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ABSTRACT

In the present research paper, we look into quasi bi-slant conformal ¢{!-submersions from
Kenmotsu manifolds onto Riemannian manifolds as a generalisation of quasi hemi-slant
conformal submersions. We investigate the geometry of distributions’s leaves in order to
explain integrability conditions for distributions. Furthermore, we study of certain decomposition
theorems, additionaly provide non-trivial examples of quasi bi-slant conformal ¢*-submersions
from Kenmotsu manifolds. We also look at the ¢-pluriharmonicity of quasi bi-slant conformal
¢Lt-submersions.
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1. Introduction

Immersions and submersions have numerous important applications in differential geometry. The
characteristics of slant submersions have become a fascinating topic in differential geometry, as well as in
complex and contact geometry. The study of Riemannian submersions between Riemannian manifold were
initiated by O’ Neill [26] and Gray [12], independently. Later on, the Riemannian submersions between almost
Hermitian manifolds with name as almost Hermitian submersions were studied by Watson [40] in 1976. The
Riemannian submersions consists many applications in mathematics and in physics, specially in Yang-Mills
theory ([7], [41]), Kaluza-Klein theory ([18], [22]). The Riemannian submersions are very interesting tolls in
geometry to study Riemannian manifolds having differentiable structures. A generalization of holomorphic
submersions and anti-invariant submersions, Sahin [34] introduced the semi-invariant submersions from
almost Hermitian manifolds onto Riemannian manifolds in 2013. Subsequently, in 2016, Tatsan, Sahin,
and Yanan started studying hemi-slant Riemannian submersions from almost Hermitian manifolds onto
Riemannian manifolds and came up with a few decomposition theorems for them [39]. R Prasad et al. examined
quasi bi-slant submersions from almost contact metric manifolds onto Riemannian manifolds [28] and from
Kenmotsu manifolds [29], which is a step ahead. Later on, many authors investigated different kinds of
Riemannian submersions like anti-invariant submersions ([4], [33]), slant submersions [10], [35], semi-slant
submersions ([23], [24], [16], [27]) and hemi-slant submersions ([38], [1]) from almost Hermitian manifolds as
well as from almost contact metric manifolds.

The notion of Riemannian submersions from almost contact manifold was introduced by Chinea in [8]. He
also studied the fibre space, base space and total space with differential geometric point of view. To consider
the generalization of Riemannian submersions, Gundmundsson and Wood [14, 15] presented horizontally
conformal submersion, which they defined as: Let (M, ¢1) and (M3, g2) be two Riemannian manifolds of
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dimension m; and mg, respectively. A smooth map f : (M1, g1) = (Ma, g2) is called a horizontally conformal
submersion, if there is a positive function A such that

22g1(X1, Xo) = g2(fu X1, fu Xo), (1.1)

for all X}, Xy € ['(kerf.)". Thus Riemannian submersion is a particular horizontally conformal submersion
with A = 1. Later on, Fuglede [13] and Ishihara [20] separately studied horizontally conformal submersions.
Akyol and Sahin studied conformal slant submersions [3], conformal anti-invariant submersions [36],
conformal semi-slant submersions [2], conformal semi-invariant submersions [5]. Further, R. Prasad et. al.
also studied conformal anti-invariant submersions [30]. To explore the geometry of hemi-slant conformal
submersions from almost product Riemannian manifold. Recently, Shuaib and Fatima [37] studied conformal
hemi-slant Riemannian submersions from almost product manifolds onto Riemannian manifolds.

In this paper, we study quasi bi-slant conformal ¢*-submersions from Kenmotsu manifold onto a
Riemannian manifold with taking ¢ as a horizontal vector field. This paper is divided into six sections. Section
2 contains definitions of almost contact metric manifolds and, in particular, Kenmotsu manifolds. In section 3,
we investigates some fundamental results for quasi bi-slant conformal submersion from Kenmotsu manifolds
that are required for our main sections. The results of integrability and totally geodesicness of distributions
are presented in Section 4. In section 5, we obtain condition under which a Kenmotsu manifold become
twisted product manifold with quasi bi-slant conformal ¢*-submersions. In the last section, we discuss
¢-pluriharmonicity of quasi bi-slant conformal ¢+-submersions.

