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Thermal buckling analysis of laminated plates with variable angle fiber
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Abstract

The thermal buckling response of square plates with
variable angle tows under simply supported conditions is
modeled numerically. The path of variable angle tow is
modeled as a function of lateral location. The classical
lamination theory utilizes fiber paths to calculate thermal
loads and stiffness matrices. Using Kirchhoff plate theory
and finite element theory, the global material stiffness
matrix and the global geometric stiffness matrix of the plate
under thermal buckling loads are obtained. By using these
matrices, eigenvalues or critical buckling temperature is
obtained and the buckling response of the plate is
examined. The theoretical results are validated by studies
in the literature and finite element models. It has been seen
even in an unoptimized span of a sample composite
material, variable angle tows (VATS) were 8,60% more
resistant to thermal buckling than common composite lay-
ups.

Keywords: Variable angle tows, Thermal buckling,
Composite plate buckling

1 Introduction

Aircraft or spacecraft are exposed to temperature changes
for various environmental reasons. As an example, the travel
of high-speed aircraft in the atmosphere causes its
temperature rises due to a phenomenon called aerodynamic
heating [1]. Restrained from in-plane expansion, when
geometrically perfect plates are heated slowly and
uniformly, they usually develop compressive stresses and
then buckle at a given temperature [2]. This temperature
value is called the critical thermal buckling temperature and
engineers have to consider this value in their designs,
especially for aircraft operating at high Mach numbers. Some
of the parts that are subject to thermal buckling are composite
plates.

Composite materials have been used in many different
areas from the past to the present. The main factors that make
composite materials preferred and that are tried to be
developed further and some properties which cause
disadvantages are as in Table 1.

One of the disadvantages of composite material is that the
direction is very important. While the mechanical values in
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Bu caligmada, degisken acili fiberlere sahip kare kompozit
plakalarin basit mesnet kosulu altinda termal burkulma
analizini yapmak i¢in bir kod gelistirilmistir. Degisken ac1lt
fiberlerin oryantasyonu, yatay konumun bir fonksiyonu
olarak modellenmistir. Klasik laminasyon teorisi, termal
yiikleri ve direngenlik matrislerini hesaplamak icin fiber
yollarin1 kullanir. Khirchoff plaka teorisi ve sonlu
elemanlar teorisinin modelleme yontemleri kullanilarak,
termal burkulma altindaki plakanin global malzeme rijitlik
matrisi ve global geometrik rijitlik matrisi elde edilmistir.
Bu matrislere gerekli islemler uygulanarak bu analiz i¢in
Ozdegerler, yani kritik burkulma sicakligi elde edilebilir ve
plakanin durumu yorumlanabilir. Sayisal ¢alismadan elde
edilen sonugclar, literatiirdeki ¢alismalar ve sonlu eleman
modelleri ile dogrulanmustir. Ornek bir kompozit
malzemenin optimize edilmemis bir araliginda bile,
degisken acili kompozitlerin diiz serimli kompozitlere gore
termal burkulmaya karsi %8,60 daha diren¢li oldugu
gorilmiistiir.

Anahtar kelimeler: Degisken ag¢ili kompozitler, Termal
burkulma, Kompozit plaka burkulmasi

the main direction are very good in classical fibers, the
values in the lateral direction are relatively weak. Scientists
and manufacturers have sought some ways to overcome this
orientation problem and have found variable angle tow
(VAT) as a solution.

Table 1. Material properties of composites [3]

Advantages Disadvantages

Low specific weight (p) Brittle

High specific stiffness (E/ p) Limited shelf lives

High specific strength (R/ p) Hard to storage

High resistance Difficult to process material
Low thermal conductivity Orientation is important

VATSs are based on the principle that the fibers are placed
in different orientations in the plane of each ply. The main
purpose here is to achieve the optimum level by obtaining
variable stiffness with variable angle tows. In this way,
buckling resistance and resistance to other loads can also be
improved [4].
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The study of Gurdal et al. includes a path of fiber that has
a function of both x and y. Classical lamination theory is used
to get a stiffness matrix. In-plane and buckling analysis is
done, and the Rayleigh-Ritz method is used for the
eigenvalue. The pre-buckling analysis includes two cases;
fiber orientation is a function of only x or only y. The simply
supported plates are analyzed for these two cases, and the
results are compared with the straight fibers [5].

