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Abstract: Using the Saddle point method and multiseries expansions, we obtain from the exponential formula
and Cauchy’s integral formula, asymptotic results for the number T'(n, m, k) of partitions of n labeled
objects with m blocks of fixed size k. We analyze the central and non-central region. In the region
m=mn/k—n% 1>a>1/2, we analyze the dependence of T'(n,m, k) on a. This paper fits within
the framework of Analytic Combinatorics.
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1. Introduction

Set partitions parameters have long been a topic of investigation. See, for example, Graham et
al. [7], Knuth [9], Mansour [13|, Stanley [15], for other investigations of set partitions. Moreover, set
partitions continue to be of interest recently; see Chern et al. [1, 2]. During a talk given by P. Diaconis
at the Conference in honour of Svante Janson’s 60th birthday, our attention was attracted by a classical
parameter of set partitions: the number T'(n,m, k) of partitions of n labeled objects with m blocks of
fixed size k. The value of k will be fixed in this paper, so we suppress the k£ and simply write this number
as T'(m,n).

Our goal is to analyze the asymptotic growth of T'(m,n) in several regimes.

Let II(n) be the set of partitions of n labeled objects, with B,, := |II(n)| denoting the nth Bell
number.

We define the random variable J,, as the number of blocks of size k in a set partition chosen (uni-
formly) at random from the class of all set partitions of n labeled objects. Then the distribution of .J,
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is

Fristedt [5] proved that this distribution is asymptotically Gaussian.

Most of our techniques for studying T(m,n) and the distribution of J, rely on generating functions
treated as analytic (complex-valued) functions. Thus, we now introduce some of these functions.

We note that exp(e* — 1) is the exponential generating function (GF) of the class of set partitions
(see [4, pp. 106-111]). Therefore the B,’s are exactly the coefficients of this GF:

i %—expe—l)

Now we decompose the number of such set partitions.

The celebrated exponential formula (or polymer expansion) is given as follows. Let

9(z) = ay i
k=1

Then

n

z
exp(g E bn(at,...,an)— e
where the nth Bell polynomial reads as

bn(ay,...,an Z I lak 7

AEII(n)

and X () is the number of blocks in A of fixed size k, A denoting a set partition.

Hence, we use

= Z Z T(m,n)y

n=0m=0

to denote the analogous bivariate GF (which is exponential in z and ordinary in y); the variable y is
used here to “mark” the blocks of size k. See [4, p. 156] for an introduction to the marking technique. It
follows immediately that

fa(z,y) = exp (6 1+(y1)7:> (1)

Now we define

n

fa(2) = " feery) = Y Tlmon) = 2)
n=0 :

To find f3(z), we take the mth derivative of f2(z) with respect to y, then divide by m! and evaluate at

y =1, so that
k
fa(z) = exp <e —-1- > ﬂ (3)

k! m!



G. Louchard / J. Algebra Comb. Discrete Appl. 4(1) (2017) 75-91

In this paper, we will use multiseries expansions: multiseries are in effect power series (in which the
powers may be non-integral but must tend to infinity) and the variables are elements of a scale. The
scale is a set of variables of increasing order. The series is computed in terms of the variable of maximum
order, the coefficients of which are given in terms of the next-to-maximum order, etc. This is more precise
than mixing different terms. This technique was used in the analysis of Stirling numbers (of the first and
second kind) and Eulerian numbers in Louchard [10-12].

Our paper is organized as follows: in Section 2, we consider the central region, where we re-derive,
with more precision, the asymptotic Gaussian property of J,,. In Section 3, we analyze the large deviation
m = n/k —n®, with 1 > o > 1/2. The appendix provides a brief justification of some integration
procedures.

2. Central region

We use several saddle points. To ease this paper’s reading, we summarize the different values we
need. We consistently use “root” to be interpreted as “root of smallest modulus.”

In section 2,
p is the root of pe” = n,

Pk is the root of pg exp(pr) =n — k,

k k
Pk is the root of ppef* — (ZT) +km—n=0,
In section 3,
. k *\k
p” is the root of p*e” — (2') — kn® =0,

p is the root of pe” = kn®.

2.1. The moments

In this section, we first derive asymptotics for the Bell numbers and then proceed to the analysis of
the moments of J,,. For the Bell numbers, we could use Salvy and Shackell [14] or Chern et al. [1]. But
the first paper uses n/p in the scale and the second paper uses the solution of ue* = n+ 1. We prefer to
use n and p: the root (of smallest modulus) of pe” = n. The scale of the multiseries is n >> p* > p (we
assume here k > 2).

