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Abstract: Van der Pol Equation is a special case of Liénard equations. Both oscillators have significant historical importance. There 

are lots of different circuit topologies for Van der Pol and Liénard oscillators. Such oscillators can be made using vacuum tubes, diodes, 

etc. Some oscillators are made using microcontrollers, which are cheap and easy-to-use devices. They provide accurate adjustability 

of the frequency and magnitude of the waveforms. Arduino Nano Klon V3.0 microcontroller is a commonly used microcontroller. In 

this study, to the best of our knowledge, for the first time in literature, a Liénard Oscillator has been made with the Direct digital 

synthesis (DDS) method using the Arduino Nano Klon V3.0 microcontroller and two DACs. The experimental results of the oscillator 

are given. The circuit is able to produce the state variables of the oscillator, the effect of quantization can be seen on the waveforms, 

and it is shown that it performs well. The two variable outputs of the system let its phase portrait be examined easily. Also, using a 

microcontroller helps to design the oscillator in mere a few days.    

Keywords: Microcontroller-based circuit design, Liénard Equation, Liénard Oscillator, Van der Pol oscillator, Digital Circuit 

Synthesis, Limit Cycle, Circuit Dynamics. 

Mikrodenetleyici Tabanlı Bir Liénard Osilatörü 

Öz. Van der Pol Denklemi, Liénard denklemlerinin özel bir halidir. Her iki osilatör de önemli bir tarihsel öneme sahiptir. Pek çok farklı 

Van der Pol ve Liénard osilatör devreleri mevcuttur. Bu tür osilatörler vakum tüpleri, diyotlar vb. kullanılarak yapılabilmektedir. Bazı 

osilatörler, ucuz ve kullanımı kolay cihazlar olan mikrodenetleyiciler kullanılarak yapılmaktadır. Mikrodenetleyiciler dalga 

biçimlerinin frekansının ve büyüklüğünün doğru şekilde ayarlanabilmesini sağlarlar. Arduino Nano Klon V3.0 mikrodenetleyici yaygın 

olarak kullanılan bir mikrodenetleyicidir. Bu çalışmada bildiğimiz kadarıyla literatürde ilk defa Arduino Nano Klon V3.0 

mikrodenetleyici ve iki DAC denetleyici kullanılarak direct dijital sentezleme (DDS) yöntemi ile bir Liénard Osilatörü yapılmıştır. 

Çıkış akımını artırmak için bir tampon opamp kullanılmıştır. Osilatörün deneysel sonuçları verilmiştir. Devre, osilatörün durum 

değişkenlerini üretebilir, kuantalama hatasının dalga biçimleri üzerindeki etkisi görülebilmektedir ve bu devrenin iyi performans 

gösterdiği gösterilmiştir. Sistemin iki değişken çıkışı, faz portresinin kolayca incelenmesini sağlar. Ayrıca, bir mikrodenetleyici 

kullanmak, osilatörün sadece birkaç gün içinde tasarlanmasını sağlmaktadır. 

Anahtar kelimeler: Mikrodenetleyici tabanlı devre tasarımı, Liénard Denklemi, Liénard Osilatörü, Van der Pol osilatörü, Dijital Devre 

Sentezi, Limit Döngüsü, Devre Dinamiği. 

1. Introduction 

The Van Der Pol Oscillator (VDPO), which has been 

reported in 1920 [1], made with a triode vacuum tube, is an 

ancient and still studied oscillator [2]. It is described by the 
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Van der Pol equation [3, 4]. It does not have any analytical 

solutions [5]. That’s why its approximate or numerical 

solutions are also still being studied [6]. Liénard's equations 

were suggested by Alfred-Marie Liénard in 1928 to model a 
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set of oscillating circuits [7]. The Liénard equations define the 

VDPO as a special case [2]. Both VDPO and the Liénard 

Oscillator are historically important [2, 7]. Analog circuit 

implementations of Liénard and Van der Pol oscillators are 

commonly used for chaos studies [8-10]. A Liénard Oscillator 

or a VDPO can be made using various semiconductor circuit 

elements [1, 8- 12]. Liénard Oscillator circuit has numerous 

circuit variations. An optical resonance tunneling diode-based 

oscillator can also be modeled with the Liénard equation [12]. 

