) The entries of the matrix M are given by

m

Zy_ks (m, k) antro - (3.5)
k=0

an,m (I, y) Zmml

(2) Suppose that the final sequence anyro has the following exponential generating
function B, (t) = kgoakJmo%. Then, the sequence (argm (2)),,5q of the rth row of

the matriz M has an ordinary generating function A, (tiz,y) = > arm(x,y)t™
m>0

given by
~ ~ 1 ty
Ar(tz,y) =B, (y " In(1+ <) (3.6)

Proof. (1) We prove by induction on m, the result clearly holds for m = 0. By
induction hypothesis and (3.4), we have

an,m+1(9€,y) = m <Zy S m k an+k+10 —ymZy S m, k) An+k,0 >

k=0
y m—1
= - —k
Ty <y ™5 (m,m) anmito + kZ::Oy s (m, k) aniri10 )
y
—WM@& s (M, k) aniro +mys (m, o)ano>.

After some rearrangements, we get

ym m B m B
An,mt1(T,y) = Wl—), (Z@/ s (m,k—1)antko — mZy s (m, k) an+k,0 )
Y \k=1 k=1

33
_|_
—

+————— (y "s(m,m) antmi10 —mys(m,0)ano ).
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From (2.3) and after some rearrangements, we get

B ym+1 m Lk
anm+1(2,y) = mkz::l@/ (s (m,k —1) —ms (m, k)) aniro
ym—i-l 1
e
+ rmt+l (m + 1)| (y s (m +1,m+ 1) An+m+1,0 + 8 (m + 170) Qn,0 )
ym+1 m+1

—k
=y 2V s(mt L k) antro -
gm+l (m—&-l)!];] "

which completes the proof.
(2) According to (3.5), we have

A, (tyz,y) = Z < Zyiks (m, k) aryr0 )tm

mim!
m>0 L k=0
m
- Zar+k 0 y Z xmm' )t °
k>0 m>k

From the relation (2.2), we obtain

which completes the proof.

O
Corollary 3.4. For n,m > 0, we have
Z {k N } (k +m)lz*y" Fag i = Zs (m, k) ™™y *a, g0 - (3.7)
=0 m m k=0

The identity (3.7) can be viewed as the generalized Fubini transform which can be
reduced, for m = 0 to the Fubini transform of the sequence «,,, and for n = 0 to the
inverse Fubini transform of the sequence ,,.

4. On generalized Fubini polynomials

Setting the initial sequence ag ., =1 in (1.4), we get the following matrix

1 1 1 1
x Y+ 2z 2y 4 3x 3y + 4x
222 + yx 622 + 6yx + y? 1222 + 15zy + 4y :
M= 62> + 622y + zy? 2423 + 3622y + 14ay? + 3 :
24z + 3623y + 1422y? + 29® :
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Since A, (t) = L, it follows from (3.2) and (3.3) that the final sequence has an expo-
nential generating function given by

e d\ | e —1 " 1
Br(t7may):H(e ydt) [( " ) 1_1(6ty_1)1
Yy

1< d* [fetv —1\" 1
= dt y 1—2(e —1)

In particular for r = 0, we have

1

By (t;2,y) = T_Z(w_1)
Yy

Definition 4.1. We defined a sequence of polynomials §,,(z,y) of two variables z, y, called
generalized Fubini polynomials, by means of the generating function

= Fn(z,9) (4.1)

ty_
1-— y e 1) "0

The explicit formula for §, (z,y) is given by

Sn (z,y) = i{g}k'gykyn k (4.2)

k=0
By setting y = 1 in (4.1), we get

Zgnxl

n>0

= wn(x) 7'7 (4.3)

1—33

where wy, (z) denotes the Fubini polynomials [1,8, 11], defined by
" [n
wy, () = k"
-2

By (4.1) and (4.3), we can write the relation between wy, (z) and §, (x,y), given by the
following two formulas

Sn (2, y) = y"wn (5) (4.4)
and

wn (2) =y "Fn (2, y) - (4.5)

The Fubini polynomials w, (z) are related to the geometric series in the following way

1. n
(:ECZC) 1:L“_Zkkn_11an(1xx)' (4.6)

k>0
This relation can be extended to a more general form depending on two variables x and
Y.