Note: We will use some abbreviations throughout the paper as follows:
Horizontally conformal submersion- HCS, Riemannian Manifold- RM, Almost contact metric manifold-ACM
manifold, Quasi bi-slant conformal ¢-+-submersion- QBSC ¢+-submersion, gradient- G.

2. Preliminaries

Let M be a (2n + 1)-dimensional almost contact manifold with almost contact structures (¢, £, n), where a
(1,1) tensor field ¢, a vector field ¢ and a 1-form 7 satisfying

¢2:_I+T]®£v ¢€:Ov 770(25:07 n(f)zla (21)

where I is the identity tensor. The almost contact structure is said to be normal if N + dn ® £ = 0, where N is
the Nijenhuis tensor of ¢. Suppose that a Riemannian metric tensor g is given in M and satisfies the condition

g(6U,6V) = g(U, V) —n(0)n(V), n(U) = g(U,¢). (22)

Then (¢,&, 7, g)-structure is called an almost contact metric structure. Define a tensor field ® of type (0,2) by
<I>()? , }A/) = g(qb)? , 37). If dn = ®, then an almost contact metric structure is said to be normal contact metric
structure. Let ® be the fundamental 2-form on M/, i.e, <I>(ﬁ, 17) = g(ﬁ , Qﬂ/}) If ® = dn, M is said to be a contact
manifold. If ¢ is a Killing vector field with respect to g, the contact metric structure is called a K-contact
structure.

S.Tanno [32], classified connected almost contact metric manifolds whose automorphism groups posses the
maximum dimension. For such a manifold, the sectional curvature of a plane section containing ¢ is a constant
c. One of the classes of this classification consists of warped product R x y C™ with ¢ < 0. The tensorial equation
of these manifolds are: R L L

(Vod)V = g(6U, V)¢ — (V)6 . 23)
Kenmotsu [21], explored some fundamental differential geometric properties of these spaces and therefore they
are named as Kenmotsu manifolds. It can also be seen that on a Kenmotsu manifold M

Vpé=—¢U =U-n(0). (2.4)
The covariant derivative of ¢ is defined by
(Vg,0)Vi = Vg, 6Vi — V5 Wi, (2.5)

for any vector fields ﬁl, 171 € I'(TM). Now, we provide a definition for conformal submersion and discuss some
useful results that help us to achieve our main results.
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Definition 2.1. [6] Let f be a horizontally conformal submersion (HCS) from an ACM manifold (M, ¢,&, 1, g1)

onto a Riemannian manifold (RM) (Ma, g;). Then f'is called a horizontally conformal submersion, if there is a
positive function A such that

— o~ — A~

~ o~ 1
g (Ui, V1) = ﬁg2(f*U17f*V1)v (2.6)

for any Uy, Vi € D(ker f.)*. It is obvious that every HCS is a particularly horizontally conformal submersion
with A = 1.

Let f: (My,,€,m,91) — (Ma, g2) be a HCS. A vector field X on M; is called a basic vector field if X e
I'(ker ﬁ;)l- and f-related with a vector field X on M i.e f:k()?(q)) = )?f(q) for ¢ € M;.
The formulas provide the two (1, 2) tensor fields 7 and .A by O’Neill are

AE1F1 = 'HVHEIVF1 + VVHEIHFh (27)

TElFl = HVVE1VF1 + VVVEIHFl, (28)

for any Ey, Fy € I'(T'M,) and V is Levi-Civita connection of g;. Note that a HCS f: (M1, 0,¢,1,91) — (Ma, g2)
has totally geodesic fibers if and only if 7" vanishes identically. From equations (2.4) and (2.8), we can deduce