Scientists from the University of Michigan; Duran et al.
studied the thermal buckling response of a variable angle tow
composite square plate. Since the geometry is square, their
research is not dependent to aspect ratio. Similarly, to other
studies, fiber angle is a function of position. The stacking
sequence is restrained to be symmetric and balanced for this
study. Simply supported square panels are used for analysis.
Buckling analysis is done with out-of-plane equations.
Results are found numerically, and the validation of this
calculation is done with straight fibers. After that, the results
are tried to be optimized with orientation changes. Finally,
different material models are also examined [6].

In this study, it will be discussed what the response of
different types of variable angle composites will be to the
thermal buckling condition. The main scope will be
developing a code which models the material and finds
critical thermal buckling temperature at different conditions,
validation will be done with the studies in the literature, and
the finite element method models.

2 Modelling

2.1 Classical lamination theory

In order to model laminates, the relation of the lamina has
to be defined. This process is explained by the classical
lamination theory. Hooke’s law for unidirectional lamina can
be summarized as an equation below.

Qiu Q. 0][&
Q12 Q2 0 [|& (1)

0 Qgel V12

where
E; vk

G 1-vyv5, Gz = 1—-vyv1 2)

E, _c
Q22 = 1= vyv1, Qs = G12 3)

By using equation above and orientation for laminas,
separately, induced rigidity matrix [@] can be found.

~ @1 @z 916
[Q] = 912 922 926 (4)
Q16 Q26 Ues
where,
Q11 = Quic* + Q225" + 2(Q12 + 2Q46)s%C? (5)

Q12 = (Q11 + Q22 — 4Qee)s?c? + Qua(s* +¢*)  (6)
Q22 = Q118* + Qup¢® + 2(Qq5 + 2Q¢g)s%c? )
Q16 = (Q11 — Q12 — 2Q6)5¢® — (Q22 — Q12 — 2Qe6)s%c  (8)
Q26 = (Q11 — Q12 — 2Qg6)s%c — (Q22 — Q12 — 2Qge)sc®  (9)
Qs6 = (Q11 + Q22 — 2Q12 — 2Qg6)5°c? + Qoe(s* +¢*)  (10)

After the calculation of [Q] for each ply, it is necessary
to assemble the rigidity values of each lamina to get a unique
stiffness matrix for laminate. This process is defined as the
assembly of A-B-D matrices. These matrices are the
functions of lamina thickness and height, and induced
rigidity matrix [Q] as seen in the equation for A-B-D
matrices.

5= ) [(@)], (e = ) 1)
k=1
10y~
B;j = EZ[(Qij)]k(hlzc — hii_y) (12)
k=1
1Oy,
D = §;[(Qi,-)]k(hz ki) 13)

After the calculation of A-B-D matrices, strains and
curvatures under the applied force and moments can be
found as equation below.

=15 o[ (14)

The strains and stresses are calculated for every h level
of laminate, then the effects of hygrothermal states on force
and moment components are emphasized. These effects can
be classified into two groups. The first part, which is the
main focus of this study, is the effects of temperature change.
The second part is the moisture effect. These hygrothermal
states mainly affect strains, and these will cause stress. All
strain components can be stated in equation below.

Ex
[ ]_ g+ ey + £§] (15)
Vxy ny ny chy
M: Mechanical T: Thermal C: Moisture

Force effects of thermal situations are related to A
matrice.
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2.2 Variable angle path modelling

In this section, the fiber path difference of the composite
layers is emphasized and as a result, appropriate modeling
techniques are applied.

