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ABSTRACT

In this paper, we examine PNMCV-MCGL biconservative submanifold in a Minkowski space
E"*? with nondiagonalizable shape operator, where PNMCV-MCGL submanifold denotes a
submanifold with parallel normalized mean curvature vector and the mean curvature whose
gradient is lightlike ((VH, VH) = 0). We obtain some conditions about connection forms, principal
curvatures and some results about them. Then we use them to obtain a classification of such
submanifolds. Finally, we showed that there is no biconservative such submanifold in Minkowski
space of arbitrary dimension.

Keywords: Biconservative submanifolds, non-diagonalizable shape operator, Minkowski space, biconservative isometric immersions.

AMS Subject Classification (2020): Primary: 53C42 ; Secondary: 53B25.

1. Introduction

In 1980’s Chen B.Y. introduced a conjecture that "biharmonic submanifolds of Euclidean spaces are minimal"
that would later be named after him. Then many geometers studied on this conjecture and obtained results that
confirm this conjecture. Concerning to the pseudo-Euclidean spaces this conjecture is not satisfied everytime.
In 1990’s Chen B.Y. and Ishikawa S. gave some examples of non-minimal biharmonic submanifolds which are
called proper biharmonic submanifold [5],[6]. Biconservative submanifolds are generalizations of biharmonic
submanifolds such that every biharmonic submanifold is biconservative at the same time but inverse does not
hold generally.

Let 2 : M — N be an isometric immersion with the mean curvature vector H. Then « is bihamonic if and
only if the following equations

mgrad ||H||> + dtrAg g () + 4tr(R(-, H))T =0 (1.1)

and
~AYH +trh(Ap(-), ) + tr(R( H))E =0 (1.2)

are satisfied, where m is the dimension of M and A+ is the Laplacian associated with V*. x is said to be
biconservative map if (1.1) is satisfied [13]. A submanifold is said to be biconservative if it has biconservative
map. So biconservative manifolds are much bigger family than bihamonic submanifolds and it has been
studied in many geometers so far ([13],[14],[10],[11]). In [2], Chen gave the definition of parallel normalized
mean curvature vector such that a submanifold is said to have parallel normalized mean curvature vector if the
mean curvature vector is nonzero and the unit vector in the direction of the mean curvature vector is parallel,
i.e. VH(H/||H|) = 0, and he showed that a surface which is isometrically immersed in a Euclidean m-space E™
then it is the minimal surface of E™ or minimal surface of a hypersphere of E™ or surfaces in an affine 4-space
E* of E™. Moreover, In [3], Chen obtained some results of such surfaces which is analytic and in 2019 he showed

Received : 10-03-2023, Accepted : 11-06-2023
* Corresponding author


 https://doi.org/10.36890/iejg.1263203\ 

A Classification of Parallel Normalized Biconservative Submanifold in the Minkowski Space in Arbitrary Dimension

that "A biharmonic surface in E™ with a parallel normalized mean curvature vector does not exist.". This was an
another solution to Chen’s conjecture. Concerning to the pseudo-Euclidean case, Chen investigated to classify
space-like and Lorentz surfaces with parallel mean curvature vector in Riemannian and indefinite space forms.
Du L. and Zhang J. classified completely such surface by adding pseudo-umbilical property and they showed
that such submanifolds have parallel mean curvature vector field under some geometric conditions [8]. Later
Du L. completely classified such pseudo-umbilical submanifolds and f—biharmonic. A submanifold is said to
f—biharmonic if the left hand side of (1.2) is equal to fH, where f is a function.

In [16] Sen R. and Turgay N. C. obtained some results on the biconservative submanifolds with parallel
normalized mean curvature vector as well as biharmonic ones. In [15], Sen R. studied on biconservative m-
dimensional submanifolds with parallel normalized mean curvature vector field in E™*2 and obtain canonical
forms of the shape operators of such submanifolds. So, it is still open working area of such submanifolds
in pseudo-Euclidean space. In [17], in 2016, Turgay N. C. studied such hypersurface in Minkowski space in
arbitrary dimension for biharmonic ones. He showed that there is no such biharmonic hypersurface with at
most 5 distinct principal curvatures. So biconservative part of the problem about submanifolds with parallel
normalized mean curvature is still open.

