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Abstract

In this study, we introduced the concepts of rough convergence, rough Cauchy double sequence, and
the set of rough limit points of a double sequence, as well as the rough convergence criteria associated
with this set in n-normed spaces. Later, we proved that this set is both closed and convex. Finally, we
presented the relationships between rough convergence and rough Cauchy double sequence in n-normed
spaces.
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1. Introduction

The concept of 2-normed spaces was initially introduced by Gahler [1, 2] in 1960. Since then, this concept has
been studied by many authors. Giirdal and Pehlivan [3] studied statistical convergence, statistical Cauchy sequence
and investigated some properties of statistical convergence in 2-normed spaces. Sahiner et al. [4] and Giirdal [5]
studied Z-convergence in 2-normed spaces. Giirdal and Acik [6] investigated Z-Cauchy and Z*-Cauchy sequences
in 2-normed spaces. Also Cakalli and Ersan [7] studied new types of continuity in 2-normed spaces. Misiak [8]
extended 2-normed spaces to n—normalized spaces. Since then, many researchers have studied this concept and
obtained various results [9, 10]. Later, some studies on 2-normed spaces were transferred to n—normed spaces.
For example, Reddy [11] investigated statistical convergence, the statistical Cauchy sequence and some properties
of statistical convergence in n—normed spaces. Hazarika and Savas [12] introduced the concept of A-statistical
convergence in n—normed spaces. They established some inclusion relations between the sets of statistically
convergent and A—statistically convergent sequences in [12]. Giirdal and Sahiner [13] studied ideal convergence in
n—normed spaces and presented the main results.

In finite-dimensional normed spaces, Phu [14] was the first to present the concept of rough convergence.

Let (x;);en be a sequence in some normed linear space (X, ||.||) and r be a nonnegative real number, then (z;)cy is
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said to be r—convergent to ., denoted by x; — z., provided that
Ve>0, Jic e N: i >0, = ||la; —z|| <7 +e.
Also, the sequence (z},) is said to be a rough Cauchy sequence satisfying
Ve>0,3K. e N:k,m > K. = ||y —an|| <p+e

for p > 0. p is roughness degree of (z},). Shortly (z}) is called a rough Cauchy sequence. p is also a Cauchy degree
of (xx). In [14], he showed that the set LIM"z is bounded, closed, and convex, and he introduced the notion of
rough Cauchy sequence. He also investigated the relationships between rough convergence and other types of
convergence, as well as the dependence of LIM"z on the roughness degree r. In another paper [15] related to this
subject, he defined the rough continuity of linear operators and showed that every linear operator f : X — Y
is r—continuous at every point € X under the assumption dimY < oo and r > 0, where X and Y are normed
spaces. In [16], he extended the results given in [14] to infinite-dimensional normed spaces. Aytar [17] studied
rough statistical convergence and defined the set of rough statistical limit points of a sequence and obtained two
statistical convergence criteria associated with this set and prove that this set is closed and convex. Also, Aytar
[18] studied that the r—limit set of the sequence is equal to the intersection of these sets and that r—core of the
sequence is equal to the union of these sets. In later times, Arslan and Diindar [19, 20] introduced the notions
of rough convergence, rough Cauchy sequence, and the set of rough limit points of a sequence and obtained the
rough convergence criteria associated with this set in 2-normed space first, then presented their work "On rough
convergence in 2-normed spaces and some properties.” They [21, 22] also examined rough statistical convergence
and rough statistical cluster points in 2-normed spaces. Sunar and Arslan [23] introduced the concept of rough
convergence in n—normed spaces by combining the concepts of rough convergence and n—normed spaces.

Pringsheim [24, 25] developed the idea of convergence for double sequences. He gave some examples of the
convergence of double sequences with and without the usual convergence of rows and columns and defined the
P—limit. N and R are used throughout the paper to denote the sets of all positive integers and all real numbers,
respectively.

A double sequence (xx )¢ ken in some linear space (X, ||.||) is said to converge to a point L € X in Pringsheim’s
sense, denoted by (zx) — L, if for any € > 0, there exists a K. € N such that

lwtr — L|| < e forall ¢,k > K.

Further, a double sequence (%) ken is said to be a Cauchy double sequence if for any ¢ > 0, there exists a K. € N
such that

|zex — Timol| < e forall ¢, k,m,v > K..