In section 2.1, it has been seen that stiffness values of A-
B-D matrices have functions of material mechanical
property, thickness, and laminate orientation stackings.
There was no relation between lateral or longitudinal
location and A-B-D matrices, since the fiber path is constant
for in each lamina. In variable angle tows, the laminate will
consist of a single lamina in the direction of thickness.
However, the fiber path will have different orientation for
lateral or longitudinal directions. In order to simplify
modelling, the fiber path generally has a function of x
direction (lateral). Fiber path is related to the x location by
using edge and mid-orientations as in Figure 1 [6].

As a summary, the modelling can be formulated as in
equation of 6(x), the illustration of equation can be
examined in Figure 1.

Z(Bla_ﬁ())x+ﬁ0' 0Sx<%
0(x) = - _ a7)
M’H‘ﬁo' Tan <0

x: lateral direction

a2

B, = o /o

0 ar
Figure 1. VAT orientation

2.3 Plate theory

The Classical Plate Theory (CPT) is obtained for
isotropic materials by the Kirchhoff hypothesis. Kirchhoff’s
assumption is that if a plate deforms, midplane normals of
the plate will remain straight and normal [7]. While the CPT
is valid for thin panels, another plate theory, first order shear
deformation theory (FSDT), also known as Mindlin plate
theory, is suitable for thick plates. It calculates the rotations
about x and y axis and the cross-sectional area does not have
to remain normal for midplanes [8]. If x-y axis is located at
midplane and z axes refers thickness axes, the kinematical
behaviour of the plate is explained by Kirchhoff as in
equation below.

USUy—Z=— V=Vy—Z—— (18)

u,v,w: displacements of a typical point Xxy,z
respectively

Uy, vy: displacements of a inplane point x,y respectively

The classical plane elasticity theory (CPET) states that
there is a derivational relation between strain and
displacement as seen in equation below.

u av dv Jdu
gxzar £y=@, )/xyza @ (19)
The CPET can be applied if a composite structure has a
single layer, or symmetrical multiple layers [7]. Under these
conditions, buckling for simply supported composite plates
can be governed by Von Karman’s differential solutions as
in equation below. If there is a coupling between bending and
twist because of the unsymmetrical stacking, the additional
D¢, D46 terms are also included in equation below.

o*w o*w o*w
Dyq £ + 2(D12 + 2Dgg) 9x20y2 + Dy ayt
0%w 0w
=h <0x Ers + 27,y m (20)
to a_W>
y ayz

D;j: Bending stiffness matrix  h: Thickness

3 Finite element theory

Buckling analysis includes several calculation steps.
Since buckling is a stability problem, the geometry of
structure has crucial importance. For instance, the analysis
of columns and plates has huge differences since the
stabilities of the structures are different because of the
geometry. However, equation below can be used to
generalize the buckling analysis [6].

|Km + 2K, = 0 (21)

Km, K4: Material and geometric stiffness matrices

A: Buckling load factor

In the equation above, K,,, is the material matrix that can
be formulated as the equation below. K,,, shows how resistant
the structure is. K, is widely used in static analysis and
allows calculation of displacements and stresses on the body.

Kyl = f [B]"[E][B]dV 22)

B: Strain-displacement matrix, E: Material property
matrix

N
ox
[B]bend =0 0 —- (23)

ON 0N
dy Ox
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and

N o1
2N
oN

[B]memb =0 EI (24)
|aN aN
13y oxl

Another stiffness matrix K, is called the geometric
stiffness matrix or the initial stress matrix. This matrix has
no terms related to the mechanical properties of the material
but depends on the geometric values and stresses on the body
[9]. This matrix is a special matrix for buckling analysis, and
its use is often different from K,,.

[Ky] = f [G]"[o°][G]dV (25)

G: Geometry-displacement matrix, ¢°: Initial stress
matrix

dN
5 © ol

[G]bend = aN (26)
5 o o
dy

and

[0 Z_N ";_N1

[G]shear:| a]J\C] 61)\6[ (27)
1° 3 &l

The calculation of the geometric stiffness matrix has
same procedures with material stiffness matrix. Instead of
strain-displacement matrix B and material matrix E,
geometric matrix G and initial stress matrix ¢° are used
respectively. G matrix uses shape functions for
contributions. a® matrix shows the effects of stress-state on
the body. Generally, it is utilized to see permanent load
effects [10].