In this paper we investigate biconservative n—dimensional submanifold with parallel normalized mean
curvature vector and non-diagonalizable shape operator in arbitrary Minkowski space E}? such that it has
mean curvature vector whose gradient is lightlike. We proved that there is no such submanifold.

2. Preliminaries

Let M be an n-dimensional submanifold of Minkowski space E7*? and 2 : M — E}"2 be an isometric
immersion. Let V+ denote its normal connection then a normal vector field 7 is said to be parallel if Vi1 =0
whenever X is tangent to submanifold.

We put V and V for the Levi-Civita connection of M and E}*?, respectively. Then

VxY = VxY+h(X,)Y) (2.1)
(M(X,Y),N) = (AnX)Y) (2.2)

respectively, for any vector fields X,Y tangent to M, where h is the second fundamental form and A is the
shape operator. Moreover, the mean curvature vector H of M is defined by

1
H = —tr(h) (2.3)
n
and its norm | H|| = |(H, H )|1/ ? is called the mean curvature of M.

Let R denote the curvature tensor of M. Then, Gauss, Ricci and Codazzi equations are as follows

R(X,Y,Z,W) = hX,W)hY,Z)—h(X,Z)h(Y,W), (2.4)
RYX,Y)N = h(X,ANY)—h(ANX,Y), (2.5)
(Vyh)(X,2) = (Vxh)(Y,2). (2.6)

The covariant derivative Vh of h is defined by
(Vxh)(Y,Z) = Vxh(Y, Z) = l(VxY, Z) = h(Y,Vx Z).

We study on submanifold with nondiagonalizable shape operator. So we need to construct the cannonical
form of the shape operator. To do this we give well-known the following lemma.
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Lemma 2.1. [12] Let M be a Lorentzian surface, p € M and A be a symmetric endomorphism of T, M. Then, by choosing
an appropriated base for T,M, A can put into one of the following four canonical forms:

_ [ ag 0
al 0 -1 Qg
Case (i). A~ , Case (ii). A~ a1
i 0 an
L 0 An—2
Qg 0 0 ] r
0 agp 1 _ag b()
1 0 a o ao
Case (iii). A~ ay Case (iv). A~ a1
U3 L Ap—2.

Note that the base field is pseudo-orthonormal in Case (ii) and Case(iii) while it is orthonormal in the other cases. Moreover,
b is nonzero.

Let M be a Lorentzian hypersurface. We can choose a pseudo-orthonormal frame {e;, ez, €3 - - - , e, } such that
(ei,ej) =045 — 1 (ei,eq) =0 (eases) = dap
where i,j € {1,2},a, 8 € {3,4,--- ,n}. Then, Levi-Civita Connection V related to M as the following

Veer = dier + Y wip(ei)es 27)
b=3

Ve, €2 = —¢e0 + Zw%(ei)eb (2.8)
b=3

Vea = waal(ei)er + wial(es)ea + Y wan(ei)es 2.9)
b=3

where ¢; = (V¢ e2,e1) = —wi2(€;).

Proposition 2.1. Let ¢ : (Q,9) — (E}"2, g) be an isometric immersion of Lorentzian manifold of dimension n into
Minkowski space E12. Then 1) is biconservative if and only if

v (V) ="

is satisfied, where Ny is the normalized mean curvature vector and f = ||H|| and V f is gradient of f.

Vf (2.10)

From now on we abbreviate submanifold with mean curvature whose gradient is lightlike as MCGL
submanifold.

3. MCGL Submanifolds with Codimension 2 In E}*2

In this section we examine the submanifolds of codimension-2. It means M has two normal vectors and so
two shape operators. we study on submanifolds with nondiagonalizable shape operator. So it is more difficult
than hypersurface case. Definition of submanifolds with parallel normalized mean curvature vector has been
given in introduction. So, from now on we abbreviate such submanifold as PNMCV submanifold.