We define m* := Hﬁ;(l)(m —j)=(m)(m—=1)(m—2)---(m — £+ 1) as the ¢th falling factorial of m.
Now we use this notation to study the ¢th falling factorial of J,. We have

3 — m,n © LT (m.n
B = 3 mBs, = m) = 37 me T _ Zcomt Tlmm)
m:O n n

m=0

From (1), we have

0o Y4

Z m=T(m,n) = n![z"] 3 5 f2(2,9)

m=0 y=1
= n! [2"](2"/K!) exp(e® — 1)
= (:!!)e [k exp(e® — 1)
~onl By
(k) (n—k0)!
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In particular, for £ = 1 and ¢ = 2, respectively, we have

ng(m,n) - (Z)Bnk and i(m)(m— )T (m,n) = (kk: 2k> By _on.

m=0

Therefore, the first and second falling moments of J,, are

E(J,) = (Z) Bg,;’“ and  E((J,)(J, — 1)) = ( " )B"—Q’“.

k,k,n—2k) B,
Now we need an asymptotic expansion of B,,. Set
fi(2) 1= exp(e?).

Let the saddle point be given by p and let  denote the circle pel’. We compute

(Bn/n!)(e) = ([z"] exp(e” — 1)) (e) = ["] exp(e) = [z"]fa(2).

By Cauchy’s theorem, it follows that

1 [ falz)
B ! =
(Bufmie) = 5z [ S5t de
11" i0) ,—nif : i0
= no_ Ja(pe)e dé using z = pe'
pr2m
= ii T exp (ln(f (peiG)) _ ’I’Li@) do
pn 2T J_ o 4
= — —_— — — v 4
o 2w . eXp 2"{29 6“39 + de, ( )

where

2\ "
(o) = (55 ) el
See Good [6] for a neat description of this technique. We have
p=W(n),

where W is Lambert’s W function (see Corless et al. [3]). We use the principal branch, which is analytic
at 0. Let us set L := In(n). We have the well-known asymptotic expressions

2
p:L_lnL+lnLL+o<(lnL) )

L2
In(p) = In (L) — lném +O ((IHLI;) > .

All expressions involving p in the sequel can of course be expanded into powers of L, but this would
lead to huge formulae.
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The dominant part of (4) gives

B — exp(n/p — ntn(o),

Now we turn to the integral. We have for instance

Ko =n(1l+p),
Ky = n(1+3p+ p?).
We now proceed as in Flajolet and Sedgewick [4, ch. VIII]. Let us choose a splitting value 6, such

that k202 — oo, and k303 — 0, as n — oco. For instance, we can use 6y = n~°/12_ We must prove that
the integral

2w —0g
K, = / exp (In(fi(pe'?)) — nif) do
0o

is such that |K,| is exponentially small. This is done in Appendix 3. Now we use the classical trick of
setting

(o)

—ra0%/20+ Y ke(i0)"/0) = —u/2.
£=3

Computing 6 as a series in u, this gives, by Lagrange’s inversion,

1 o0
0=— a;u,

with, for instance,

1
Vitp

This expansion is valid in the dominant integration domain

0
|u| < \/ﬁ 0 _ /1+pn1/12.
ai

ay =

Setting df = %du, we integrate on u = [—00,00]. This extension of the range is justified as in Flajolet
and Sedgewick [4, ch. VIII|. (From now on, we only provide a few terms in our expansions, but of course
we use more terms in our computations. Also, all O terms in the sequel may depend on k,p.) This
integration gives

Bpe f4(p) 1
= H, = exp(F1)Ho,
n! pr V2m\/1+1/p PUE)H,
where
Ey:=n/p—nln(p) — L/2 —1n(p)/2; (5)
V21 + p)
1 2p" +9p° +16p* 4 6p + 2 1
Hg::l——p i /;) p +O(2)- (6)
24 (14+p)°n n
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Now we turn to B, _g,. We compute

2
In(n —¢k) =L — e _1(¢k)

n 2 n?

