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Abstract

By implying a-admissible mapping, this study expands and investigates generalized contraction map-
pings in quasi-metric spaces, aiming to establish the existence of fixed points. Moreover, we show that
the main outcomes of the paper encompass several previously reported results in the literature.
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1. Introduction and preliminaries

The Banach contraction principle, also known as the Banach fixed point theorem, is a fundamental result in
mathematics, specifically in the field of functional analysis. It is named after the Polish mathematician Stefan
Banach, who first stated and proved the theorem in 1922. The theorem provides conditions under which a mapping
using a complete metric space to itself has a unique fixed point. A fixed point of a mapping is a point in the
space that remains unchanged after applying the mapping. The proof of the Banach contraction principle typically
involves constructing a sequence of iterates using the contraction property and showing that it converges to the
fixed point. The completeness of the metric space is crucial for guaranteeing the convergence of the sequence.(see
[1-5]). But owing to the strict conditions of the metric space and the specific properties imposed, the necessity to
consider topological structures that have more flexible conditions than the metric space has emerged.Therefore,
many generalizations of the Banach fixed point theorem have been obtained in this space by defining the quasi
metric space. Furthermore, quasi-metric spaces are useful in numerous topics of mathematics, like optimization,
functional analysis and computer science. They provided a more general framework for studying approachs related
to distances and convergence, allowing for more flexible and adaptable notions of proximity. (see [6-11]). Now,
review the definitions and notations related to quasi-metric space:

A # () and p be a function p : A x A — R such that for each w,y,n € A:
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(w,w)
ii) p(w,v) < p(w,n) + p(n,7) (triangle inequality),
iii) p(w,7) = p(7,w) = 0 = w = v (asymmetry),
iv) p(w,7) =0=w=1y

If (i) and (ii) conditions are satisfied, then p it is called a quasi-pseudo metric(shortly q.-p.-m.), if (i), (ii) and (iii)
conditions are satisfied, then p is called quasi metric(shortly q.-m.), in addition if a q.-m. p satisfies (iv), then p is
called T1-q.-m.. It is evident that

¥V metric is a 7} quasi-metric,
VT quasi-metric is a quasi-metric,
V quasi-metric is a quasi-pseudo metric.

Then, the pair (A, p) is also said to be a quasi pseudo metric space(shortly q.-p.-m. s.). Moreover, each q.-p. m. p on
A generates a topology 7, on A the family of open balls as a base defined as follows:

{B,(w,e) :we Aand e > 0}

where B, (wg,e) = {v € A: p(wo,7) < €}

If pis a q.-m. on A, then 7, is a T topology, and if p is a T-q.-m., then 7, is a T topology on A.

If pis a q.-m. and 7, is T} topology, then p is T} -q.-m.. In this case, the mappings, p~ Y050 i Ax A— [0,00)
defines as

pHw,y) = plyw)
PP (w,y) = max{p(w,y),p " (w,7)}
pr(w,7) = plw,”)+p Hw,7)

are also q.-p.-metrics on A. If p is a q.-m., then p® and p, are (equivalent) metrics on A. To find the fixed point, the
most important part is to use the completeness of the metric space. But since there is no symmetry conditions in a
g.-m., there are many definitions of completeness in these spaces in the literature.(see [12-14] )

Let (A, p) be a q.-m. and the convergence of a sequence {w, } tow w. r. t.

7, called p — convergence and is defined w, %> w < p(w,w,) — 0,

1

,—1
7,-1 called p~* — convergence and is defined w, 5w e plwn,w) =0,

Tps called p® — convergence and is defined w, Lo o p(wn,w) = 0

for w € A. A more detailed explanation of some essential metric properties can be found in [15]. Also, a sequence
{wp} in A is called left(right) K —Cauchy if for every ¢ > 0,there exists ng € N such that Vn,k,n > k > ng(k > n >
no), p(wk, w,) < €. The left K-Cauchy property under p implies the right K-Cauchy property under p~!. Assuming

00
Z p(wm Wn-‘rl) < o0,
n=1

the sequence {w,, } in the quasi-metric space (A, p) is left K-Cauchy.