Before we proceed we would like to emphasis that we choose the mean curvature vector as H = fN; then
we have V1 N, = 0 since H is parallel normalized mean curvature vector.

Remark 3.1. Note that V f is proportional to only e; or e, since if V f = ae; + bes for non-zero funtions a, b then
(Vf,Vf)=—2ab # 0 and V f would not be lightlike.

Now, consider case(iv) in Lemma 2.1. If V f is proportional e; or e; by Remark 3.1 then by would be zero.
So, the rest of the problem is to examine the cases of the shape operators depending on N; which is equal the
case(ii) and case(iii) in Lemma 2.1, seperately. we examine these matrices in the subsections named by Case 1
and Case 2, respectively.
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3.1. Casel
Firstly we inqury the structure of the shape operators of M. By Lemma 2.1 we have two matrices as the
following:
Tk, 1
k1
A, = s (3.1)
L K,
[l a1
az Iy
Ay, = ls (3.2)
L ln
Then, one can get easily the second fundamental form as follows;
h(ei,e1) = —azNy, h(e1,e2) = —kiNi — 1Ny, h(ez,e2) = —Ni — a1 Na. (3.3)
So, we use the Ricci equation (2.5) to find a1, as.
RJ—(Sl,eQ)NQ = h(el,AN2€2) — h(ANzel,ez)
0 = alh(el,el) + (ZQ — ll)h(el, 62) — a2h(€2, 62).
Direct calculations give
0 - (lg — ll)llNQ + (kl(lg — ll) — ag)Nl.
It is obvious that a; = 0 and if I; # 0 then [; = l5. Then the matrix (3.2) becomes
oo
lh
Ay, = ls (3.4)
ln
and the second fundamental form (3.3) becomes
h(ei,e1) =0, h(e1,e2) = —ki1 N1 — 11 Ny, h(ez,e2) = —N1 — oNa.
So, we can choose V f is proportional to e; by Remark 3.1. So we have
e2(f) # 0, ei(f) =0, Vf=-ef)er (3.5)
wherei =1,3,--- ,n. Moreover, by (2.10) we have
—2k1 =nf. (3.6)
Consider distinct princial curvatures K, K», - - - , K, with its multiplicities vy, v2, - -+ ,vp and Ly, Lo, - - - , Ly with
its multiplicities w1, ua, - - - , u4 as in the previous section then we have
UQKQ-‘r’UgKg—‘r'-'—f—Upr = —(2+01)K1 (37)
usLo +usLls + -+ quq = —ulq (38)
Now we use the Codazzi equation (2.6)
o The triplet (e1, e, €q) gives
e1(ka) = a(k1 — ko) (3.9)
el(la) = ’(/Ja (ll — la) (310)
dergipark.org.tr/en/pub/iejg 656
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o The triplet (ez, eq, eqn) gives
62(ka) = éa(kl - ka) + wa
62(lo¢) = gzjoz(ll - la) + 'l)/JagO
o The triplet (e1, eq, e3) gives
wag(e1)(ka — kp) = wip(ea)(k1 — kg)
wag(e1)(la = Ig) = wiglea)(ln — g)
o The triplet (e, e, e1) gives
wip(€a) (k1 — kg) = wialep) (k1 — ko)
wig(ea)(ln = Ig) = wialeg)(l1 — o)
Moreover; by (3.5) we have [e,, eg](k1) = 0. So
wia(es) = wig(ea)
by subsituiting (3.17) into (3.15) and (3.13), we get
wia(eg) = wig(ea) =0
for ko # kg. Further if k1 # k, = kg then wys(er) = 0.
o The triplet (e2, eq, eg) implies
(ko — kg)wap(ez) = (k1 —kp)wap(ea)
(la = lp)wap(e2) = (I —lg)was(ea).
o The triplet (e, e, e2) implies
(k1 — kg)wag(ea) = (k1 — ka)waza(€p)-
By combining (3.19) and (3.21), suppose that k; # k. = kg, we see that

waa(eg) = wapleq) = 0.
o The triplet (e, 1, e1) implies

win(er) =0

o The triplet (eq, €1, e1) gives
e1(l1) =0
o The triplet (eq, €1, e2) gives
wan(e1)(k1 —ka) =0

and by k; # k, then we have

won(er) =0
Now we use Gauss equations (2.4)

R(eq,e1,e2,60) = —kika — lila.

we make some calculation on (3.26).