Therefore, after determining the path of the fiber using
edge and middle orientations for VAT modeling, A-B-D
matrices and thermal loads are generated. To generate the
material stiffness matrix and geometrical stiffness matrix,
orientation and element stresses are utilized. Finally, the
critical temperature of the system before buckling by
calculating the buckling load factor can be estimated.

Teriticar = AT (28)
4 Verification

Within the scope of this study, finite element based
calculations made with the developed MATLAB code were
verified using the results of finite element analysis and some
studies in the literature. In the verification process, many
cases are examined which isotropic materials under static

loading, and thermal loading for cross-ply layup, angle-ply
layup, and complex layup.

4.1 Isotropic plate

In this part, the results of the theoretical study, the
analytical methods, and the FEM results are compared as an
initial verification for buckling calculation. Shanmugam and
Narayanan stated the buckling factor for the isotropic
materials as in the reference [11].

m?E

t
= fZa—m =8 (29)

JC T

An isotropic material with the below properties is used
for verification. The analysis is carried out for a simply
supported plate. In Table 2; a and b are plate length and
width, Kk is the coefficient for simply supported plates, and o
is the compression stress which causes buckling.

Table 2. Material properties for isotropic verification

Property Value
E (Elasticity M.) 70 GPa
v 0.30
Length 1m
Thickness 0.001 m
k 4.0 (SS)
Joapplied 1 MPa

The most critical eigenvalue for this geometry and
material properties is shown in the table below. The error is
based on the analytical formula o which is stated
previously.

Table 3. Isotropic material verification

Analytical The FEM Error of Error of
Formulation Code Code FEM

Since the buckling calculation is verified under static
loading, thermal loading can be examined. During the
development of the finite element model in MSC Patran
software, stress-induced distributed load and boundary
conditions are applied as in Figure 2.
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e ]
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Figure 2. FEM for isotropic model
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4.2 Composite plate

The theoretical results are obtained with the MATLAB
code developed. Since the verification under thermal load is
not easy with analytical formulas, literature studies and FEM
results are used for verification. The theoretical study and
FEM analysis are developed under a unit temperature change
assumption as loading. Unit temperature loading was applied
to uniform elements since it was desired to apply unit
pressure, not a nodal force. The application on MSC Patran
can be seen in Figure 3.

177”1')9. 12 ‘171 .177_1)7 ‘171 12 177n1azl 123 ‘131 123
11234 oocp 1 ooch jooh 4 0023
1 123
123 123
12 123
123 0023
123 123
123 123
123 123
1234 123
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123 4 .00k 1 ook 1 00 Looch 400023
I‘I""ﬂ1')".}i 9‘,1 2 11%:\1“‘ 12 “1“ 1 1{11% 123 123 1123

Figure 3. FEM for composite model

4.2.1 Cross ply-layup

As explained before, cross-ply refers to laminates which
have 0° 90° orientation symmetrically. Different ply
numbers are examined for a cross-ply layup. The theoretical
results are compared with the study of Babu et al. [12].

Table 4. Properties of cross-ply layup

Property Value

E (Elasticity M.) Ey g, =15
612 —

Shear M. /E2 =0.5

Vi 030

Thermal Exp. Coef. /g, =0.015

Orientation [0/90]

Length 0.15m

The thermal forces acting on composite laminates are
calculated by classical lamination theory for a given
geometry and material properties. After that, the model with
6x6 elements is loaded by the calculated biaxial compression
forces due to unit temperature change. The results for this
case can be seen in Table 5. The study of Babu and Kant is
based on error calculation.