In a metric space, every convergent sequence is indeed a Cauchy sequence, but since this may not hold true in
g--m., and so there have been several definitions of completeness. Let (A, p) be a q.-m.. Then (A, p) is said to be
left(right) K (resp. (M)(Smyth))- complete if every left(right) K -Cauchy sequence is p(resp. (p~1)(p*)) -convergent.

Indeed, now explain the approach of a-admissibility as constructed by Samet et al. [16].

Let A # 0, Y be a self-mapping (a mapping from A to itself), and o : A x A — [0,00) be a function. In this
context, T is said to be a-admissible if it satisfies the following condition:

If o(w,y) > 1, then a(YTw,Ty) > 1.
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By introducing the approach of a-admissibility, Samet et al. [16] were able to establish some general fixed point
results that encompassed many well-known theorems of complete metric spaces. These fixed point results provide
a framework for studying the existence and properties of fixed points for self-mappings on a complete metric space,
using the approach of a-admissibility.(see [17-23])

In addition to these, in the study conducted by Jleli and Samet in [24], they they led to the introduction of a new
type of contractive mapping known as a #-contraction. This f-contraction serves as an attractive generalization
within the field. To better understand this approach, let’s review some notions and related results concerning
f-contraction.

The family of 8 : (0, 00) — (1, c0) functions that satisfy the following conditions can be denoted by the set ©.

(01) 6 is nondecreasing;

(62) Considering every sequence {s,} C (0,00), lim,_ o 5, = 07 if only if lim,, o0 0(3,) = 1;

(03) There exist 0 < p < 1 and S € (0, oo} such that lim,,_,o+ 0(’2,_1 = 8.

If we define (5) = eV* for s < 1 and 0(3) = 9 for » > 1,then § € ©.

Let 0 € © and (A, p) be a metric space. Then T : A — A is said to be a §-contraction if there exists 0 < § < 1 such
that

0(p(Ye, 7)) < [0(p(w ) (1.1)
for each w,y € A with p(Tw, Tv) > 0.

By choosing appropriate functions for 6, such as 6, () = eV* and 0y () = eY*¢”, it is possible to obtain different
types of nonequivalent contractions using (1.1).

Indeed, Jleli and Samet proved that every §-contraction on a complete metric space possesses a unique fixed
point. This result provides a valuable insight into the uniqueness and existence of fixed points for a wide range of
contractive mappings. If you are interested in exploring more papers and literature related to §-contractions, there
are several resources available (see [25, 26]).

2. The results

Our basic results are based on a novel approach that we have developed.
Let (A, p) beaq.-m., T : A — A be a given mapping and o : A x A — [0, 00) be a function. We will consider the
following set
To ={(w,7) €A X A:a(w,y)>1and p(Tw, Tv) > 0}. (2.1)

Let (A, p) beaq-m. and T : A — A be a mapping satisfying
p(w,7) = 0= p(Yw, Tv) = 0. (2.2)

a:AxA—[0,00)and § € O© be two functions. Then we say that T is a generalized (o — 6,)-contraction(shortly g.
(ov — 8,)-c. ) if there exists a constant 0 < § < 1 such that

0(p(Yw, T7)) < [B(M(w,7))]’, (2.3)

for each w, v € Y, where

[p(Twr,) + p(T%w)]} |

N | =

M(w,7) = max {p<w,w,p<rw,w>,p<mw,

Before presenting our main results, let us recall some important remarks:
o If (A, p)is a T1-q.--m., then every mapping T : A — A satisfies the condition (2.2).
e Itis clear from (2.1), (2.2) and (2.3) that if T is an (¢, 8,,)-contraction on a q.-m. (A, p), then
p(Tw, 1) < p(w,7),
for each w,y € A with a(w,v) > 1.

By utilizing the approach of g. (o — 6,)-c., we will now present the following theorem.