Contrary to the property of convergence in ordinary sequences, it is an important problem that convergent double
sequences do not have to be bounded. Hardy [26] introduced the concept of regular convergence, which also
needed the convergence of the rows and columns of a pair in addition to the Pringsheim convergence. Hence, this
problem was eliminated. Later, many researchers used double sequences in their works in the area of summability
theory. This work can be found in [27-32]. Malik and Maity [33] defined and exaimed rough convergence of double
sequences, the set of r—limit points of double sequences and rough Cauchy double sequences. These concepts,
given by Malik and Maity [33], are as follows:

Let (z4) be a double sequence in a normed space (X, |.|) and r be a non-negative real number. (x) is

r—convergent to L in X, denoted by z M, Lif

Ve>0,3K. e N:t, k> K, = ||lag, — L|| <7 +e.

A double sequence (z4) is called a rough Cauchy sequence with roughness degree p if for any € > 0, there exists
a K. € N such that

|zt — Tmwl| < p+e, forallt, k,m,v > K..

Diindar and Cakan [34, 35] introduced the notions of rough Z-convergence and the set of rough Z-limit points of
a sequence and studied the notions of rough convergence and the set of rough limit points of a double sequence.
Also, Kisi and Diindar [36] presented the notion of rough Z,—lacunary statistical limit set of a double sequence.
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By combining the concepts of rough convergence, double sequences and n—normed spaces, we introduce the
concept of rough convergence of double sequences in n—normed spaces. We obtain two convergence criteria
associated with the set of rough limit points of a double sequence in n—normed spaces. Later, we prove that
this set is both closed and convex. Finally, we investigate the relationships between a double sequence’s cluster
points and its rough limit points. The results and proof techniques presented in this paper are analogous to those
presented in Phu’s [14] paper. The concept of convergent double sequences given in our paper is used in the sense
of Pringsheim. So a convergent double sequence may not be bounded. Namely, the actual origin of most of these
results and proof techniques are the papers. The following theorems and results are extensions of the theorems and
results in [14]. Currently, we recall the idea of n—normed spaces, some fundamental definitions, and notations.(See
[8, 10, 11, 30, 33, 37]).

Definition 1.1. [37] Let n € N and X be a real vector space of dimension d > n (d may be infinite). A real-valued

function (X, ||e, e, ..., e|) on X" satisfying the following properties for all y, z, z1, z2, - -+ , Tp—1,2n € X
(i) ||z1, 22, - ,x,|| = 0if and only if z1, 22 - - - , x,, are linearly dependent,
(ii) ||x1, 2, - ,xy| is invariant under any permutation of 1, 2, -+ , Zp,
(iii) ||x1,22, *  ZTpn_1, x| = |a|||x1, 22, Tp_1, x| for all & € R,
(i) ||zy, @2, ne1,y + 2| < [lzy, 22, a1yl + g, @2, 201, 2|
is called an n—norm on X, and the pair (X, ||e, e, ... ||) is called an n—normed space.

An example of an n—normed space is X = R" equipped with the followig Euclidean n—norm:

Example 1.1.
T11... ZTin
|1, @2 Tp_1, Tn|| 5 =| det(zi;) |= abs Zo1... Top
Tnl--- Tpn
where z; = (241, - ,x) € R" foreachi=1,2,--- n.

In this study, we suppose X to be an n—normed space having dimension d; where 2 < d < oo.

Definition 1.2. [37] A sequence (z) in n—normed space (X, ||e, e, ..., o|) is said to be convergent to L in X if
lim ||J,‘k — L,Zg, e ,Z»,LH =0
k— o0
for every 2z, -+, z, € X. Insuch a case, we write klim zr = L and call L the limit of (x).
—00

Example 1.2. [23] Let z = (v},) = (kLJr17 +,..,%), L =(1,0,...,0) and z = (21, 22, ..., 2,). It is clear that (z}) is
convergent to L = (1,0,...,0) in n—normed space (X, ||o,0,...,0]).