<V6avele2> - <vea(_¢1€2 + ZWQb(el)ebae(x»

b=3
n

= —¢1@a+ea(w2a(61))+ Z UJQb(el)Wba(ea)

a#b=3

(Ve,Vesea) = (e1(—¢aca+ Y wan(ea)es), a)
b=3

= —awraler) +e1(Pa) + > wan(ea)whaler)

a#b=3
<v[ea,61]62a ea> = <¢a - w2a(el))w2a (61)

(3.11)
(3.12)

(3.13)
(3.14)

(3.15)
(3.16)

(3.17)

(3.18)

(3.19)
(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27a)

(3.27b)

(3.27¢)

(3.27d)

(3.27¢)

657

dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

A Classification of Parallel Normalized Biconservative Submanifold in the Minkowski Space in Arbitrary Dimension

Under the consideration (3.18) and (3.22) with its contractions, one can obtain

n

Z wap(€a)wpa(e1) = 0.

atb=3
In addition to this result, k; # k. turns (3.26) into
e1(Pa) + Pa(P1 + o) = kika + lila (3.28)
since (3.25). Moreover, R(eq, €1, €1, ¢€4) = 0 gives
e1(Ya) = Yald1 — Ya). (3.29)

Now consider equalities (3.7) and (3.8). By using (3.5), (3.6), (3.9), (3.10), (3.24) and (3.29), if we deriviate (3.7)
p times and (3.8) ¢ times we have following two matrices, respectively

vp vy o w] [ - K] fo
ARG N Il I (3.30)
ok e ) L - K] o
vy vy ) - L)) [0
IR N e I (3.31)
v ] - L)) [

Before proceed, we would like to notice that we examine what kind of contradiction gives us the fact that all
1a's are zero. Thus we shall give the following Lemma.

Lemma 3.1. For ky # kg, if o = 0 then k1ko = —lil,, where o = 3,4, --- ,n.

Proof. By taking a deriviation of (3.11) along e;, we have

le1, e2]ka = €1(Pa) (k1 — ko)

Notice that we can use the Lie bracket i.e. [e1, e2](ko) = e1e2(ky) since eq(ky) = 0. So,

—pre2(ka) = e1(Pa)(k1 — ka)
7¢1¢)a(k1 - koz) = el(@a)(kl - ka)
by simplifying with (k; — k), we have
_¢1¢a = 61(@Q) (332)
By subsituiting (3.32) into the Gauss equation (3.28) then we get the result that we want to show.

Remark 3.2. The indice a begins from 2 for capital K, while beginning from 3 for lowercase k. due to the matrix
(3.1). Because some principal curvatures may be the same for some «’s for k,, but it is not valid for K. Because
ko’s are just principal curvatures, but K, ’s are distinct principal curvatures.

Lemma 3.2. There is no biconservative PVMCV-MCGL submanifold in E}"? with the shape operator given in (3.1)
with two distinct principal curvatures.

Proof. Assume that Ay, has two distinct principal curvatures K, K, then (3.7) becomes
’UQKQ = —(2 + ’Ul)Kl. (333)

Before we proceed, we would like to notice that taking a derivative (3.33) along e; gives 1) = 0. Because all ¢,
are equal to 1o, Lemma 3.1 gives K1 K> = —l1l, and K1 Ky = —l1lg. So, we have ;1 = l,l3. Notice thatif /; =0
then K Ky = 0 and this means K; = 0 since (3.87) which yields a contradiction. It follows I, = l5. So, An, has
two distinct principal curvatures as well. Then (3.8) becomes

UQLQ = —ulLl. (334)
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In addititon, we have K K> = —L; L, by Lemma 3.1. Multiplying (3.33) and (3.34) by K, and L, seperately and
some direct calculations give

o 24+ V1
=

0

K24 U2 (3.35)
U2
which yields a contradiction since then K; would be zero and it follows H is zero.

