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Abstract

In this paper, f-biminimal Legendre curves are studied in («, 3)-trans Sasakian generalized Sasakian space forms. Necessary and sufficient
conditions are obtained for a Legendre curve to be f-biminimal in such space forms . Besides, some special cases are studied and some
nonexistence theorems are obtained.
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1. Introduction

Generalized Sasakian space forms were defined by Alegre et. al in 2004, [1]. Then these authors obtained lots of examples of such
manifolds by using the Riemannian submersions, conformal transformations and warped product.

After these studies, Fetcu et. al investigated biharmonic Legendre curves and biharmonic submanifolds in Sasakian space forms between
2008 and 2009, [9, 10]. Then, Ozgiir et. al obtained some classes of biharmonic Legendre curves in such space forms, [15].

In 2016 Roth et. al, introduced f-biharmonic and bi- f-harmonic submanifolds of generalized space forms, [16]. Then f-biharmonic
Legendre curves are discussed and their some curvature characterizations are obtained by Giiveng et. al, [12].

In 2008, Loubeau and Montaldo obtained biminimal immersions, [14].

Karaca et. al introduced f-biminimal immersions and studied f-biminimal curves in Riemannian manifolds,[11]. Then in 2019 Karaca
introduced f-biminimal submanifolds of generalized space forms, [13].

Between 2021 and 2022, Bozdag and Erdogan handled non-null magnetic, non-Frenet Legendre and Frenet Legendre f-biminimal curves
in 3D normal almost paracontact metric manifolds, [3, 8, 4].

In this study, we focused on f-biminimal Legendre curve in (a, 3)-trans Sasakian generalized Sasakian space forms and we handled
f-biminimality conditions of a Legendre curve in this kind of manifolds.

2. Preliminaries

In this section, we give fundamental notions of this study.

Definition 2.1. Harmonic maps are defined as critical points of energy functional
1 2
E(@)=— do|“dv

for the maps @ : (M, g) — (M, g) which are defined between Riemannian manifolds (M, g) and (M, g). Here Vg is the volume element of
(M, g). Also a map defined as a harmonic map iff
(@) :=traceVdm =0, 2.1

where ©(®) is the tension field of map @, V is the connection induced from the Levi-Civita connection VM and the pull-back connection V®,
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Definition 2.2. Biharmonic maps are defined as critical point of the bienergy functional

l : . 2
Ex(@) = 5 [ [t(@)Pdve.
for the maps @ : (M, g) — (M, g) between Riemannian manifolds. And also a map is biharmonic iff the bitension field
(@) = trace(VOV® — V2) (@) — trace(Z" (d®, 1(®))dm) = 0.

where ™ is the curvature tensor field of ML, [7].

Definition 2.3. f-Harmonic maps are defined as critical point of f-energy functional,

1
E/(@) = ; [ fldofdv,

for the maps @ : (M, g) — (M, §) between Riemannian manifolds where f € C(M,R). Besides a map is f-harmonic iff its f-tension field
equals to:

1 (@) = f1(®) +d®(gradf) =0, (2.2)
[5, 6].

Definition 2.4. f-Biharmonic maps are critical points of f-bienergy functional

1 o
By (@) =5 [ f18@)Pdve.

for the maps @ : (M, g) — (M, g) between Riemannian manifolds. On the other hand, ® is a f-biharmonic map if

1 ((@) = [0 (@) + AfH®) + 2V 1(@) = 0, 2.3)

where ) y(@) is the f-bitension field of the map @.
Note that if f is a constant then f-biharmonic map turns into a biharmonic map, [6].

Definition 2.5. Biminimal immersions are defined as critical points of the bienergy functional Ey (®) for variations normal to the image
@ (M) C M, with fixed energy for the maps @ : (M, g) — (M, g) between Riemannian manifolds. Equivalently, a biminimal immersion is a
critical point of the A-bienergy functional,

By 2 () =Ex (@) + AE(®)

where A € R is a constant. The tension field for a A-biminimal immersion is as follows,
[t (@) = [&(@)]" - A[t(@)]" =0,

here [.]* denotes the normal component of |.), [14, 11].