Definition 1.3. [37] A sequence (x}) in n—normed space (X, ||e, e, ... o|) is said to be a Cauchy sequence in X if
for every € > 0, there exists a K. € N such that

ek — Tm, 22,23, ..., 20| <€
forall k,m > K, and every 2, 23, ..., 2, € X.
Definition 1.4. [23] Let (z1) be a sequence in n—normed linear space (X, ||e, e, ..., o||) and r be a non-negative real

number. (z) is said to be rough convergent (r-convergent) to L if
Ve>0,3K. eN: k> K. = |lag — L, 29, -+ , 25| <r+e

for every zs,--- , 2z, € X.
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Definition 1.5. [23] Let () be a sequence in n—normed space (X, ||e, e, ..., o||). (x)) is said to be a rough Cauchy
sequence satisfying

Ve>0,3K. e N:k,m > K. = || — T,y 22, ,20]| < p+e
for p > 0 and every 23, - - , 2z, € X. p is roughness degree of (xy).

Definition 1.6. (cf. [33]) A double sequence (z:) in (X, ||e, e, ..., ||) is said to be bounded if there exists a non-
negative real number M such that ||z, 22, -, 2n|| < M forall ¢,k € N.

Definition 1.7. [30] A double sequence () in n—normed space (X, ||e, e, ..., o|) is said to be convergent to L € X
if for each € > 0, there exists a K, € N such that

lxek — Lyzo, -+, 2] <€
forall t,k > K. and every 2z, - , 2, € X.
Definition 1.8. [30] A double sequence (z;;) in n—normed space (X, ||e, o, ..., o|) is said to be a Cauchy sequence
if for each € > 0, there exists a K. € N
Xt — Timw, 22,y 20| <€
forallt, k,m,v > K. and every zg,--- , 2z, € X.

2. Main results

We introduced the concepts of rough convergence, rough Cauchy double sequence and the set of rough limit
points set of a double sequence in this work and we obtained the rough convergence criteria associated with this
set in n-normed space. We later demonstrated that this set is both closed and convex. Finally, we investigated the
relationships between rough convergence and rough Cauchy double sequence in n-normed spaces.

Definition 2.1. Let (x¢) be a double sequence in n—normed space (X, ||e, 9, ..., o||) and r be a non-negative real

[|e,e,...,

number. (xy) is said to be rough convergent (r—convergent) to L denoted by z —>’°HT L if
Ve>0,3K. e N:t,k > K. = || — Lyza -+ 2| <7 +¢€ (2.1)
forevery za,--- , 2z, € X.

If (2.1) holds, L is an r—limit point of (x4 ), which is usually no more unique (for r > 0). So, we have to consider
the so-called r—limit set (or shortly »—limit) of (z) defined by

||@,0,...,0

LIM 2 o= {L € X sz 25" L} 2.2)

A double sequence () is said to be r—convergent if LIM] x4 # (. In this case, r is called the convergence degree
of the double sequence (z;,). For » = 0 we have the classical convergence in n—normed space again. But our proper
interest is the case » > 0. There are several reasons for this interest. For instance, since an originally convergent
double sequence (y;1) (with y;, — L) in n—normed space often cannot be determined (i.e., measured or calculated)
exactly, one has to do with an approximated double sequence (x) satisfying

Tk — Yer, 22, 20l <7

for all n and every zg, 23, . .., z, € X, where r > 0 is an upper bound of approximation error. Then, (x) is no more
convergent in the classical sense, but for every 2z, -- 2, € X,

||xtk - L5227' o 721'7,” S ||xtk — Ytk, 22, 7ZTL|| + ||ytk - L5227' o 7ZTL|| S r+ Hytk - L722a o 7Z7l||
implies that () is r—convergent in the sense of (2.1).

Example 2.1. The double sequence (z;) = ((—1)%,(=1)*,...,(~1)%*) is not convergent in n-normed space
(X, ||e,e,...,0|), butitis rough convergent to L = (0,0,...,0) for every zs,--- , z, € X. Itis clear that

0, if r<l1

LIM x4 =
et {[(r, =7y ..., =1), (r,ry...,7)], otherwise.
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Sometimes we are interested in the set of r—limit points lying in a given subset D C X, which is called r—limit
in D and denoted by

LIMD 2 i= {L € D s gy, "2 ). (2.3)

It is clear that
LIMX "2y = LIM" 2y and LIMZ "2, = D N LIM? 24y,

First, let us transform some properties of classical convergence to rough convergence in n—normed space
(X, ||e,0,...,0]). It is well known if a sequence converges then its limit is unique. This property is maintained for
rough convergence with roughness degree ~ > 0, but only has the following analogy.