Lemma 3.3. For o =2,3,...,n,ifall ¢, = 0 then Ay, and Ay, has the same number of principle curvatures which is
equal to zero, i.e. p = q.

Proof. Firstly notice that k; # 0. Assume that all ¢, = 0 then we have kik, = —l1l, and kikg = -1l for
distinct o, f and 3 < o, 8 < n. If I} = 0 then k, = kg and p = 2. Applying Lemma 3.2 gives a contradiction. If
l; # 0 then it is obviously obtained that

kQZk’B@la:lg.
This implies p = g.

Now one can give the following lemma

Lemma 3.4. If (3.30) is satisfied then all 1, = 0, where o = 2,...,p.

Proof. For p = 2 case has been shown in Lemma 3.2.
Assume that for p = r if the equation

> ava(Ky — Ka) =0 (3.36)
a=2
is satisfied then ¢ = - - - = ¢, = 0. Now we shall show for p = r + 1. Then one can say
r+1
> thava(K1 — Ka) =0 (3.37)
a=2
So .
Z ¢QUQ(K1 — Ka) + ¢7-+1U1»+1(K1 — K7.+1) =0 (338)
a=2

The first term in the left hand side of (3.38) is equal to zero by acceptance. So this gives 1,11 = 0 since K; and
K, are distinct principle curvatures and v, is multiplicity.

Theorem 3.1. There is no PNMCV-MCGL submanifold in Minkowski space B} with the shape operator given in (3.1)
and (3.2).

Proof. Firstly we prove that multiplicities of distinct principal curvatures K, and L, are equal, i.e. uy, = v,
forevery o = 2,...,p. By Lemma 3.4 and 3.1 one can say K1 K, = —L1L,. Now assume that u, # v, then there
is some integers a, r such that

ke = kaJrl == kaJrrfl = Ka, kaJrr = Ka+1 (339)
la = la+1 == la+r71 = la+r =L, (340)
So, by Lemma 3.1, we have
klka+r = _llla+’r (341)
K1Kas1 = —LiLa. (3.42)

By Lemma 3.4 and 3.1 the equation (3.42) gives
K1 Kpi1 = — K1 Ka. (3.43)
The equation (3.43) is satisfied than either K; = 0 or K, = K,+1. Now (3.7) and (3.8) becomes

p
=2
p
’U7;L7; = —u1L1 (345)
1=2
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By multiplying (3.44) and (3.45) by K and L,, seperately and using Lemma 3.4, we have the following equality
0=—(2+v)K? —uy L7 (3.46)
It gives K1 = 0 which yields a contradiction.

3.2. Case 2:

We inqury the structure of the shape operators of /. By Lemma 2.1 we have two matrices as the following:

Fky -
ki 1
-1 ky
A, = ks (3.47)
L kp
_ll a b 7]
d ZQ C
e a 13
AN, = I (3.48)
L Ind
Then, one can get easily then second fundamental form as follows;
h(ei,e1) = —dN3z ,h(e1,e2) = k1 Ny — 11Ny ,h(e1,e3) = —Ni + eN (3.49a)
h(ez,ea) = —aNa , h(ez,e3) = alNa , h(es, e3) = k1 N1 + 3Nz (3.49b)
Consider (2.2),
o <AN263, 62> = <N2, h(eg, 62)> giVGS
—b=4a (3.50)
° <AN2617 63> = <N2, h(el, 63)> gives
—c=c¢ (3.51)
[ ] <AN262,61> = <N2,h(62,61)> giVGS
i =1y (3.52)

Now, we choose the mean curvature vector as in the Case 1. Then we have V- N, = 0 again and f = || H]||. So,
we use the Ricci equation 2.5 to find a, b, ¢, d, a.