We will use pg i, as the root of pgrexp(per) =n — Lk, ie., por =

o(5)

W (n — £k). This gives

- plk 1% (24 p) (£k)* < 1 )
—=p— - o=),
p[,k P n(1+p) 2 (1+p)3n2 n3
with
N k 1 (k) (1+3p + p? 1
In(pex) =In(p) — 1) ( 3 ) o <3) .
n(l+p) 2 (14 p)"n? n
Now we specialize to the case ¢ = 1 to get the mean.
Plugging into F, we obtain
Bnke _ exp(Ei)Hak
(n—k)!  V2r/1+1/pi
where
1 1 1k(—p+k—2) 1
By =kl —=L—-1 - —
1k n (p) 2 9 H(,O) 9 (1 +p)n n2 )
and

1 2p* +9p% +16p% + 6 2
Hop, = 1 p-+9p° + 16p° + 6p +

24 (1+p)°n

24

‘We need Bg,—;k. This leads to conclude

+

o)

o(z)

B, i Her”,
with
1k(=p>+k(1+p)—3p—
Hy i HyHy iy — 1 — LE P RS0 =3
2 (1+p)n
where
V1+1/p 1 k 1k% (8p+2p% +1) 1
3= —VF0————==1- 5 T3 1 +0 =5 |
1+1/pg 204+p)°n 8  (1+4p)n2 n
and
Hoy, 1 k (11p° + 28p* + 36p3 + 10p* + 10p +
Hy=—=1-——
H, 24

(1+p)"n?
and where Hy is computed as follows:

1k(—p+k—2
E1k—E1=k1ﬂ(P)—2((1p+p)n)+ <

2,5 492
p° + )+0<13>,
n
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and
exp(Ev, — Ev) = p"H,
SO
1 _ —
H5:1_7k( p+k—2)
2 n(l+p)
1 (90% + 39p% — 10p°k + 60p + 3k2(1 + p) — 30pk + 24 — 16k) k? Lo 1
24 (1+p)°n2 n)’

The mean M of J, is given by

Bn—kn! pk
M=————="—Hs.
Bo(n—k)kl — KT°
Similarly (we omit the details)
2k

where

H72:].—

k(—p? +2k(14p) —3p—1) 1
(1+p)2n +O< )

Hence the variance o2 of J,, is given by

and

with

HgZ:].—

2k% (p+2) p* + kk! (=3p + k(1 + p) — p* — 1) —|—O< 1)
4kY (14 p)° '

More generally, the ¢th falling moment is given by

n! ankf
(n—kO)YEHY B,
ke
P
(k!)ZH7,f,
1k (=p>+ k(1 +p)—3p—1 1
Hr;p=1- - ( P ( Qp) P )+(9( 2).
2 (1+p)"n n

2.2. Distribution of J,

Fristedt [5] proved that the distribution of J,, is asymptotically Gaussian. This can also be obtained
with Hwang’s techniques: see [8]. We want here to re-derive this property with more precision. The
corresponding GF f5(2) is derived from f3(2):

k

f5(2) = exp <6Z - % + kmln(z) — In(m!) —mln (k')> ,
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with

The saddle point equation is now

ki
pke”k—p’;fl +km—-—n=0 (1)
It is easily seen that we have
Pk~ P + 63
with
[ee]
>
nJ
j=1

When we write pr ~ p + J, this is simply a statement that pp — p can be written as a Taylor series
in terms of powers of n~', and then «a; is just the first coefficient in this Taylor series.

Solving (7) gives, for instance,
k
p -1
—kxy/ Hp(l +p) .

1 1 1
In(m!) = —m +mln(m) + 3 In(27m) + —m ™' + O ( ) .

g

Also, we have the classical result that

12 m?2

We must analyze

n!

P(Jy = m) = Ze-["]fs(2).

First of all, we must compute the dominant term of "6!]1;57(;’2). We have
nPy

n!f5(pr) 1
— exp(Th) —
B P,

with Hy given by (6) and, with (5),

5 k
ne
T, = Pk

; ] + kmln (pr) — nln (pr) — In(m!) — mIn (k)

n 1 1 1 _ 1
— (p —§L—nln(p)— iln(p)—iln(l-i—ﬂ 1) - 21n(27r)).
We compute

T 1
n%+4+0(ﬁ.
n n

The dominant term of Tj is computed as

B::QHHJM1+mfx27Mn@%Hn%M.
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Set now the next term of T as T3 := Ty — T>. We have

n!fS(Pk)

1
IS\PR) T ——
eBnp} exp 1>H2

_ emﬁmﬁexp <T3 Ty O (é)) (1 +Bio (nl )) ,

and

T 1/6x (x2—3)\/H 1 k!'(=32? +a* +1)
3= -

1 a (32 +5 — 1022) (k)% ofL
ph/2 12 ok 60 p3k/2 + P2k )
Later on, we will need
1/6z (22 = 3) VE! 1 (272% — 122* — 6 + 2°) k! 1
T := exp(Tg) =1+ pk/2 + ﬁ pk +O (pgk/2> .
Also

1 2p* 4+ 9p% + 16p? + 6p + 2

5 — — .
24 (L+p)°

We now turn to the coefficient of 1/n in T7.