Theorem 2.1. Let (X, ||e, o, ... o|) be an n—normed space and consider a double sequence (xx,) € X. We have diam (LIM; xyy,) <
2r. In general, diam(LIM, z) has no smaller bound.

Proof. We have to show that
diam(LIM] x) = sup {||z1 — x2, 22, , 2n|| : ®1, 22 € LIM] 2y, < 21}, (2.4)
where (X, ||o,0,...,0|)is an n—normed space and for every z3, - - , z, € X. Assume the contrary that
diam(LIM] xy) > 2r.

Then, there exist 21,z € LIM] zy, satisfying

d:=||z1 —22,22,..., 20| > 2r
for every 29, 23, - - , 2z, € X. For an arbitrary ¢ € (0, d_22’"), it follows from (2.1) and (2.2) that there is a K. € N such
thatfort, k > K.,
lxex — @1, 22, ..y 20|l <7+ € and ||xeg — @2, 22, ..., 25]| < T+ €
for every 22, 23, ..., zn, € X. This implies
lz1 — 22,22, s znll < |l — 21,22, 2l [|oee — 22,22, -+ 20|
< 2(r+eg)
d—2r

< 2r42( )

= d
for every zs, 23, ..., 2, € X, which conflicts with d = ||z1 — x2, 22, . .., z,||. Hence, (2.4) must be true. Consider a

convergent double sequence (x,)) with . llvim 2. = L. Then, for
Jk—00

By(L):={x1 € X :||w1 — L, 22,23,..., 2| < 7}
it follows from

|lzek — 21, 22, 23, - -+, 20| |z — Ly 20,23, ...y zn|| + [|1L — @1, 22, 23, - - -, 20|

INIA

lxex — Ly 20,23,y 20| + 7
for every zo,z23,...,2, € X and for z; € B, (L), from (2.1) and (2.2) that

LIM” 2 = B, (L).
Since diam(B,.(L)) = 2r, this shows that in general the upper bound 2r of the diameter of an r—limit set cannot be
decreased anymore. O

Obviously the uniqueness of limit (of classical convergence) can be regarded as a special case of latter property,
because if r = 0 then diam(LIM] z,;) = 2r = 0, that is, LIM] x, is either empty or a singleton.

The following property shows an analogy between boundedness and rough convergence of a double sequence
in n—normed space.
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Theorem 2.2. Let (X, |e, 0, ..., e|) be an n—normed space and consider a double sequence (z.) € X. If the double sequence
(x4 is bounded then there exists an r > 0, such that LIM] x4, # 0.

LIM@toka)rg, £,

Proof. For every z3,23,...,2, € X if
s := sup{|| Tk, 22, 23, - - -, 20| 1 t, k € N} < o0.
Then, LIM;, x4, contains the origin of X. So, LIM] x4, # 0. O

The converse of the previous theorem might not hold true since a convergent double sequence is not always
bounded. Let’s now introduce the notion of loosely boundedness for n—normed spaces, which is analogous to [33].

Definition 2.2. A double sequence () in X is said to be loosely bounded if there existan M € R anda K € N
such that ||z, 22, 23, . . ., 2n|| < M forall t, k > K.

Every bounded double sequence is obviously loosely bounded, but the converse is not true.

Theorem 2.3. Let (X, ||e, e, ..., 0|) be an n—normed space and consider a double sequence (x¢y,) € X. The double sequence
(241) is loosely bounded if and only if there exists an r > 0, such that LIM}, x4, # 0.

Proof. Let (z4;) be a loosely bounded double sequence. Then there exist an M € Rt and a K € N such that
lxek, 22, 23, - -+, 2| < M for all ¢,k > K. Then, LIMﬁlxtk contains the origin of X. So, LIM%o:tk # 0.

Conversely, let LIM; x4, # () for some r > 0. Let L € LIM], z4;,. We take ¢ = 1. Then there exists a K. € N such
that

|zt — Ly 2o, 23,... 20| <r+1lforallt, k > K..
So, (x4 ) is loosely bounded. O

Now let (¢;);en and (k) jen be two strictly increasing sequences of natural numbers. If (24 ): zen is a double
sequence in (X, ||e, e, ..., o||), then we can define (1, ), jen as a subsequence of (x4 )¢ xen. (See, [33]).