Vo, Vi =Ty Vi+VV5 1 2.9)
Vg X1 =Tp X1+ HV5 X (2.10)
Ve, Ui =Ag Ui+ ViV T (2.11)
Ve Vi =HVg Vi +Ag Vi (2.12)

for any vector fields U, Vi € I(kerf.) and XY € D(ker f.)* [11].
It is easily seen that 7 and A are skew-symmetric, that is

9J(ARE, 1) = —g(Er, A F), 9(Tp B, Fr) = —g(Bv, T Fr), (2.13)
for any vector fields Ey, Fy € I'(T),My).

Definition 2.2. A horizontally conformally submersion f: M; — M, is called horizontally homothetic if the
gradient (G) of its dilation A is vertical, i.e.,

H(G)) =0, (2.14)
atp € TM,, where H is the complement orthogonal distribution to v = ker f. in T'(T,,M).

The second fundamental form of smooth map f is given by the formula
(V) (U1, V1) :vglf:?l ~ [.Vs i, (2.15)

and the map be totally geodesic if (V f;)(ﬁh ‘71) =0 forall Uy, V; € I'(T,M) where V and v/ are Levi-Civita
and pullback connections.

Lemma 2.1. Let f : My — M be a horizontal conformal submersion. Then, we have
(i) (VX1 Y1) = X1(InN) f (V1) + Yi(InA) £ (X1) — g1 (X1, Y1) F(grad In),
(ii) (V) (01, Vi) = = (T, W),
(iii) (VF2)(X1,00) = —fo(Vg, 01) = —fu( Az, 1)

for any horizontal vector fields X 1, }A/l and vertical vector fields (71, 171 [6].
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3. Quasi bi-slant conformal {*-submersions

Definition 3.1. Let (M, ¢, £, 1, g1) be a ACM manifold and (Ms, g») a Riemannian manifold. A HCS f: M; —
Ms where ¢ € T'(ker f,)* is called quasi bi-slant conformal ¢+ -submersion (QBSC ¢ -submersion) if there exists
three mutually orthogonal distributions ®, ©% and ©%: such that

(i) kerf. =® @ D% @D,
(ii) © isinvariant. i.e., ¢® =9,
(iii) ¢®% L D% and ¢D% L D,

(iv) for any non-zero vector field Vi € (D%),,p € M; the angle 6; between (D), and ¢V; is constant and
independent of the choice of the point p and V; € (%),

(v) for any non-zero vector field Vie (D%),,q € M; the angle 6, between (D%:), and ¢V} is constant and
independent of the choice of the point ¢ and V; € (9?+),,

where 6, and 6, are called the slant angles of submersion.
If we denote the dimensions of ©, ©%: and ©?- by m4, ms and mg respectively, then we have the following;:
(1) If mq # 0, my = 0 and m3 = 0, then f is an invariant submersion.
@(ii) If mi # 0, my # 0,0 < 6; < 5 and m3 = 0, then f is a proper semi-slant submersion.
(iii) If m; =0, my = 0and m3 # 0,0 < 7, then f is a slant submersion with slant angle 5.
@iv) If m; =0,mz # 0,0 < 6, < § and m3 # 0,0, = 7, then f proper hemi-slant submersion.

(v) If my =0,me #0,0<60; <% and m3 #0,0 <,0 < 7, then f is proper bi-slant submersion with slant
angles 6; and 6s.

(vi) If my # 0,m2 # 0,0 <01 < §Fandmsz # 0,0 < 6, < 7, then fis proper quasi bi-slant submersion with slant
angles 6; and 6s.