Definition 2.6. f-Biminimal immersions are defined as critical points of the bienergy functional By (@) for variations normal to the image
®(M) C M, with fixed energy for the maps @ : (M, g) — (M, g) berween Riemannian manifolds. Equivalently, a f-biminimal immersion is
a critical point of the A-f-bienergy functional,

Ep 2.5 (@) =Eo ¢ () + AE s (@)

where A € R is a constant. The tension field for a f-biminimal immersion is as follows,
[t2.5(@)]" = [0 s(@)]" —Alty(@)]" =0,
for some value of A € R, [11].

Now let recall some basic definitions about almost contact metric manifolds and generalized Sasakian space forms (see [1, 15]).

A differentiable manifold M>"+! is called an almost contact manifold with an almost contact structure (%, ¢, n) if it admits ¥ tensor field of
type (1,1), ¢ vector field and 1 1—form satisfying;

92 =-I+n®c, 2.4)

n(g) =1, (2.5)

conditions where / denotes the identity transformation. As consequences of the condition (2.4), we have ¥¢ =0and no ¥ =0.
If M admits a Riemannian metric g such that

g(BK,8L) =g(K,L)—n(K)n(L), K,Le(TM), (2.6)

then M called as an almost contact metric manifold with an almost contact metric structure (¥, ¢,1,8).
From (2.6) it is easy to see that
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and

8(K;¢) =n(K), 2.8)
for any K, L € I'(TM). The fundamental 2-form of M is defined by

P(K,L) =g(K,VL).

An almost contact metric structure becomes a contact metric structure if

8(K,0L) =dn(K,L),

for all vector fields K, L € T'(TM), where dn(K,L) = %{Kn (L)—Ln(K)—n([K,L])}.
An almost contact metric manifold is said to be normal if

where N is the Nijenhuis torsion tensor of ¥ given by
Ny (K,L) = 92[K,L] + [9K, L] — © [0K,L] — ® [K,OL], (2.10)

for all K, L € I'(TM). A normal contact metric manifold is said to be a Sasakian manifold. On the other hand an almost contact metric
manifold is a Sasakian manifold iff

(Vk¥)L=g(K,L)s —n(L)K, (2.11)

forany K, L.
An almost contact metric manifolds is said to be a Kenmotsu manifold iff dn = 0 and d® = 21 A ® or equivalently

(Vg¥)L=—-n(L)OK — g(K,dL)g, (2.12)
holds. Hence, we get

Vks=K-n(K)s. (2.13)
At last, an almost contact metric manifold is called a cosymplectic manifold iff dn = 0 and d® = 0 or equivalently

Vo =0, (2.14)
and then we obtain

Ve =0. (2.15)
As a generalization of both Sasakian and Kenmotsu manifolds, (o, )-trans Sasakian manifolds were defined by Oubina, [17]. If there exist
two functions @ and 8 on an almost contact metric manifold M satisfying

(Ve 9) L= o (g(K,L)g —n(L)K) + B (¢(9K,L) g —n(L)DK), (2.16)
for any K, L € I'(TM), then M is called a trans Sasakian manifold.

e If B =0, then M is called a o-Sasakian manifold.

e If B =0and o = 1, then M is called a Sasakian manifold.
e If a =0, then M is called a f-Kenmotsu manifold.

e If ¢ =0and = 1, then M is called a Kenmotsu manifold.
e If & = B =0 then M is a cosymplectic manifold.