Proposition 2.1. Let (X, |[|e,e, ... e||) be an n—normed space and consider a double sequence (x1,) € X. If (v1,x,) is a
subsequence of (v, then,
LIM, 2 C LIM 4,1,

in n-normed space (X, ||e, e, ..., o||).
Proof. Let L € LIM] x1. Then for any € > 0, there exists a K. € N such that
lxek — Ly 22,23, .., 2a|l <7 +e

forall t,k > K. and every 2y, 23, ..., 2z, € X. Since (t;) and (k;) are strictly increasing sequences, so there exists a
ko € N such that t;, > K, and ki, > K.. Therefore, we get

lzen, — Ly 20, 23,..., 20| <7 +€
forall t;,k; > K. and every 23, 23,...,2, € X.S0, L € LIM; 24, . O
Theorem 2.4. Let (X, ||e, e, ... o|) be an n—normed space and consider a double sequence (xy,) € X. For all r > 0, the

r—limit set LIM x), of an arbitrary double sequence (xy,) is closed.

Proof. Let (ys,) be an arbitrary double sequence in LIM;, x;, which converges to some point L. For each ¢ > 0 and

every 2, z3,..., 2, € X, by definition there exist m. 5, k. /2 € N such that
3 €
||y7n5/2 - L,ZQ,Zg, s 7ZTL|| < 5 and ||Itk - ym/5/27227z3? e 7Zn|| <r-+ 5
whenever k > k. /5. Consequently for every 23, 23,..., 2, € X,
||xtk:_L7227~"7Z’n|| S ||‘rtk:_ym5/27227"'72n||+HymE/Q_L7227"‘72n||
< r+e¢

for k > k. /5. That means L € LIM, 24, too. Hence, LIM] 24, is closed. O
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Theorem 2.5. Let (X, |e, 0, ..., e|) be an n—normed space and consider a double sequence (xyy) € X. If
yo € LIM °x; and y1 € LIM]ayy,

then,
Yo := (1 — @)yo + ay; € LIMI™ 0Tz, for a € [0,1].

Proof. By definition, for every € > 0, g, 71 > 0 and every 29, 23, ..., 2, € X there exists a K. € Nsuch thatt,k > K.
implies

Ttk — Yo, 22, -+, 2nll <710+ and ||zw —y1,22,..., 2, <71+ ¢,
which yields also, for every 22, 23, ..., 2, € X,
Xtk — Yas 22, 23, -5 2nll < (L= Q)| Ttk — Yo, 225 23, - - - 2nll + | Ttk — Y1, 22, 23, - -+, 24|

< (I-a)(ro+e)+alri+e¢)
= (1I—-a)rg+ar +e.

Hence, we have
Yo € LIM{I-@rotary,

O
Theorem 2.6. Let (X, ||e, e, ..., e|) be an n—normed space and consider a double sequence (z41,) € X. LIM] xy, is convex.
Proof. In particular, for r = rg = r1, Theorem 2.5 yields immediately that LIM] z,; is convex. O

Theorem 2.7. If x, ”.’lf.u,, Ly and vy, l‘.7l>’.l‘r L. Then,

o ..o

() (o +y) "2 (Ly + Lo) and

llee,... 0]l

(i) a(xy) — . aly, (@ €R).

Proof. (i) By definition for every 22, 23,...,2, € X,
€
Ve >0,3K. e N:t,k > K. = ||xsr — L1, 22,23, ..., 20| < T1+§
and .
Ve >0,3J. e N:t,k > J. = |yt — Lo, 22,23, - - -, 20| <r2+§.
Let j = maz{K., J.} and r; + ro = r. Forevery ¢,k > j and every 2z, 23,...,2, € X we have
(@tr + yer) — (L1 + La), 20,23, .. zull = |lwex — L1, 20,23, -« oy 2ul| + [|ysr — L2, 22, 23, .. ., 20|
€ €
< r+ 3 +r2+ B
= r—+e
and so | |
(T +ysr) = (L1 + La).
(ii) It is obvious for o = 0. Let o # 0. Since
llo0,...ol
Ttk — rLl
for every e > 0 and every 29, 23, ..., 2, € X, 3K, € Nsuch that for every ¢,k > K., we have
r+e
thk — Ll, 22y R3y e ny ZnH <

o
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According to this, for V¢, k > K. and every z, 23, ..., 2z, € X, we can write
||Oé.’1/'t]€—OéL17ZQ,Z3,.--7Zn|| = |a||$tk_L17227233--'7Zn||
r+e
< o=
|al
= r+e.
So,

(quwyr) ”"L;'HT al;.