Theorem 4.2. For x different to y, the polynomials §,, (x,y) have the following property

yfﬂn (;?xi‘/) =2 (;)k(yk)"zy” (a:;;)”yfx. (4.7)

k>0
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S (e )
T = nl o y—x\1- 2 (e —1)

Proof. We have

Then

)

Equating the coefficients of %, we get

k
y—x y—x >0 Yy

k
On the other hand, we apply the formula (4.1) in

() wr-rg (e
= (v

5y
o

1], we get

)G
;()

(4.8)

= (v

This evidently completes the proof of the theorem. O
Remark 4.3. By setting y = 1 in (4.7) we get (4.6).
Now, recall that the exponential generating function for Bell polynomials ¢, (x), is given
by
eac(et—l qun v (49)
n>0 n!
and given explicitly by
" [n
bn(z) = Z{k}xk. (4.10)
k=0
In the following result, we will give the integral representation for §, (z,y) and the link
with ¢, ().
Theorem 4.4. For n >0, we have

S (z,y) = 4" /0%0 ¢ <§A) e N\ (4.11)

n —+o00 -
> B (x,y) = = / e M5 E D) gy (4.12)
n! 0

n>0

and
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Proof. Replacing = by %)\ in (4.10) and multiplying both sides by y"e™* and integrating
for A\ from zero to infinity, we have

v /;C><> ¢ (Z;A) e A =y Om (g{”} ( >k> N
yné{”}( ) “X(0)F A
)

[e=]

?T‘
< |8

gl

By comparing with (4.2) we get (4.11).
Now to prove (4.12), using (4.11), we have

N
< |8

S =5 ([ o))

n>0 ! n>0

LTy )

we apply (4.9), we get

ZSn T y /+oo - z)x(e’fy 1)) d\
0

n>0
/+OO ty 1)) d)\
0 .

O

Remark 4.5. By setting y = 1 in (4.11) and (4.12), respectively, we get (3.11) and (3.13)
in [1].

The Fubini polynomials of two variables w, (x,y) are defined in [8,9,11] by the following
generating function

ety
an z,y) (4.13)

1= n>0

The next result represents the relation between §, (x,y) and wy, (z,y).

Theorem 4.6. For n > 0, we have

o () = 9" 0" (Z) (s (Zo0). (4.14)

Proof. From (4.1) and (4.13), we have
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2
2 ety

7;)& T,y) - W

_ (—ty*)" ERY s

N (nz;(] n! ) (nz;o n<y7y> n! )
=) <Z< ) y*)wn_t (zy) y”"“) g

n>0 \k=0

ST AR

n>0

xy—y”2y<> wnk@y)

In addition to the above properties of §, (x,y) polynomials, we now present some re-
currence relations. The following lemma will be useful for the proof of the next theorem.

that is to say

0

Lemma 4.7. For nonzero complex numbers x and y, we have

ety 11, Nd 1
1—;”(ety—l):(:1;_y(e U)dt(l—g(ety—l))' (4.15)

Theorem 4.8. For n > 0, we have

Snt1 (x,y) = x —I—y ( ) Sk (z,y) + Skﬂ (x, y)) (4.16)
Proof. Using the above lemma, then ) is equivalent to
“(n\ g " [1 I (ty)” 1 t
(3 (trmen) 5= (3 W ) e
n>0 (k:0<k> n! Y=o n! y n>0
Then,
" (n ok t tm t"
> (2|, 3 (z,y) Z&H (,y) — = fZ anﬂ (,9) —
n>0 \k=0 n>0 n>0 n! n>0
tn
+ - Zgn—i-l 37 y)
n>0
Tk n n ek "
*Zgnﬂ (z y)*—*z > p |V Sk (z,9) ]
L >0 Y >0 \k=0 :
+ — Zgn-‘rl X y)
n>0

n

n>0

Equating the coefficients of t—n,, we get
n

= 1
> (Z) Yk (z,y) = *Snﬂ T,y) Z( ) Y S (T,y) + §3n+1 (z,y)

k=0

=Y < Sn+1 (2, 9) Z( ) Y e () + ;3n+1 (:c,y)) g
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and after some rearrangements, we obtain the result. O
Remark 4.9. As a special case, we get the formula (24) in [6] by setting y = 1 in (4.16).