Let (2;; y:; 2) be cartesian coordinates on R?"*! fori = 1,2, 3, ..., n. An almost contact metric structure (¢, £, 7, g1)
is defined as follows:

0 0 0 0 0 0 0
dplar=—+a=—+..+ap=— +bi=— +by—+ ... + bpy— + =
(9.131 8.132

Oz, o Oy Oy, 0z
_ fbi+ai,bi+ai, +b i+ai
B Y0, Yoy POxe | Cdys T "Ox, | MOyn )’

where £ = a% and a;, b;, c are C*°- real valued functions in R?"*!. Let np = dz, g, is Euclidean metric and

9 9 9 9 9 0 0
Ox1 Oz’ 7 Oz, Oy Oyn’ T Oy, Oz

is orthonormal base field of vectors on R?*"*!. We can easily show that (¢,¢,7, 1) is Kenmotsu structure on
R?"*1 Hence, it is Kenmotsu manifold.

Example 3.1. Define a map f : R'® — R7 by

L — V3 5 —
f(xla"'7x67y1a“'ay672) — T 72 fxshU?vx x47y47x67y67z>
2 NG}

which is a conformal quasi bi-slant submersion with dilation A = 7 such that

0 0 1 0 0 0
X1:73X2:77X3:7 \/§7+7 ’X4:7a
0x1 oy T3
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1 0 0 0
X5—\/§<6:p5 _"6:1;4>7X6_ay5

and .
kerf, =0 @ ©% ¢ 0%,

where the invariant distribution © is spanned by the vectors {X1, X>} and the slant distributions % and
DY are spanned by the vector fields {X3, X4} and {X5, X¢} with slant angle 6, = 7 and 6, = 7, respectively.
Furthermore,

R 1/ 0 0 0 1 0 0 0
*L: Zi=—|—— —_— o= — S —= — | — — —— I =
(kerf.) < 1= 3 ((%2 \/§8x3> 2= g 2 5 (8965 3354) 2y 8y4’>

0 0 0
<Z5_87Z6_7Z7_ §>
L6 Ye

where the reeb vector field £ is horizontal.

Example 3.2. Define a map f : R'> — R7 by

—

f(xh <y L6y T75 Y1, "'7y6ay7vz) — (I17z3 COSQr — Y4 Sina7y37$47$5 Sinﬂ — Ys COS/87y7aZ)

which is a conformal quasi bi-slant submersion with dilation A = 1 such that

0 0 0 0 0
1 8y1’ 2 Oy’ 3 ay2, 4 B sma+ay4 Cos o,
0 0 . 7]
X5787I50086+87y681nﬂ’)(6787y5’
0 0
X7 =—,Xg = —.
7 8:56’ 8 8337

More precisely,
D =< X1, X5, Xg, Xg >, @0* =< X5, X7 >, @02 =< X3, X4 >,

such that ker f:k =9 ® D% @D, where the distribution D¢+ and ©?: are slant with slant angles 8 and «,
respectively. Moreover,

- 0 0 0 0 0 0 0
kerf)t=(21= ——,Zy= — — —sina,Zs=—.,Z4= —,Zs = —sinf — — ,
(ker fi) < 1 p 5 025 cos & o sin o, Z3 s 4 974 5 . sin 3 e cos 3 >

B B
Z :72 = — =
< " 9y, 77T 0z >

where the reeb vector field £ is horizontal.

Let f be a QBSC ¢1-submersion from an ACM manifold (M1, ¢,€,m,91) onto a RM (My, g2). Then, for any
U € (kerf,), we have
U=AU+BU + U (3.1)

where 21, B and € are the projections morphism onto D, D%, and D%:. Now, for any U € (kerf.), we have
U = 60U + ¢U (3.2)
where 6U € T(kerf,) and U e T(ker f.)+. From equations (3.1) and (3.2), we have

oU =¢(AU) + ¢(BU) + ¢(€0)
=§(AT) + C(AV) + 6(BU) + ¢(BU) + 6(€V) + ¢ (V).