O

Following, we give some relations between convergence and rough convergence of double sequences in
n—normed space.

Theorem 2.8. Let (X, ||o, e, ..., o|) be an n—normed space and condiser a double sequence () in X. If ¢ is a cluster point
of (zek), then ||[L — ¢, 2o, -+ , 2 || < 7 for every L € LIM] xyy.

d—
Proof. Let L € LIM; xy. Assume the contrary thatd := ||L — ¢, z2,- -+ , z,|| > r. Lete = TT Since L € LIM], zy,
there exists a K. € N such that

|tk — Lyzo, -, zn]| <r+e
forallt,k > K. and every zs,- - , 2z, € X. Then we write
HL —C, 22, 7an S H-Ttk _La227' o 7an + ||$tk —Cy 22, 7Z’I’LH
forallt,k > K. and every 2, - - - , 2z, € X. If we rewrite the inequality, we get
||xtk707227"'aznu > HLfCaZQW";Zn”*”xtk*LvZQa"'>Zn||
d—r
> d—(r+ )
2
= ¢
forallt,k > K, and every z,- - - , z, € X which contradicts that c is a cluster point. So || L — ¢, z2, - - - , 2, || < r for
every L € LIM] x. O
Theorem 2.9. Let (X, ||e, e, ..., e|) be an n—normed space and condiser a double sequence () in X. Then (xyy,) converges

to L € X ifand only if LIM] z, = B,.(L).

Proof. The first part of the proof is obtained directly from the second part of Theorem 2.1, that is, if (z¢;) converges

to L € X, then LIM] 24, = B,(L). Let us now show the second part of the theorem.

Conversely, let LIM] x4, = B, (L). Now let’s show that () converges to L, that is, for every o > 0, there exists
a K, € Nsuch that ||x¢, — L, 22, -+ , z,|| < aforallt,k > K, and every zs,--- , z, € X. Now we can take a fixed
a > 0,such thatr + e < aforr > 0and € > 0. For L € LIM] x4, there exists a K, € N such that

lwte — Lyzo, -+ yzn|| <r4+e<a
forallt,k > K, and every 2y, - - , z, € X. Therefore (z4) converges to L € X. O
Definition 2.3. Let (z;4) be a double sequence in n—normed space (X, ||e, e, ..., o|). (x;) is said to be a rough

Cauchy double sequence with roughness degree p, if
Ve > 0,3K. e N:m,v,t,k > K. = ||Tmo — Ttk, 22,23, .-, 20| < p+ €

ishold for p > 0, L € X and every 22, 23, ..., 2, € X. pis also called a Cauchy degree of (z).
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Proposition 2.2. (i) Monotonicity: Assume p' > p. If p is a Cauchy degree of a given double sequence () in n—normed
space (X, ||e, e, ... 0], s0 o is a Cauchy degree of (xx).

(ii) Boundedness: A double sequence (x,) is loosely bounded if and only if there exists a p > 0 such that (x) is a p—
Cauchy double sequence in n—normed space (X, ||e, e, ... o).

Theorem 2.10. If () is rough convergent in n—normed space (X, ||e, e, ... o), ie., LIM] x4y, # 0 if and only if (x4y) is
a p-Cauchy double sequence for every p > 2r. This bound for the Cauchy degree cannot be generally decreased.