Theorem 4.10. For n > 0, we have

n

St (,9) + ¥80 (2.9) = (@ + 1) (Z) B (@) Fuk(ey).  (A17)

k=0

Proof. Considering the derivative of the generating function of the polynomials §, (x, )
(4.1), we have

t" xely
Zgn—&-l («737 y) ﬁ - 2
n>0 : (1 — (et — 1))

B x4y 1
Tz Y T )

= () Y8 () oy Y S ) oy Y ()

n>0 ‘'n>0 n>0

tn
n!

n

=(@+y)>, (Z (Z) Sk (2, y) Sn—k (T,y) — YSn (a:,y)) -

n>0 \k=0
Equating the coefficients of tn—n!, and after some rearrangements, we obtain the result. [
For y = 1, we get the result of the Theorem 1 in [8].

Theorem 4.11. For n > 0 and for x1 different to xo, we have

)3 (n) S (1, 5) o (2, ) = 20 (Z28) = 0180 (@1,9), (4.18)

k=0 k Tro9 — X1

Proof. The proof of (4.18) becomes as follows

1 1 o 1
1—2(eW —1)1—-22(e —1) @ —a11— (e —1)
T 1

_SITQ—ZEl]_—%(th—].).
U

Now, in this part of the paper, we will connect the polynomials §, (z,y) with Eulerian
polynomials and Frobenius-Euler polynomials. It is known that for x # 1 and n > 0, the
Eulerian polynomials A, (x) and the Frobenius-Euler polynomials H,(x;y) are defined
respectively by the following generating functions [12,13]

11—z tm
ey Z;)An (x) e (4.19)
n>
1—x ty ' tm

Theorem 4.12. For n > 0, and for nonzero complex numbers x and y,we have
S (z,y) = 2" A, <1 + i) (4.21)
and fort # 1, we have

A, (1) = <H>ngn (y y) _ (;)ngn (@ 2(t—1)). (4.22)

Yy t—1’



942 M. Sebaoui, D. Laissaoui, G. Guettai and M. Rahmani

Proof. The generating functions (4.1) and (4.19) can be rewritten as

1 € tn
. —57;0% (2.9) (4.23)
and for z # 1
1 Ay (z) "
T Tl {1 4.24
el —x nzz%(x — 1)+l pl (4.24)
Then,
nAn (142
~Fn (2,y) =y (15)%1 )
A, (1+ 4
RENIES)
(%)

Which is equivalent to (4.21).

Now, for t =1+ ¥ in (4.21), we obtain (4.22).

O
Theorem 4.13. Forn > 0, we have
S (@) =y _y" <k> (—1)*Hpg (1 + ;y> :
k=0 r
Proof. From the generating functions (4.1) and (4.20), we have,
t" 2 (1 -1+ g)) 2
g (:L‘v y) - = e—ty - ety
t n
— ety ZHn(l—i—x, ) (ty)
n!
n>0
In the same way as the proof of Theorem 4.6. we get the result. ]

5. Probabilistic representation

We consider a geometric distributed random variable X. The probability density func-
tion, for £ € IN* and two parameters p and g, such that ¢ =1 — p, as follows:

P(X =k) =pq"".
The higher moment of X is given by
E(X™) =Y k"p(1 —p)*". (5.1)
k>1
In the next paragraph, we show that §, (z,y) can be viewed as the nth moment of a
random variable X — 1 where X follows the geometric law.