A ¥-section of an almost contact metric manifold (M, &,¢6,7,¢) at a point p € M is a section IT C 7,M which is spanned by a unit vector
field U, orthogonal to g, and YU, The ¥-sectional curvature % (K A 9K) is defined by

H (K NOK) = Z(K, 9K, 9K, K). (2.17)

If the ¥-sectional curvature of a manifold is constant, that manifold is called a space form, [1].
An almost contact metric manifold is called as a generalized Sasakian space form [1], if there exist three functions p;, p> and p3 on M such
that

+p2 {g(K,9M)8L — g(L,OM)OK +2g(K,9L)OM}

+p3{n(K)NM)L—n(L)n(M)K +g(K,M)n(L)s —g(L,M)n(K)c}, (2.18)

for any vector fields on M, where % denotes the curvature tensor of M.
The contact distribution of an almost contact metric manifold M is defined by

{U eT(TM) : n(U) =0}

and an integral curve of the contact distribution is defined as a Legendre curve, [15].
Note that throughout this paper, we will use TSGSSF instead of trans Sasakian generalized Sasakian space form for the sake of simplicity.
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3. f-biminimal Legendre curves in (o, 3 )-trans Sasakian generalized Sasakian space forms

Assume that 6 : [ — M be a curve parametrized by arclenght on a Riemannian manifold M. Let {E;,[E,,...,E,} be the Frenet frame in M,
defined along 8, where E; = 6’ = T is the unit tangent vector field, [E, is the unit normal vector field and the vectors Es, ..., [E, are the unit
vectors obtained from the Frenet equations for J,

ViE; = kiEa,
ViE:» = -—-KxE;+ ks,
(3.1)
VTEV = _Krfl]Erfl‘i‘Kr]ErJrlv r:3,...,n—l,
ViE, = -k 1E,-1,
where k1 = ||V1E || and k3, ..., k, are real valued positive functions.
From (2.18) and (3.1), we have
VAT = —KE;+KEy+ Kk ko3, (3.2)
VAT = —3kKE+ (Ki' — K — K K'22) E, + (2K k2 + k1 K5) B3 + Ky ko k3 By, (3.3)
A(T,VeT)T = & [—psn(E)n(T)T+ (p31(T)* - p1)Ea + 3p2g(T, 0En) 0 + p3n (Ea)g]. (3.4)

With the help of A-f-bienergy functional, the f-biminimality condition obtained by using normal components of f-tension and f-bitension
field (see [11]);

[taa s (O = [t p(8)" —A[ts(8)]*,
where
t(8) = fVrT+fT,
ty(8) = f(VaT—2(T,VeT)T)+f VrT+2f ViT.

With the help of these calculations, we obtained the f-biminimality condition as follows;
120, ()] (22,0 (&) — ALt (8)]
() — 15 — ki3 +pir — k1 psn (T)? — Ay f+2f 1 + f %1 Ea

+[(2K K + K1) £+ 2K Ko f B + [fRiKaks | Bg — [3K128(T, 0E2)| 0T — [fripsn(Ea)]g (3.5
0.

By using (3.5) we obtain;

Theorem 3.1. Let 6 : [ — M be a Legendre curve parametrized by its arclength on an (o, 3)-TSGSSF. Then § is a f-biminimal curve iff

[(Ki/ — K} — K K f+ P Kif+f K +2f/1c; —AfK B+ [(2151 K+ K'lKé)f+2K1 Kgf/]]E3
+ KK k3| Eg + [3fK1p2g(0E2, T)] 9T + [fp3]¢ = 0.

Now let m = min{r,4} and from (3.5), & is a f-biminimal Legendre curve iff

e pp=00r 9T L E; or 9T € span{E,,...,E,;,} and
e p3=0o0r¢ LE;org€span{Ey,...,E;} and
. g([r’zl’f(S)]{IE,-) =0foranyi=1,2,...,m.