Proof. A Cauchy double sequence is loosely bounded. By Theorem 2.3, (z;) is rough convergent, that is, LIM, x4, #
(. So, it is sufficient to prove the first part of the theorem. Let L be any point in LIM], z;. Then, for all € > 0, there
exists a K. € Nsuch that m,v,t, k > K, implies

€ €
mev —L,23,23,... 7Zn|| <r+ 5 and thk —L,23,23,... 7zn|| <r+ 5
for every 23, 23, . . ., zn € X. Therefore, for m,v,t, k > K., we have
||-rmv _xtk7223Z37~-~7zn|| - ||-rmv _L+L_$tk7225Z37~'~7z’rL||
S ||xmv - L7227 23y ey an + ||L — Tthy B2, R3y o+ vy Zn”
€ €

< r+o+r+ 5

- 2 2

= 2r4c¢
for every 22, 23, ..., 2, € X. Hence, (z4) is a p-Cauchy double sequence for p > 2r. By Proposition 2.2, every p > 2r
is also a Cauchy degree of (z). It is clear that this bound 2 can not be generally decreased, similar to Proposition
5.11in [16]. O

Article Information

Acknowledgements: The authors are grateful to the referees for their careful reading of this manuscript and
several valuable suggestions which improved the quality of the article.

Author’s contributions: All authors contributed equally to the writing of this paper. All authors read and
approved the final manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is
published under the CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organi-
zations for this research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study,
scientific and ethical principles were followed and all the studies benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

Availability of data and materials: Not applicable.

References
[1] Gahler, S.: 2-metrische Riume und ihre topologische struktur. Mathematische Nachrichten. 26, 115-148 (1963).

[2] Gahler, S.: Lineare 2-normierte Riaume. Mathematische Nachrichten. 28, 1-43 (1964).

[3] Giirdal, M., Pehlivan S.: Statistical convergence in 2-normed spaces. Southeast Asian Bulletin of Mathematics. 33,
257-264 (2009).

[4] Sahiner, A., Giirdal, M., Saltan, S., Gunawan, H.: Ideal convergence in 2-normed spaces. Taiwanese Journal of
Mathematics. 11(5), 1477-1484 (2007). https://doi.org/10.11650/ twjm /1500404879



10

M. Arslan & R. Sunar

[5]
[6]

[71

[8]
91

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[171

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Giirdal, M.: On ideal convergent sequences in 2-normed spaces. Thai Journal of Mathematics. 4(1), 85-91 (2006).

Girdal, M., Acik, I.: On Z-Cauchy sequences in 2-normed spaces. Mathematical Inequalities and Applications.
11(2), 349-354 (2008).

Cakalli, H., Ersan, S.. New types of continuity in 2-normed spaces. Filomat. 30(3), 525-532 (2016).
https:/ /doi.org/10.2298 /FIL1603525C

Misiak, A.: n—inner product spaces. Mathematische Nachrichten. 140(1), 299-319 (1989).

Gunawan, H.: The space of p-summable sequences and its natural n—norms. Bulletin of the Australian Mathematical
Society. 64, 137-147 (2001).

Gunawan, H.: Inner products on n-inner product spaces. Soochow Journal of Mathematics. 28(4), 389-398 (2002).
Reddy, B.S.: Statistical convergence in n—normed spaces. International Mathematical Forum. 24, 1185-1193 (2010).

Hazarika, B., Savas, E.: A-statistical convergence in n—normed spaces. An. St. Univ. Ovidius Constanta, Ser. Mat.
21(2), 141-153 (2013). https://doi.org/10.2478 /auom-2013-0028

Girdal, M., Sahiner, A.: Ideal convergence in n—normal spaces and some new sequence spaces via n—norm. Journal of
Fundamental Sciences. 4(1), 233-244 (2008). https://doi.org/10.11113/mjfas.v4n1.32

Phu, H. X.: Rough convergence in normed linear spaces. Numerical Functional Analysis and Optimization. 22,
199-222 (2001). https:/ /doi.org/10.1081/NFA-100103794

Phu, H. X.: Rough continuity of linear operators. Numerical Functional Analysis and Optimization. 23, 139-146
(2002). https:/ /doi.org/10.1081/NFA-120003675

Phu, H. X.: Rough convergence in infinite dimensional normed spaces. Numerical Functional Analysis and Opti-
mization. 24, 285-301 (2003). https:/ /doi.org/10.1081/NFA-120022923

Aytar, S.: Rough statistical convergence, Numerical Functional Analysis and Optimization. 29(3-4), 291-303 (2008).
https://doi.org/10.1080/01630560802001064

Avtar, S.: The rough limit set and the core of a real sequence. Numerical Functional Analysis and Optimization.
29(3-4), 283-290 (2008). https:/ /doi.org/10.1080/01630560802001056

Arslan, M., Diindar, E.: Rough convergence in 2-normed spaces. Bulletin of Mathematical Analysis and Applica-
tions. 10(3), 1-9 (2018).