Theorem 2.1. Let (A, p) be a Hausdorff right K-complete T\-q.-m., and let T : A — Abea g. (o — 0,)-c.. Presume that
T,-continuous and Y is a-admissible. If there exists wy € A such that o(Ywo,wo) > 1, then Y has a fixed point in A.
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Proof. Let wy € A be a such that a(Ywp,wp) > 1. Define a sequence {w, } in A by w,,+1 = Yw,, for each n in N. Since
T is a-admissible then a(w;,11,wy,) > 1 for each n in N. If there exist k € N with p(w,, Yw,) = 0 then w,, = Tw,,
ssince p is 11 q.-m.. Hence, wy, is a fixed point of T. Presume p(w,,, Tw,) > 0 for each n in N. In this case the pair
(Wn41,wn) for each n in N belongs to T,. Since T is g. (o — 8,)-c. and (61), we obtain

0(p(wni1,wn)) < [O(M(wn,wn-1))]’

e e v i vl

< [a(maX {P(Wn+1a Cdn), p(w’ru wn—l)}]é . (24)

If max {p(wn+1,wn), p(Wn, wWn—1)} = p(Wnt1,wn), using (2.4), we get

O(p(wny1,wn)) < [0(p(w,1+1,wn)]5 < O(p(wWnt1,wn)),

which is a contradiction. Thus, max {p(wnt1,wn), P(Wn,wn—1)} = p(wn,wn—1), and then we obtain

0(p(wns1,wn)) < [0(p(wn,wn-1))]° , (2.5)

for each n in N. Denote f,, = p(wp+1,ws,) for nin N. Then f,, > 0 for each n in N and repeating this process with
using (2.5), we have

0(f) < 10(fo))”

ie.

1< 0(fa) < [6(f0))"" (2.6)
for each n in N. When taking the limit as n — oo in (2.6), we obtain
lim 6(f,) = 1. (2.7)
n—oo

Using (f2), we can deduce that lim,,_, f,, = 0T, thus using (63), there exist p € (0,1) and 3 € (0, oc] such that

e(fn) -1

O A

Presume that 8 < oco. In this case, let F' = g > 0. Using the definition of the limit, there exists ny in N such that, for
eachng <n,

—_ < F.
‘(nv o=
This implies that, for each ng < n
o(fn) -1
— L >3 -F=F.
G ="

Then, for each ng < n ,
n(fa)? < Dnl0(fn) —1],

where D = 1/F.
Presume now that 8 = co. Let I' > 0 be an arbitrary positive number. Using the definition of the limit, there
exists ng in N such that, for each ng < n,
9(f n) —1 >F

(fa)r —

This implies that, for each ng < n

where D = 1/F.
Thus, in all cases, there exist D > 0 and ng in N such that

nlfal” < Dnlf(fn) — 1],
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for each ng < n . Using (2.6), we obtain

nlfa)” < Dn [[0(f0)" ~ 1],
for each ng < n . Letting n — oo from the given inequality, we have

lim n[f,]" =0.

n—oo
Thus, there exists n; in N such that n [f,,]’ < 1 for each n > ny, so we have, for each n > ny,

1

f =

(2.8)

In order to show that {w,} is a left K-Cauchy sequence, consider m, n in N such that m > n > n;. Using the
triangular inequality for p and using (2.8), we have

N

pwm,wn) < p(Wim, Wim—1) + pP(Wr—1,Wm—2) + -+ + p(Wnt1,wn)
= fomatfmt+t+fa

m—1

Zfz<zfz—z 1/p

By the convergence of the series Z 75, We get p(wm,wy) — 0as n — oo. This yields that {w,, } is a right K-Cauchy

sequence in the q--m. (A, p). Smce (A, p) is a right K-complete, there exists € A such that the sequence {w, } is
p-converges to n € A; that is, p(1,w,) — 0 as n — oco. Since T is 7,-continuous then p(Tn, Yw,) = p(Tn,wp41) = 0
as n — oo. Since A is Hausdorff, we get Tn) = n. O

In Theorem 2.1, if we consider the approach of 7,-1-continuity, we can derive the following theorem.

Theorem 2.2. Let (A, p) be a right M-complete T1-q.-m. such that (A, 7,-1) is Hausdorffand T : A — Abeag. (o —0,)-c..
Presume that Y is 7,-1-continuous and c-admissible. If there exists wy € A such that o(Ywo,wo) > 1, then Y has a fixed
point in A.