Since ¢® = © and ¢ (Qlﬁ ) =0, we have

oU = 6(AU) + 6(BU) + ¢(BU) + 6(€U) + ¢(€0).
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Hence we have the decomposition as :
p(kerf,) = 0D & 60 ¢ 60% @ (D% @ (D, (3.3)
From equations (3.3), we have the following decomposition
(kerfu)* = (@ & (D% @4, (3.4)

where 1 is the orthogonal complement to (D% @ (D in (ker ﬁ)l- such that 4 = (¢u)® < € > and p is invariant
with respect to ¢. Now, for any X € I'(kerf.)", we have

¢X = PX + QX (3.5)
where PX € I(kerf.) and QX € T'(kerf. ).

Lemma 3.1. Let (M, ¢,&,n, g1) be an ACM manifold and (Ms, g2) be a RM. Iff: M, — My isa QBSC &+--submersion,
then we have R R R R R
—U = 62U + PCU, ¢6U 4+ QCU =0,

~X +n(X)¢ = (PX + Q*X, 6PX + PQX =0,
for U € T(kerf.) and X € T'(ker f,)*.
Proof. By using equations (2.1), (3.2) and (3.5), we get the desired results. O

Since f : My — M> is a QBSC ¢+-submersion, then let’s give some useful results that will use all along the
paper.

Lemma 3.2. Let f be a QBSC &--submersion from an ACM manifold (M, ¢,&,n,91) onto a RM (M, g2), then we
have

(i) 62U = — cos26, U,
(ii) 91(6(7,5‘7) = cos? 4, gl((/j, ‘A/),
(iii) g1(CU, (V) = sin? 6, g1 (U, V),
for any vector fields U,V € T(D%).

Lemma 3.3. Let f be a QBSC &*-submersion from an ACM manifold (M, ¢,&,n,g1) onto a RM (M, g2), then we
have

(i) 627 = — cos?0, Z,
(ii) g1(62,6W) = cos2 05 g1(Z, W),
(iii) g1(CZ, (W) = sin® 05 g1(Z, W),
for any vector fields Z, W € T'(D%2).
Proof. The proof of above Lemmas is similar to the proof of the Theorem (2.2) of [9]. O

Let (Ms, g2) is a Riemannian manifold and that (M1, ¢, &, 7, g1) is a Kenmotsu manifold. We now look at how
the tensor fields 7 and A of a QBSC ¢-submersion f : (M1, 9,&,m,01) = (Ma, g2) are affected by the Kenmotsu
structure on M.

Lemma 3.4. Let f bea QBSC &L-submersion from an Kenmotsu manifold (M, ¢,&,m, g1) onto a RM (Ma, go), then we

have
AgPY + HV QY = QHV Y + CAGY + 1(QX,Y)E — n(Y)QX (3.6)
VV G PY + A5QY = PHV Y +0A5Y —n(Y)PX (3.7)
VV oV + AgCV = PAGV +6VV GV (3.8)
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AoV + HV oCV = QALV + (VV ¢V + g1 (PX, V)¢ (3.9)
Vo PX + ToQX = 0ToX + PHVX — n(X)oV (3.10)
ToPX + HVoQX = (To X + QHV o X + g1 (CV, X)& — n(X)CV (3.11)
VY56V + ToCV = PTEV +6VV5V (3.12)

To0V +HV 5CV +n(V)CU = QTV + WV 5V + g1 (03U, V)€, (3.13)

for any vector fields U,V € T(ker f.) and X,Y € T'(ker f.)*.

Proof. By direct calculation by using equations (3.5), (2.12) and (2.3), (2.5), we can easily obtains relations given
by (3.6) and (3.7). In a similar way, from equations (3.2), (3.5), (2.9)-(2.12) and (2.3), (2.5), we obtains all parts of
the result. 0

Now, we discuss some basic results which are useful to explore the geometry of QBSC ¢*-submersion
f : My — M. For this, define the following :

(V5d)V = VW5dV — sVVV (3.14)
(V5Q)V = HV 5V = VY5V (3.15)
(VeP)Y =VVPY — PHV ;Y (3.16)
(VgQ)Y =HV QY — QHV ;Y (3.17)

for any vector fields U,V eT(ker f.) and X,V € T'(ker f.)*.