In [13], a VDPO is made with anti-parallel Schottky-diode 

strings. In [14], a VDPO is made with a nonlinear resistance 

circuit employing a Schottky-diode bridge fed JFET. An 

FPGA-based chaotic van der pol oscillator is made in [15] but 

FPGAs are still expensive devices. An alternative way to make 

Liénard and VDPO oscillators is to use the digital direct 

synthesis (DDS) method. Such a method is used to make 

classical signal generators successfully [16, 17]. The method 

is also used to make the signal generators requiring the 

solution of the time-dependent state-space equations 

numerically in [18-25]. There are already various types of 

microcontroller-based power supplies presented in the 

literature. In [18], a memristive chaotic circuit is made using a 

cheap microcontroller Arduino Mega 2560 R3. An ECG signal 

generator using experimental data is made in [19]. An H-R 

neuron is emulated with a microcontroller in [20]. The Lorentz 

system is emulated with an ARM microcontroller [21]. A 

hyper jerk system is emulated with a microcontroller [22]. 

Lotka-Volterra Equations are solved, and their variables are 

emulated with an ARM microcontroller in [23]. A synthetic 

ECG Generation is made with an ARM microcontroller in 

[24]. In [25], it is shown that an ARM microcontroller-based 

EEG signal generator, which makes use of the experimental 

data, can be implemented using both its DAC and PWM 

outputs. To the best of our knowledge, a microcontroller-based 

Liénard Oscillator has not been made yet. Such a circuit can 

be built with a cheap microcontroller such as PIC16F877A or 

an Arduino Nano Klon V3.0. In this study, it has been shown 

that a microcontroller-based Liénard Oscillator can be made 

using a cheap, rugged, easy-to-use microcontroller such as 

Arduino Nano Klon V3.0 and two DACs for the first time in 

the literature. In [18-25], more than one state variables are 

solved numerically and exported through either DACs or 

digital ports.   In this study, Similarly, the discretized variables 

of the Liénard system are obtained and the equations are 

solved numerically using the Euler method with the 

microcontroller program. The solved state variables are sent 

out as binary numbers through the digital output ports and their 

time-dependent waveforms are obtained using two DACs. The 

simulations are done in SimulinkTM. Then, the circuit is 

assembled, and its experimental waveforms are acquired. The 

currents, voltages, and limit cycle of the Liénard Oscillator 

circuit are presented. 

The paper is arranged as follows. In the second section, 

basic information on Liénard Equation and Equation System 

is given. Also, the discrete-time model of the system using the 

Euler equation is given. Some examples of analog Liénard and 

VDPO oscillators are given and the microcontroller-based 

Liénard oscillator circuit is introduced in the third section. In 

the fourth section, its flowchart is presented. In the fifth 

section, its Simulink simulation is given. In the sixth section, 

the experimental results of the circuit are given. The paper is 

finished with the conclusion section. 

2. Liénard and Van Der Pol Equations 

In this section, Liénard Equation and Liénard System 

Equations are given and briefly explained. 

2.1. Liénard's Equation 

         The Liénard equation has been proposed by Alfred-

Marie Liénard to model a set of oscillators called Liénard 

oscillators [7] or Liénard systems and it is given as  

𝑑2𝑥

𝑑𝑡2
+ 𝑓(𝑥)

𝑑𝑥

𝑑𝑡
+ 𝑔(𝑥) = 0                                                              (1) 

where f(x) is an even function and g(x) is an odd function. 

It is a second-order differential equation and more about the 

definition of Liénard's equation can be found in [5]. Van der 

Pol equation is a subset of the Liénard equation and it is 

defined as 

𝑑2𝑉

𝑑𝑡2
−

𝑎

𝐶
(1 − 𝑉2)

𝑑𝑉

𝑑𝑡
+

1

𝐿𝐶
𝑉 = 0                                                     (2) 

2.2. Liénard System 

Let’s define 

𝑥1 ≔ 𝑥  

𝑥2 ≔
𝑑𝑥

𝑑𝑡
+ 𝐹(𝑥)                                                                                  (3) 

where 

 𝐹(𝑥) = ∫ 𝑓(𝜉)𝑑𝜉
𝑥

0
                                                                          (4) 

With this transformation, the following system is defined as 

the Liénard System: 

𝑑

𝑑𝑡
[
𝑥1

𝑥2
]=h(𝑥1, 𝑥2) ≔ [

𝑥2  − 𝐹(𝑥1)

−𝑔(𝑥1)
]                                             (5) 

Using the Liénard System for programming is more suitable to 

design the Liénard Oscillator. 