Table 5. Cross-ply layup verification

a/h Babu The FEM Error of Error of
Code Code FEM

10 75.7 78.2 99.6 3.30% 31.5%

100 0.9960 0.9928 0.9959 0.32% 0.01%

*The correction parameter 103 is used for simplfication of results

As can be seen, the theoretical results obtained in this
study are in good agreement with the results of the study of
Babu et al. In order to see the continuance of eigenvalues,
the critical 10 eigenvalues are elaborated. The results and
errors for these cases can be seen in Table 6.

Table 6. Cross-ply layup 10 buckling mode

a’h The Code FEM Error
1 0.9928 0.9959 0.32%
2 1.4499 1.4574 0.52%
3 2.8126 2.8123 0.01%
4 3.9976 4.0811 2.04%
5 4.5259 4.6546 2.76%
6 4.8030 4.4805 0.98%
7 4.9826 4.8951 1.78%
8 6.4601 6.5512 1.39%
9 8.1239 7.6320 6.44%
10 9.6869 9.5158 1.80%

4.2.2 Angle ply layup

In the present section, one of the very common
orientation, /45°-45°. . . ] is focused. The same analysis is
repeated with different layer numbers. The results for this
case can be seen at Table 8. The study of Babu et al. is based
on error calculation.

Table 7. Properties of angle-ply layup
Property Value

E (Elasticity M.) El/E2 =15

Shear M. GlZ/EZ =05

Viz 0.30

Thermal Exp. Coef. 0‘1/050 =0.015
Orientation [45/—45/45/—45]
Length 0.15m

When we compare Table 5 and Table 8, it will be seen
that angle-ply layups are more resistant to buckling for the
same a/h ratio. The a/h=10 case has 3% error roughly, when
the a/h=100 case has 12%.

Table 8. Angle-ply layup verification

ah Babu The FEM Error of Error of
Code Code FEM

10 106.1 102.9 155.3 3.01% 46.3%

100  1.4680 1.6555 1.5560 12.8% 5.99%

*The correction parameter 103 is used for simplfication of results.

4.2.3 Complex ply layup

In this part, analysis is one step further complicated and
a similar orientation with Duran’s study is used [6].
Graphite-Epoxy is used to ensure compatibility with the
other work. The material properties and geometry can be
seen in Table 9.

By utilizing the information in the above table, the
analysis process is done. The result of the code is compared
with the study of Duran [6].

As can be seen from table Table 10, the error ratios are
small and negligible. In this verification, both orientation and
layer number complexity are tested for code.
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To summarize, the error of the code for different types of
composite layups and aspect ratios is tested. Error rates are
acceptable, even below 1% in some cases. Therefore, the
code can be used trustingly for common straight layups.
Now, it is necessary to verify the variable angle capabilities
of the code.

Table 9. Properties of complex-ply layup [6]

Property Value

E; 155 GPa

E, 8.07 GPa

Gy, 4.55 GPa

Viz 0.22

a —0.07x107°C™*
a, 30.1x107¢°C™*
Orientation [45/—45/0/90],

Length 0.15m
Total thickness 1.016 mm

Table 10. Complex layup verification

Duran The FEM Error of Error of
Code Code FEM
39.40 38.51 38.72 2.26% 1.72%

4.2.4 Variable angle tows

The used methods and result for the variable angled tows
are verified by using the study of Duran. There are five
different materials all have different edge and center
orientations. In Table 11, mechanical properties of materials
can be seen.

In Table 12, thermal properties and orientations of
materials can be seen.

Table 11. Mechanical properties for VATS [6]

Material E,[GPa] E,[GPa] G, [GPa] Vig
E-Glass/ Epoxy 41 10.04 4.3 0.28
S-Glass/ Epoxy 45 11.0 4.5 0.29
Carbon/ Peek 138 8.7 5.0 0.28
Carbon/ Polyimide 216 5.0 4.5 0.25
Boron/ Epoxy 201 21.7 5.4 0.17

Table 12. Thermal properties for VATSs

Center Edge

oy 221
[°C™1x107¢] [°C™1x107€]

Material Orientati  Orient
on ation

E-Glass/ 7.0 26 6.71° 58.04°

Epoxy

S-Glass/ 71 30 16.12° 54.74°

Epoxy

Carbon/ -0.2 24 63.07° 29.50°

Peek

Carbon/ 0.0 25 56.30° 36.68°

Polyimide

Boron/ 6.1 30 -6.57° 63.28°

Epoxy

All these cases are considered as a verification process of
VAT. All cases cover the same geometrical properties are
stated below. According to the result of this verification part,
the usability of the code can be decided.