Proof. Similar to the proof of Theorem 2.1, we can take iterative sequence {w, } right K-Cauchy. Since (A, p) right
M-complete, there exists n € A such that {w,} is p~!-converges to 7, that is, p(w,,n) — 0 as n — oo. Using
T,-1-continuity of T, we get p(Yw,,Tn) = p(wns1,Tn) — 0asn — oo. Since (A, 7,-1) is Hausdorff, we get
n="_n. O

Theorem 2.3. Let (A, p) be a right Smyth complete Ty q.-m. and Y : A — Abea g. (o — 8,)-c.. Presume that Y is 7, or
T,-1-continuous and a-admissible. If there exists wy € A such that a(Ywo,wo) > 1, then Y has a fixed point in A.

Proof. Similar to the proof of Theorem 2.1, we can take iterative sequence {w, } right K-Cauchy. Since (A, p) is right
Smyth complete, there exists 7 € A such that {w, } is p*-converges to n € A; that is, p*(w,,n) — 0asn — oo. If T is
T,-continuous, then

p(Tn, Ywy,) = p(Tn,wpt1) — 0asn — oc.

Therefore we get,
p(Ln,n) < p(Tn,wni1) + p(wnt1,m) = 0asn — oo.

If T is 7,-1-continuous, then
p(Ywy,, Tn) = p(wnt1, Tn) — 0as n — oo.

Therefore we have,
p(n, Tn) < p(n, wnt1) + p(Ywni1, Tn) — 0 as n — oo.

Since T is 11-q.-m., we obtain Y7 = 1. O

Based on Theorem 2.1, we can derive the following corollaries.
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Corollary 2.1. Let (A, p) be a Hausdorff right K-complete Ty-q.-m. and Y : A — A be given a mapping that satisfies

0(p(Yw, T7)) < [B(t1p(w,7) + tap(Tw,w) + t3p(T,7), ta [p(Tw, ) + p(Tv,w)]))’, (2.9)

foreach w,y € A, where 0 < § < 1, t1,ta,t3,ta > 0, and t1 + to + t3 + 2t4 < 1. Presume that Y is 7,-continuous and
a-admissible . If there exists wy € A such that a(Two,wo) > 1, then Y has a fixed point in A.

Proof. for each w,~y € A, we have

tlp(wa ’V) + t2p(T°‘)a UJ) + t3p(T73 ’Y)v t4 [p(Twa ’V) + p(T’y, UJ)}

1
< (1 +tp +t3 + 2t4) max {p(w, ) p(Yw,w), p(T7,7), 5 [p(Tw,7) + p(T%w)]}
< M(w,7).
Then using (61) we see that (2.3) is a consequence of (2.9). Therefore, the proof is concluded. O

Corollary 2.2. Let (A, p) be a Hausdorff right K-complete Ty-q.-m. and T : A — A be given a mapping that satisfies
p(Yw, Tv) < tip(w,7) + t2p(Yw,w) + t3p(L,7),

foreach w,vy € A, where t| + to +t3 > 0and t1 + ta + t3 < 1. Presume that Y is 7,-continuous or c-admissible. If there
exists wo € A such that a(Ywo,wo) > 1, then Y has a fixed point in A.

Proof. 1f 6(5) = eV*and § =/t + {2 + 13, since p(Yw, Yv) < (t1 + ta + t3) M (w, ), using Theorem 2.1, then the
proof is concluded. O

Corollary 2.3. Let (A, p) be a Hausdorff right K-complete Ty-q.-m. and Y : A — A be given a mapping that satisfies
p(Tw, Tv) < Lmax{p(Yw,w), p(Tv,7)}

for each w,~y € A, where L € [0,1). Presume that Y is 7,-continuous or a-admissible. If there exists wy € A such that
a(Ywo,wo) > 1, then Y has a fixed point in A.

Proof. If 6(3) = eV* and § = V'L, since p(Yw, Tv) < AM (w, ), using Theorem 2.1, then the proof is concluded. [

Remark 2.1. By considering the notion of left completeness in the sense of K, M and Smyth, we can extend similar
fixed point results to the setting of q.- m. spaces.
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