RJ— (61, 62)N2 = h(el, AN262) — h(ANgel, 62)
0 = ah(er,e3)+ (Ia —l1)h(er, e2) + ah(er,er) — dh(es, ea) — eh(es, e2).

Direct calculations give
0= (—EL + (ll - l2)k1)N1 + (l1 — lg)llNg

and so

a=0 (3.53)
Now

Rt(e1,e3)Na = h(er,An,e3) — h(An,e1,e3)
0 = Ch(€1, 62) + (l3 — ll)h(el, 63) - dh(eg, 63) — 6h(63, 63).

Direct calculations and (3.51) give

lh=15 (3.54)
Now

RJ_(€27 63)]\72 = h(€2,AN263) — h(ANQGQ, 63)
0 = (13 - lg)h(eg, 63) + Ch(eg, 62) — ah(el, 63).
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Direct calculations give
a=0 (3.55)

Now the second fundamental forms (3.49) becomes

h(e1,e1) = —dNy ,h(ei,ez) = —k1 N1 — I3 No = —h(es, e3), (3.56a)
h(e1,e3) = =Ny — ¢Na, h(es,e3) =0 = h(eq, e3), (3.56b)
h(ea,eq) = ko N1 + 1o Na, (3.56¢)

h(eq,es) = 0 for a # . (3.56d)

Subsituiting (3.50), (3.51), (3.52), (3.53), (3.54) and (3.55) into (3.48), we have

&y 0 O 7
d ll (&
—c 0 ll
An, = Iy (3.57)
L Ind
Note that V f is proportional to e;. So we have
erl(f) #0, e(f)=0, Vf=-e(f)e (3.58)
where i = 2,3,--- , n. Moreover, by (2.10) we have
—2k1 =nf. (3.59)
Note that [e2, eq](k1) = ezeq (k1) — eqea(k1). By (3.59) one can say
€2, eq](k1) =0 (3.60)
So, the same process gives
[e2, es](k1) = [ea, ep] (k1) = [e3, €a](k1) = 0. (3.61)
Equations (3.60) and (3.61) give
wan(ez) = wag(ez) =0, (3.62)
wap(ea) = waalep), (3.63)
waa(es) = waslea), (3.64)
where o, 8 =4,5,...,n.
Now we use the Codazzi equation (2.6)
o The triplet X = e5,Y = Z = ¢, gives
62(ka) = @a(kl - ka) (365)
62(Za) = P, (ll - la) (366)
,where @, = wan(eq).
o The triplet X =¢1,Y =e,,Z = ¢, gives
e1(ka) = Ya(k1 — ko) + was(ea) (3.67)
e For a # 3, the triplet X = €3,Y = ¢4, Z = e, gives
ep(ka) = wpalea) (ks — ko). (3.68)
Notice that for some « with ky = k. # kg we have
w,@a(ea) =0 (369)
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since (3.58).
o For a # 3, the triplet X = e5,Y =3, Z = e, gives
wag(e2)(ka — kg) = —waalep)(ka — k1) (3.70)
wap(e2)(la —lg) = —waalep)(la — 11) (3.71)

e For o # 3, the triplet X =e,,Y = €3, Z = e gives

wag(€a) (k1 — kp) = wap(e2)(ka — kg) (3.72)
wap(€a)(l1 — lg) = wap(e2)(la — ) (3.73)

By combining (3.72) and (3.70) we get
wap(ea)(k1 — kp) = waalep) (k1 — ko) (3.74)
Subsituiting (3.63) into (3.74) gives wa.(es) = 0. So we have

ki # ko =ks = woplea)=wal(eg) = (3.75a)
ko kg = wagleq) = wanl(es) = wap(e2) =0 (3.75b)

o Under the result of (3.75), the triplet X = e3,Y =¢,,Z =egand X =e3,Y =e3,Z = e, give
wag(es)(ka — kp) = wap(ea) (k1 — kg) = wsalep) (k1 — ka) (3.76)
e The triplet X =¢1,Y =¢,,Z =egand X =e1,Y =e5,Z = ¢, give
wag(e1)(ka = kp) = wig(ea) (k1 — kg) + wps(ea) = wia(ep) (k1 — ka) + was(ep) 3.77)