2.3. Discretization of the Liénard System 

In this study, it is decided to emulate a Van der Pol 

Oscillator since it is also a Liénard Oscillator. For a Van der 

Pol Oscillator,  

𝑓(𝑥) = −(1 − 𝑥2)                                                                           (6) 

Therefore, 

𝐹(𝑥1) = − ∫ (1 − 𝜉2)𝑑𝜉
𝑥

0
= −𝑥1 + 𝑥1

2/3                                 (7)   

and, then, the Liénard System is given as 

𝑑𝑥1

𝑑𝑡
=𝑥2  − 𝐹(𝑥1) = 𝑥2 + 𝑥1 − 𝑥1

2/3                                                (8) 
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𝑑𝑥2

𝑑𝑡
=−𝑔(𝑥1) =  −𝑥1                                                                     (9) 

The Liénard System is easier to discretize than the Liénard 

equation which would require finite differences. That’s why 

the discrete time model of the Liénard System is derived using 

Euler method as the follows: 

𝑥1[𝑛 + 1] = (𝑥2[𝑛] − 𝐹(𝑥1[𝑛])). 𝑇𝑠+𝑥1[𝑛] 

(10) 

𝑥1[𝑛 + 1] = (𝑥2[𝑛] − 𝐹([𝑛])). 𝑇𝑠+𝑥1[𝑛] 

𝑥2[𝑛 + 1] = −𝑔(𝑥1[𝑛]). 𝑇𝑠+𝑥2[𝑛] 

(11) 

𝑥2[𝑛 + 1] = −𝑔([𝑛]). 𝑇𝑠+𝑥2[𝑛] 

where 𝑥1[𝑛] and 𝑥2[𝑛] are the nth discrete time values of the 

state variables of the Liénard System and 𝑇𝑠 is the sampling 

time.  

3. Examples to Analog Van der Pol and Liénard 

Oscillator Circuits and the Proposed Design 

In this section, first the generic Liénard Oscillator is 

summarized and then the Liénard Oscillator circuit proposed 

in this study is introduced. 

3.1. A Few Examples to Analog Van der Pol and Liénard 

Oscillator Circuits 

A Van der Pol Oscillator consists of an inductor, a 

capacitor and a nonlinear resistor. Since the Van der Pol 

Oscillator equation is a special case of the Liénard equation, it 

can be said that the Liénard Oscillator consists of an inductor, 

a capacitor, and a nonlinear resistor [2, 9, 11, 13, 14]. The 

general (generic) Liénard oscillator or Van der Pol oscillator 

circuit can be seen in Figure 1 [9]. Some examples to the Van 

der Pol and Liénard Oscillator circuits are shown in Figure 2. 

As mentioned before, a nonlinear resistor must be used in the 

Liénard Oscillator. The microcontroller-based Liénard 

Oscillator made in this study does not need such a nonlinear 

resistor, whose nonlinear resistance is an even function of 

voltage and it has a simpler topology as given in the next 

section. 

 

Fig. 1.  The generic Liénard Oscillator or the generic Van der 

Pol Oscillator circuit [9]. 

 

 

 
(a) 

 
(b) 

 
(c) 

Fig. 2.  (a) The VDPO made in 1926 [2], (b) A laser-based 

VDPO oscillator [11], and (c) An Anti-Parallel-Connected 

Schottky Diode String-Based Van der Pol Oscillator Circuit 

[13] 

3.2. Microcontroller-based Liénard Oscillator 

The schematic of the microcontroller-based Liénard 

oscillator circuit is shown in Figure 3. It consists of the 

Arduino Nano Klon V3.0 microcontroller, and two DACs. The 

microcontroller solves the desired state variables of the 

Liénard equations x1 and x2 numerically using Euler method to 

obtain both 𝑥1[𝑛] and 𝑥2[𝑛] and sends them to the output using 

the DACs and operational amplifiers as shown in the Figure 3. 