3 —1
T lk x4/ (k)" In (p)p3k/2

2 E' (14 p)
1 z?p ? ~1 —2
+/€21n,0(—p2+—3p++k1+p—1)pkk’! 1+p
542 Inp) it gy TR ) (k)™ (1+p)
and
T. T 1
exp<4)l+7+o<2),
n n n
and

T7 = T4.
To compute the integral, we obtain, for instance,

Kok xy/ ()7 (14 3p+ p?) kpt/?

K ) o) o (y):

and the integral leads to

Ty

1 1
I=——  (1+2+0(=)),
\/ﬁ\/27r\/m( T <n2>>
with

1 (24k2p2 + 12203 + 12k2p) pF ,
8::7( p ,03 P)P _i_o(pk/Q).
(1+p)” pk!

24

We compute now

Ty :=Ts + Ty + Ts = To1p**/? + Toop" + O (Pk/z) )
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with
1 Kkzln(p)
Toy = 5 n3/2 1 . 0
27" (14 p)

and
LR (pt+aP(l+p) +1) +1k2(—p2+k(1+p)—3p—1)ln(p)

Tos :
22 (1+p)° k! 2 (1+p)2 k!

Combining the integral I with (8) gives the local limit theorem:

Theorem 2.1. The asymptotic distribution of J, is given by the local limit theorem:

P(J, =m) = erQ/Q\/pL:]jﬂTﬁ (1 + % +0 (;)) . (9)

Of course more terms can be mechanically computed, but the expressions become much more intri-
cate.

To check the quality of our asymptotics, we have chosen k = 2,n = 1000, the range of interest for
m is given by m € (%;? +2 %’;, %’; -2 %’f) = (6,21). To numerically compute T'(m,n), we use (3),
which gives

T(m7n) n—km z Zk 1
a = T e (e ) iy

igure 1 shows T(m,n) (circle), the asymptotics e~ : ine, of course we use here —IT as mean
Figure 1 shows T ircle), th i M?ﬁf'Q line, of here £

k2T '
and variance) and Equ. (9) (box).

Figure 2 gives the quotient of Equ. (9) and T(m,n).

Figure 3 gives the quotient of Equ. (9) and T'(m,n) (box) and the quotient of e /2 ka!Q an
pk\2m
T(m,n) (line).

Note that the same technique would lead to the joint distribution of J,, (k1), Jy, (k2) for two (or more)
different values of k.

d

3. Large deviation m =n/k—n®, 1>a>1/2

We have a maximum of n/k blocks of size k in a partition. So we use

n
m= — —n®%.

k

This can be written as

with € := kn®~1.

In this section, we choose o > %, but the other case is similarly analyzed. The saddle point equation,
from (7) becomes

ep* B p*kk p*kk B
P k!

o=

+km—n=pe —
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Figure 1.

Figure 2.

T(m,n) (circle), the asymptotics e~

N

V2T

%
01 o/ TN
a

o

v o\
0.08 / =\

/

o/
7 g
0.061 /
7/ o
o 8
\
0.04
8
0.02
a
- @ g
0 5 10 15 20 25
i
z2/2  Vk

! (line) and Equ. (9) (box)

1.154

1.1

1.059

0.951

0.94

15

20

25

Quotient of Equ. (9) and T(m,n)
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Figure 3.

given by

p=al+In(k)—In(a)—In(L)+ (—

Quotient of Equ. (9) and T(m,n) (box), quotient of e~*"/2

1.4 \

1.29

0.8

0.6+

10

15

20

25

As previously, we have

with, here,

First of all, we have

with

Ry =

We have, successively,

In (k)

with 7 := kn®. The multiseries’ scale is here n > n > é > L. The solution of pe” = n is asymptotically

n In(a)+In(L)

V!

pk 2w

and T'(m,n) (line)

«

el
p

xk
p

k!