By combining (3.76) and (3.77), one can say easily, for k1 # ko = kg,

wsg(eq) = wigleq) =0 (3.78)

o The triplet X = e5,Y =e1,Z = ey gives
ea(l1) =0 (3.79)

o The triplet X =e5,Y =e1,Z = e3 gives
¢2=0 (3.80)

o Triplets (eq, €2, €3), (€2, €3, €q) and (eq, €1, €2), (€q, €2, €1) give

wia(€2)(k1 —ka) = 0=wan(e3)(k1 —kq)
W23(6a) = wza(€1)(k1 - ka) wa3(€2) - Wla(e2)(k1 - ka)7

respectively, So, for k; # k., we have

(3.81)

wW3a(€2) = wan(e3) = was(ea) =0
0, (3.82)

w2a(€1) = wa2(€1) = w1a(€2)

respectively. Further, notice that (3.81) also holds for k; = k.. Now we use Gauss equations (2.4) by considering
(3.70),(3.72), (3.80) and (3.82).
R(e(xa6176276(x) - _(klka +llla) (383)

One can obtain, for k; # kg,
e1(Pa) + Pa(P1 + Vo) = kika + lila (3.84)

Lemma 3.5. For k1 # kg, if &, = 0 then k1k, = —l1l,, where oo =4,,5- -, n.

Proof. Putting &, = 0 into (3.84) gives the result that we want to show.
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Now consider distinct principal curvatures K, K,---,K, with its multiplicities v, vz, ---,v, and
Ly, Lo, -, Ly with its multiplicities u;, uz, - - - ,u4 as in the previous section then we have (3.7) and (3.8) again.
When taking a derivative of (3.7) and (3.8) alon e, p times and ¢ times, respectively, one can get the following
matrices;

%o | e o
:2 :3 | :p 3 1: 3 -7 (385)
o @ . a| |-k |0
P I T e I
:2 :3 ) :q ’ 1: 7= A (3.86)
o @ o 01| |l —Ly| |0

Remark 3.3. The indice « starts at 2 for capital K, while starting at 4 for lowercase k, due to the matrix (3.47).
The rest of this remark is the same with Remark 3.2.

Remark 3.4. Note that the using the method of Gauss equation for which we use to find a contradiction has not
changed for the shape operator (3.47) either. So we obtain the same of Lemma 3.3. With the same logic, it is
enough to prove that absence condition for p = 2 to obtain the same of Lemma 3.2, Lemma 3.4 and Theorem
3.1.

So we can give the following Lemma.
Lemma 3.6. There is no biconservative PVMCV-MCGL submanifold in E72 with two distinct principal curvatures .

Proof. Assume that Ay, given in (3.47) has two distinct principal curvatures K, K, then Ay, given in (3.48)
has two distinct principal curvatures L1, Ly by Lemma 3.3. Consider (3.7) and (3.8), we have

vo Ko = —(2 + ’Ul)Kl (387)

U2L2 = 77.L1L1 (388)

Taking a derivative (3.87) along e give @, = 0. It follows K1 Ky = —L; Ly by Lemma 3.1. Multiplying (3.87) and
(3.88) by K1 and L, respectively and some direct calculations give

_ 241
=

0

K24+ 2 (3.89)
U2

which yields a contradiction since then K; would be zero and it follows H is zero.

So one can prove easily that every elements &,, of the matrix (3.85) being zero with the help of induction and
then get easily the same of Lemma 3.4 for ¢,. Moreover, one can give the following final theorem whose proof
is the same of Theorem 3.1 since it depends on the condition K7 K, + L1 L, is zero which is satisfied for the
shape operator given in (3.47) either.

Theorem 3.2. There is no PNMCV-MCGL submanifold in Minkowski space Ef*? with nondiagonalizable shape
operator.
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