Arslan, M., Diindar, E.: On rough convergence in 2-normed spaces and some properties. Filomat. 33(16), 5077-5086
(2019). https:/ /doi.org/10.2298 /FIL1916077A

Arslan, M., Diindar, E.: Rough statistical convergence in 2-normed spaces. Honam Mathematical Journal. 43(3),
417-431 (2021). https://doi.org/10.5831/HM].2021.43.3.417

Arslan, M., Diindar, E.: Rough statistical cluster points in 2-normed spaces. Thai Journal of Mathematics. 20(3),
1419-1429 (2022).

Sunar, R., Arslan, M.: Rough convergence in n—normed spaces. (Submitted).

Pringsheim, A.: Elementare Theorie der unendliche Doppelreihen. Sitsungs berichte der Math. Akad. der Wissenscha
Mnch. Ber. 7, 101-153 (1898).

Pringsheim, A.: Zur theorie der zweifach unendlichen zahlenfolgen.Mathematische Annalen. 53, 289321 (1900).

Hardy, G. H.: On the convergence of certain multiple series. Proc. Cambridge Philos. Soc. 19, 86-95 (1916-1919).
https:/ /doi.org/10.1112/plms/s2-1.1.124

Das, P, Malik, P.: On the statistical and Z—variation of double sequences. Real Analysis Exchange. 33, 351-364
(2007).



Rough convergence of double sequence 11

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

Das, P, Malik, P.: On extremal Z—Iimit points of double sequences. Tatra Mountains Mathematical Publications. 40,
91-102 (2008).

Das, P, Kostyrko, P., Wilczynski W., Malik P.: 7 and Z*—convergence of double sequences. Mathematica Slovaca.
58, 605-620 (2008). https://doi.org/10.2478 /s12175-008-0096-x

Khan, V. A., Alshlool, K.M., Abdullah, S.A., Rababah, R.K., Ahmad, A.: Some new classes of paranorm ideal
convergent double sequences of sigma-bounded variation over n—normed spaces. Cogent Mathematics & Statistics.
5(1), 1460029 (2018). https:/ /doi.org/10.1080/25742558.2018.1460029

Mursaleen, M., Edely, O. H. H.: Statistical convergence of double sequences. Journal of Mathematical Analysis and
Applications. 288, 223-231 (2003). https:/ /doi.org/10.1016/j.jmaa.2003.08.004

Patterson, R. E.: Double sequence core theorems.International Journal of Mathematics and Mathematical Sciences.
22(4), 785-793 (1999).

Malik, P., Maity, M.: On rough convergence of double sequences in normed linear spaces. Bulletin of the Allahabad
Mathematical Society. 28(1), 89-99 (2013).

Diindar, E.,, Cakan, C.. Rough ZI-convergence. Demonstratio Mathematica. 2(1), 45-51 (2014).
https://doi.org/10.2478 /dema-2014-0051

Diindar, E., Cakan, C.: Rough convergence of double sequences. Gulf Journal of Mathematics. 47(3), 638-651 (2014).

Kisi, O., Diindar, E.: Rough T,—lacunary statistical convergence of double sequences. Journal of Inequalities and
Applications. 2018(230), 1-16 (2018). https:/ /doi.org/10.1186/s13660-018-1831-7

Gunawan, H., Mashadi, M.: On n-normed spaces. International Journal of Mathematics and Mathematical
Sciences. 27 (10), 631-639 (2001). https:/ /doi.org/10.1155/50161171201010675

Affiliations

MUKADDES ARSLAN

ADDRESS: Ministry of National Education,

Ibn-i Sina Vocational and Technical Anatolian High School
Ihsaniye, 03372, Afyonkarahisar, TURKIYE.

E-MAIL: mukad.deu@gmail.com

ORCID ID:0000-0002-5798-670X

RAMAZAN SUNAR

ADDRESS: Ministry of National Education,

[bn-i Sina Vocational and Technical Anatolian High School
fhsaniye, 03372, Afyonkarahisar, TURKIYE.

E-MAIL: ramazan_sunar03@hotmail.com

ORCID ID:0000-0001-8107-5618



	Introduction
	Main results