In the validation part of VATS, the error level is occurred
around 2% except one case. This dispensation has 6% error
which is under 10% and acceptable. Therefore, the code can
be used for VATSs with the support of these validations.

Table 13. VAT verification

Material Duran The Code Error

E-Glass/ Epoxy 5.58 5.47 1.87%

S-Glass/ Epoxy 5.04 4.97 1.26%

Carbon/ Peek 38.08 35.56 6.60%

Carbon/ Polyimide 78.28 77.31 1.24%

Boron/ Epoxy 7.50 7.30 2.69%
5 Results

In this section, a sample composite material is selected
and modeled as variable angle tow composite plates. Later,
this model is compared with the straight-angle composite
plates, with the same geometrical and material properties,
and the effectiveness of the variable-angle composites is
investigated.

One of the very common materials in the aviation
industry, boron epoxy, is examined to show the effective
buckling resistance of VATs. The necessary material
properties for the analysis are taken from Table 11 and Table
12. The preferred geometry is generated with a ratio of
a/h=100.

Each of the configurations is under a unit thermal load
with the same geometrical and material properties. The only
difference between the configurations is the orientation of
laminates. Edge and center orientations are respectively for
VATS.

Table 14. Buckling comparison of a VAT

Common Layups VAT Increment
Orientation [0/90]; [45/—-45]¢  (5,-60)
Eigen V. 10.2286 14.4204 15.6604  8.60%

In the comparison analysis, two common straight-angle
layups which are [0/90];, [45/—45]sare investigated.
Under the given geometry, and material conditions with the
given orientations, it is found that the VAT is 8.60% more
effective than the [45/—45]layup (the most buckling
resistant straight layup) and 53.10% more effective than
[0/90],,layup. Even the VAT orientation is not optimized,
in this case, buckling resistance is increased by
approximately 10% compared to the most effective straight
lay-up. This value can be increased by optimizing the VAT
orientation.

6 Conclusion

In the presented study, a MATLAB code is developed to
reveal whether the variable angle composite plates will be
subjected to buckling under thermal load, and the load factor
or critical temperature value is obtained. Simple support is
preferred as the boundary condition of the plates, and
analyses are carried out accordingly. Square-shaped plates
are used as a geometric feature.

While modeling the plates, the classical lamination
theory, which is the basis of composite materials, is used.
With the help of this theory, the stiffness matrices (A-B-D)
of the composites and the thermal loads they are exposed to
under unit temperature are calculated. After the modeling of
the plate, the solution block is set into the code as a matrix
operation of material and geometrical stiffness values.
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Many analyzes are carried out during the verification
phase of the code developed in this study. The studies of
Duran and Babu are used and comparisons are made with
some analytical formulas. In the verification phase, the
process is reached from simple to complex.

The cross-layup, angle-layup, and variable-angle (non-
optimized) states of the plate are compared under the same
geometric conditions using Boron/Epoxy material. Even in
the unoptimized state, the variable angled configuration is
found to be around 9% more effective against angled layup,
which is the most resistant of the straight-angle layered
states. This ratio can be improved by optimization analysis.

As a result of the study, it is seen that the buckling
analysis depends on the a/h ratio, the orientation of the
layers, and the elastic modulus of the material. It has been
observed that variable-angled composites can easily
outperform straight-angled composites in a thermal buckling
factor. In future studies, different boundary conditions
options, the possibility of compatibility with different
geometric surfaces (rectangular plate), and analysis of plates
with stiffener can be examined.
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