At the output of the DACs connected to the microcontroller 

digital output ports for the time interval, 𝑛𝑇𝑠 ≤ 𝑡 ≤ (𝑛 + 1)𝑇𝑠, 

the state-variables can be expressed as 

𝑥1(𝑡) = 𝑥1[𝑛][𝑢(𝑡 − (𝑛 + 1)𝑇𝑠) − 𝑢(𝑡 − 𝑛𝑇𝑠)],               (12) 

𝑥2(𝑡) = 𝑥2[𝑛][𝑢(𝑡 − (𝑛 + 1)𝑇𝑠) − 𝑢(𝑡 − 𝑛𝑇𝑠)],               (13) 
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where 𝑢(𝑡) is the unit step function. 

 

Fig. 3.  The Circuit schematic. 

4. The Microcontroller Program  

The microcontroller is programmed in Arduino IDE 

1.8.13. The algorithm of the microcontroller program is given 

as the flowchart shown in Figure 4.  

 

Fig. 4.  Flowchart of the VDPO Oscillator Program. 

5. The Oscillator Circuit’s Simulation in Simulink 

The circuit is simulated in Simulink. The Simulink block 

diagram of the oscillator is shown in Figures 5. x1 and x2 state 

variables obtained from the Simulink simulation is shown in 

Figure 6.  The waveforms are in periodic steady state. Phase 

portrait of the oscillator is shown in Figure 7. 

 

Fig. 5.  Simulink block diagram of the Liénard Oscillator. 

 

(a) 

 

(b) 

Fig. 6.  Time domain waveforms obtained from the Simulink 

simulation: (a) x1 and (b) x2 versus time. 

 

Fig. 7.  Phase Portrait of the Oscillator for Van der Pol 

Equation: x2 versus x1. 

6. Experimental Results of the Liénard Oscillator 

In this section, the experimental results of the 

microcontroller-based Liénard Oscillator circuit are given. 
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The circuit whose photo is shown in Figure 8 has been 

assembled on a protoboard. The experimental waveforms are 

acquired by GW Instek GDS-1052-U 50 MHz digital 

oscilloscope. The experimental time domain waveforms are 

shown in Figure 9. The phase portrait of the oscillator is shown 

in Figure 10. As they can be seen from Figures 9 and 10, the 

experimental results resemble the simulated ones given in 

Figures 6 and 7. The microcontroller-based Liénard Oscillator 

is clearly able to produce both of the state variables and 

performs well. The effect of quantization on the waveforms 

can be seen in Figures 9 and 10. Increasing the DAC 

resolutions would result in decreasing the effect of 

quantization. 

 

Fig. 8.  Photograph of the implemented circuit. 

 

(a) 

 

(b)  

Fig. 9. The experimental state variable waveforms: (a) x1(t) 

and (b) x2(t)   

 

Fig. 10. Experimental Phase Portrait of the Oscillator for Van 

der Pol Equation: x2 versus x1. 

7. Conclusions 

In this study, a microcontroller-based Liénard Oscillator 

is made for the first time in the literature. In this work, a cheap, 

rugged, easy-to-use microcontroller Arduino Nano Klon V3.0 

microcontroller is preferred for this purpose. Liénard System 

equations are solved with Euler method due to its simplicity. 

With its DACs, it can produce the state variable signals. The 

experimental waveforms and the phase portrait are acquired 

with an oscilloscope. The simulations have confirmed that the 

circuit operates as a Liénard Oscillator. By modifying its 

program for different Liénard oscillators, new types of 

oscillator waveforms can be obtained. The desired equations 

can be chosen by adding a keypad. By adding potentiometers 

to make the oscillator parameters adjustable, it can allow 

examination of the effect of the parameters on the output 

waveform. The effect of quantization on the waveforms can be 

reduced using DACs with a higher resolution. 

Since the oscillator waveforms are produced in a hybrid way 

(DDS, direct digital synthesis) not in an analog way, the effect 

of using different numerical methods such as Euler method 

and different Runge-Kutta methods on the oscillator system 

can be inspected. Such an oscillator circuit can also be used in 

circuit laboratories for educational purposes. Perhaps, in 

biomedical engineering laboratories since it is an important 

oscillator circuit to model heart or breathing dynamics.     

The coupling of the VDPO or Liénard Oscillators are a hot 

research area and using a microcontroller-based oscillator 

circuit for this purpose can make the examination of the 

coupling of such oscillators easier in the future. 
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