Then we can introduce following theorem.
Theorem 3.2. Let 6 : [ — M be a Legendre curve parametrized by its arclength on a (&, B)-TSGSSF. Then § is a f-biminimal curve iff

e pp=00r 0T LE; or 0T € span{E,,...,E,;, } and
e p3=00r¢ LEyor¢¢€spani{E,,...E,} and
e the following differential equations are satisfied:

2
(k) — K} — ki K3) [+ priif+f K +2f kK —Afky +3f’<1132g(19]152,T)—fP3?1 =0,

(2K Ky + K1 K)) f + 2K1 Ko f + 3 K1 p2g(OT, Bp)g (9T, Bs) + £p3n (Es) =0, (3.6

K13 f 4 3fKk1p28(OT, Ep)g (ST, Ey) + fp38n(Ey) = 0.
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Now we consider some special cases for f-biminimal Legendre curves in (o, §)-TSGSSFE.
Case I If p) = p3 =0, then equation (3.6) reduces to;

(k) — 15 —kik3) f+prif+f ki +2f Kk —AfKy =0,
2K K+ K1 K) f+2K1 Ko f =0,
K1k k3 f =0.
Via third differential equation of Case I, we obtained;
Theorem 3.3. There is no proper f-biminimal Legendre curve of osculating order r > 3 in a (&, 3)-TSGSSF with py = p3 = 0.

And via differential equation system of Case I, we get following theorem.

Theorem 3.4. Let 6 : I — M be a Legendre curve of osculating order r < 3 parametrized by its arclength on a (., B)-TSGSSF with
p2 = p3 =0. Then 6 is a f-biminimal curve iff following differential equation system is satisfied;

(k) — 1 — 1) fHpikif+f w1 +2f K — Afrg =0,
(21(1 K + K) Ké)f+21<1 Kf =0.

Sub-Case I-1: If p, = p3 =0 and k1 = cons. # 0, k; = 0, then we get;

Theorem 3.5. Let 6 : I —> M be a Legendre curve of osculating order r < 3 parametrized by its arclength on a (o, 3)-TSGSSF form with
P2 =p3=0and k| =cons. #0, Ky =0. Then 0 is an f-biminimal curve iff x| satisfy the following differantial equation

Kif—pikif—f ki +AfK =0,
where

1) = 1 VPR oo (VR

Sub-Case I-2: If p, = p3 =0 and k| = cons. # 0, kK = cons. # 0, then we give the following corollary.

Corollary 3.6. There is no proper f-biminimal Legendre curve of osculating order r < 3 parametrized by its arclength on a (a, B)-TSGSSF
with py = p3 =0 and k1 = cons. # 0, kK = cons. # 0.

Sub-Case I-3: If p, = p3 =0 and k] # cons., k» = cons. # 0, then we state;

Theorem 3.7. Ler 8 : I — M be a Legendre curve of osculating order r < 3 parametrized by its arclength on a (o, 3)-TSGSSF with
P> = p3 =0and K1 # cons., Ko = cons. # 0. Then & is a f-biminimal curve iff x| and K satisfy the following differantial equation

(k| — K5 — ki) f+prkaf+f Kk +2f K —AfK =0,
where

f(s) =cxy(s).

CaselILl: If p =0, p3 #0and E; L ¢. Then from E, L ¢ and n(E,) = fg, (see [18]) it is obvious that M is a ¢¢-Sasakian generalized
1

Sasakian space form. Then equation (3.6) reduces to;
(k] =1 — K 3) f+prkif + f K +2f K — Afrg =0,
(2K K + K1) f+ 2K Ko f =0, (3.7
Kikok3f =0.

Via third equation of (3.7), we have the following theorems.

Theorem 3.8. There is no proper f—biminimal Legendre curve of osculating order r > 3 in a o-Sasakian generalized Sasakian space form
with P2 = 0,p3 75 0.