Theorem 5.1. Let X be a random variable follows the geometric law and for p = w—% >0

, we have

I )k<yk>“ (5.2)

Ty S\ tY
=y"E((X —1)"). (5:3)
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Proof. From (4.1), we have

vy 1
%gn (z,9) ol x"'y(l—ffyety)

= mg—yz <$j_y>k (ety)k

k>0

- S () Sl

a:+yk20 r+y >0

- m—?ij—yz (,;) (xj—y)k(ky)n) %7:

n>0

Equating % and by comparing with (5.1), we obtain the result. O

6. Degenerate generalized Fubini polynomials

For any nonzero real number A\, we define the degenerate generalized Fubini polynomials
as

1 = Y ) (61

L—2((1L+My)x - 1) 15y

It is clear that lim (1 + )\ty)% = ¢ and therefore lim §, » (z,y) = §n (2, 7).
A—0 A—0 7

Now, recall that the degenerate Stirling numbers of the second kind {Z} )+ are defined
by the following generating function [4]

1 1 k n| t"
—((1+M)x =1 :Z{ } —. (6.2)
k! ( ) =k k )\n!
In the next result, we will give the explicit formula for §, » (z,y).

Theorem 6.1. For n >0, we have

S (@,y) = Z{Z} Rlaty . (6:3)

k=0 A

Proof. From (6.1), we note that

" 1
gn ) - = 1 6.4
%‘f) A y)n! 1 (11 My)s — 1) (6.4)

k 1
-y ) ((1+ xty)x —1)
k>0

Equating %, we obtain the result. ]
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Remark 6.2. Now, by setting y = 1 in (6.1), we get

1 tn
1 = n 71 -
1—2((1+ )% — 1) ;f A @D

tn
= an’)\ (:U) ﬁ?

n>0

where wy, () denotes the degenerate Fubini polynomials [10], defined by

wpa () = i{g} klak.
A

k=0

Acknowledgment. The authors would like to thank the editor and anonymous referees
of this manuscript.

1]
2]

References

K. N. Boyadzhiev, A series transformation formula and related polynomials, Int. J.
Math. Math. Sci. (23), 3849-3866, 2005.

K. N. Boyadzhiev and A. Dil, Geometric polynomials: properties and applications to
series with zeta values, Anal. Math. 42 (3), 203—224, 2016.

A. Z. Broder, The r-Stirling numbers, Discrete Math. 49 (3), 241-259, 1984.

L. Carlitz, Degenerate Stirling, Bernoulli and FEulerian numbers, Utilitas Math. 15,
51-88, 1979.

K.-W. Chen, Algorithms for Bernoulli numbers and FEuler numbers, J. Integer Seq. 4
(1), Article 01.1.6, 7, 2001.

A. Dil and V. Kurt, Investigating geometric and exponential polynomials with Fuler-
Seidel matrices, J. Integer Seq. 14(4), Article 11.4.6, 12, 2011.

R. L. Graham, D. E. Knuth and O. Patashnik, Concrete mathematics, Addison-
Wesley Publishing Company, second edition, Reading, MA, 1994.

L. Kargin, Some formulae for products of geometric polynomials with applications, J.
Integer Seq. 20(4), Art. 17.4.4, 15, 2017.

L. Kargin, p-Bernoulli and geometric polynomials, Int. J. Number Theory 14 (2),
595-613, 2018.

T. Kim, D. S. Kim and G.-W. Jang, A note on degenerate Fubini polynomials, Proc.
Jangjeon Math. Soc. 20(4), 521-531, 2017.

F. Qi, Determinantal expressions and recurrence relations for Fubini and Eulerian
polynomials, Journal of Interdisciplinary Mathematics 22 (3), Art. 4, 18, 2019.

H. M. Srivastava, M. A. Boutiche and M. Rahmani, A class of Frobenius-type Eulerian
polynomials, Rocky Mountain J. Math. 48 (3), 1003-1013, 2018.

G. Tomaz and H. R. Malonek, Matrixz approach to Frobenius-FEuler polynomials, In
Computational science and its applications-ICCSA 2014. Part I, volume 8579 of
Lecture Notes in Comput. Sci. pages 75-86. Springer, Cham, 2014.