Ro = nR1 + R2

o(t)

pt=p+9,
pFkp 1 (pk)2 k2 (—2,0 —p?+ 2k + Zpk) P
7 ~ + = 2 3 -
K(+p)n 2 (EN? (1 4 p)* 72
n! 5 * n!
sT) _ o (Ro),
ep e

Jeeofz)

+ EkmIn(p*) —nln(p*) — In(m!) —mln(k!).
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R R 1
Ry:=Rig+ —* + ~122+(9(~3>,
n n
n R 1
Rglzﬁ—f—Rgo—F ~21+O<~2>,
P n

with
12—2In(k!)+2In(k)—2L 1-2In(k)+ 2L — 2k1 21n (k! 1
Rip = - n (k!) + 21n (k) L1 n (k) + n(p) +2In( )577k71€2+0(€3)’
2 k 2 k 2
k
___ Pk
T
R 1P (=P +2k(1+p) —3p - 1) K
2 (k)? (1 +p)° |
and
k k
Pt 1 Pk 1 m™ 1 2
Rao o3 +k!(1+ ] 21n(2k)+28+(’)(5 ),
and

po 1P (2250 — 20" + 2k(1 + p)
S (1+p)° (k —1)12 '

Computing the integral, we have, for instance,

Pk (—p® +k(1+p) —3p—1) 1
H(+p) *O(ﬁ>’

ke =(1+p)n—

and the integral leads to

and
Rs3
Ry := —
5 R4,
with
Ry = 12k " (1 + p) — 36p T k(1 4 p) + 120" K2 (1 + p) — 120" 2k(1 + p)
— 120 k(1 4 p) — 2k!p* — 9k!p® — 16k!p? — 6k!p — 2k!,
where

Ry:=24(1+ p)* k..

Finally, we obtain the following asymptotic result

o)
~
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Theorem 3.1. The asymptotic expression of the T(m,n) for large deviation is given by

(5o ()

Let us analyze the importance of our terms. We have two sets: the set A of dominant terms, which
stay in the exponent and the set B of small terms, leading to a coefficient of type (1 + A), with A small.
The property of each term may depend on «. For instance, in Ryg, the first term leads to an O(nL) term,
the e term leads to an n® term, the €2 term leads to an n2*~! term, which are all € A. the €3 term leads
to an n3*~2 term which is € A if @ > 2/3 and € B otherwize. In Ry the € term leads to a term € A. In
Rqs all terms are € B. In R, the nn term is € A , in Rog the first term is € A, all other terms are € B,
in Roq, all terms are € B.

1
Vi

Rs
1+ 240
n

1

ﬁ?

n!

T(m,n) = — exp(Ry) (10)

1
V1+pv2r

We finally mention that our non-central range is not sacred: other types of ranges can be analyzed
with similar methods.

To check the quality of our asymptotics, we have first chosen £k = 2, = .52, a range n €
[10000,70000] and m = [ —n®]. Figure 4 shows the quotient Equ. (10)/T'(m,n). The fluctuations

are due to the fact that m is integer, so the value of o we need is actually the root of m — (% —n®) = 0.

k

1.011+

1.014

1.009

1.008

1.007 4

1.006

1.005 1

10000 20000 30000 40000 50000 60000 70000

Figure 4. Quotient Equ. (10)/T(m,n), a = .52,n € [10000, 70000]

For a = .65, we choose n € [100,2300], this leads to Figure 5. The quality of the asymptotics
decreases for o > .7, more terms would be necessary.

We have chosen & = 2,n = 10000 and a range a € (.52,.65) hence
% —n%) = 0. Figure 6 shows the quotient

Another way is to fix n.
m € [4600,4900]. Again « is chosen as the root of m — (
Equ. (10)/T(m,n).

Acknowledgment: We would like to thank two referees for many useful suggestions that improved
the paper.

k



G. Louchard / J. Algebra Comb. Discrete Appl. 4(1) (2017) 75-91
2{ %o
© o
.
° G
194 %
.
$
S o
1.84 & 32
g o
° 5 0 %0
o o
°09200%
000000000
© OOOOOOO 00
i ©0000° 0% 0
17 o o;o;oo"oooooo o
° % 0000000000 2000, %0
200000 0%0000000000000000
°© 00000000000099%90 5000 o
0000 wood‘_’(vyooooog\f)%%
500 1000 1500 2000
Figure 5. Quotient Equ. (10)/T(m,n), a = .65,n € [100,2300]
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Quotient Equ. (10)/T(m,n), n = 10000, « € (.52,.65), m € [4600, 4900]
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Appendix: Justification of the integration procedure

For the B,, case, we must analyze
R(In( f1(pel?) — nid).

Let us first notice that nif does not contribute to the analysis. Next, we have
R (e”ew) = P (%) cos(psin(h))

which has a dominant peak at 0.

For the Gaussian case, we use f5(z). We must analyze
k

. i0\k
R (epe'g _ Wkl)> = epcos(O) COS(p SIH(Q)) - % COS(kQ)

which has a dominant peak at 0.

The non-central region leads to the same analysis.
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