Theorem 3.9. Ler § : I —> M be a Legendre curve of osculating order r < 3 parametrized by its arclength on a o.-Sasakian generalized
Sasakian space form with py =0, p3 # 0. Then § is a f-biminimal curve iff following differantial equations are satisfy;

(K — 1 — k1K) f+pikif+f K1 +2f 6 — Afky =0,

(21(; K+ K Ké)f+21<1 Kzf' =0.
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CaseIIL: If p, =0, p3 #0, ¢ € span{E,,...,E,;,} and n(E;) # 0, then equation (3.6) reduces to;
(K| = &} = K13)f+ priif+ f ki +2f k) = Afxi = frip3n (E2)? =0,
(2K, K+ K1Ky) f+2K1 Ko f + fp3Bn(Es) =0,
ki3 f + fp3fn(Es) =0.
Let m = min{r,4} = 4, which implies » > 4. Then we can write
G = cos 01 + sin By cos 6,E3 4 sin O; sin [y, 3.8)

which implies

n(E;) = cosoy,
N(E3) = sin6cosbHy, (3.9)
N(E4) = sin6;sinbh;.

Here 0 : I — R denotes the angle function between E, and ¢ and 6, : I — R is the angle function between E3 and the orthogonal projection
of ¢ onto span{E3,E4}, [15].
From here we get;

Theorem 3.10. Ler 6 : I —> M be a Legendre curve of osculating order r parametrized by its arclength on a (a, B)-TSGSSF with py =0,
p3 #£0, ¢ € span{E,,...,E,} and N(E;y) # 0, Then 6 is a f-biminimal curve iff following differantial equations are satisfy;

21 K+ (K] — K — K165+ pr ki — Aky — K1 p3(cosBy)?) f =0,
(21{1 K+ K Ké)erZKl . f + fp3Psindcos6r =0,
K1 K K3 f + fp3Bsin0sin6, = 0.

Sub-Case III-1: If p, =0, p3 #0, ¢ € span{E,,...,E,}, n(Ey) #0, and k1 = cons. # 0, k» = 0, then we state;

Theorem 3.11. Ler 6 : I —> M be a Legendre curve of osculating order r parametrized by its arclength on a (a., B)-TSGSSF with py =0,
p3 #0, ¢ €span{Ey,...Eyn}, n(Ey) # 0 and k1 = cons. #0, k» = 0. Then § is a f-biminimal curve iff

f(s) = cle(m)s +C26(7\/m)5

where 0 =2km, k € Z.

Sub-Case III-2: If p, =0, p3 #0, ¢ € span{E,,....E,}, n(E;) # 0 and k; = cons. # 0, K, = cons. # 0, then we get the following
theorem.

Theorem 3.12. Let 6 : I —> M be a Legendre curve of osculating order r parametrized by its arclength on a (a, B)-TSGSSF with py =0,
p3 #0, 6 € span{E,,....En}, N(Ey) # 0 and k1 = cons. # 0, K = cons. #0. Then 8 is a f-biminimal curve iff K| and K, satisfy the
following differantial equation

f”’(l - (7(13 + K K22 —pi1k1 +AK + K1p3(cos91)2)f: 0

where

Fls) = el S .

Sub-Case III-3: If p, =0, p3 #0, ¢ € span{E,,....E,}, N(Ey) # 0 and k| # cons., K» = cons. # 0, then we have;

Theorem 3.13. Let 6 : I — M be a Legendre curve of osculating order r parametrized by its arclength on a (a., B)-TSGSSF with py =0,
p3 #0, 6 €span{E,,....E,}, n(Ey) # 0 and k1 # cons., Ky = cons. # 0. Then § is a f-biminimal curve iff k| and K satisfy the following
differantial equation

Fr+2f K+ (k) — K — Ky K3+ piky — Aky — ki p3(cos6y)?)f =0

where

f(s) _ 1 e\{'%(x)cuzez(s)ds +e.

- K1 (S)

4. Conclusion

In this study, we obtained f-biminimality conditions of a Legendre curve in (¢, 8)-trans Sasakian generalized Sasakian space forms. As a
future work, researchers interested in this subject can study such curves in other space forms.
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