Lemma 3.5. Let (M, ¢,¢,1,91) be Kenmotsu manifold and (Ms,g2) be a RM. If M, — My is a QBSC &*-
submersion, then we have

(Vgo)V = PTV — To(V
(VoOV = QT5V — T0V + g1(6U, V)¢
(VeP)Y =0AcY — AcQY — (Y PX)
(VgQ)Y = CARY — AgPY + g1 (QX, V) — n(YV)QX
for all vector fields U,V € T(kerf.) and X,Y € T(kerf.)*.
Proof. By using equations (2.5), (2.9)- (2.12) and equations (3.14)-(3.17), we get the proof of the lemma. O
If the tenors ¢ and ¢ are parallel with respect to the connection V of M, then, we have
PToV =T5(V, QT5V = TV — g1 (U, V)¢

for any vector fields U,V e T(TM).

4. Integrability and totally geodesicness of distributions

Since, f : My — My is a QBSC ¢t-submersion, where (M, ¢, €, 7, g1) representing a Kenmotsu manifold and
(M3, g2) denoting a Riemannian manifold. The existence of three mutually orthogonal distributions, including
an invariant distribution ©, a pair of slant distributions D% and D?:, is guaranteed by the definition of
QBSC ¢+-submersion. We begin the subject of distributions integrability by determining the integrability of
the slant distributions as follows:
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Theorem 4.1. Let fbe a QBSC &+-submersion from Kenmotsu manifold (My, $,€,m, 1) onto a RM (Ms, g2). Then
slant distribution D% is integrable if and only if

(VL [0+ VL e fice))
= (VRN T, (V) + (V) (T, ), foceZ)} ®D
— 01(T5, ¢80 — T5,C0VA, Z) — g1 (T, Vi — T, (UL, 90U Z + 6€7),
forany Uy, Vy e (D% ) and Z € T(D & D7-).
Proof. Forall Uy, V; € I(D%) and Z € T'(D @ D) by using equations (2.1), (2.2), (2.5), (2.14) and (3.2), we get
91([01, V1), Z2) = 1(V, V1, 0Z) + 91(V 3, (V1,6 Z) — g1 (V5,601, Z) — 91 (Vg (UL, 62).
By using equations (2.1), (2.2), (2.5), and (3.2), we have
91([01, V1), 2) = —g1(V5,0°V1, Z) — g1 (V5,C6V1, Z) + g1V, %01, Z)
+91(V,C6UL, Z) + 91 (Vi CVi, 9UZ + 6€Z + (€2)
— 91(V, (UL, 0AZ + 6€Z + (CZ).
Taking account the fact of Lemma 3.2 with equation (2.10), we get
91([U1, Vi), Z) = cos*0191([U1, Vi), Z) + g1 (T, ¢80 — T, COVA, Z)
+ gl(Tglcvl - T‘71CU1, PAZ +6CZ)
+g1(HV 5 (Vi — HV 5 (UL, (C2).
By using equation (2.6), formula (2.15) with Lemma 2.1, we finally get

sin*t1g1([01, i1, 2) = 55 {oa(V L, FicVa — VL [T, fuceZ))

+ﬁ{—gz((vf*)(UhC‘A/l)vﬁCQfé)+92((Vﬁ)(‘71,C61)7ﬁC€2)}
+01(T,CVi = T, CULL OUZ + 6€Z) + 1 (To, (U — T, 6V, Z).

In a similar way, we can examine the condition of integrability for slant distribution - as follows:

Theorem 4.2. Let f: (My,¢,¢,1,91) — (My, g2) be a QBSC &+-submersion, where (My,¢,€,m,91) a Kenmotsu
manifold and (M, g2) a RM. Then slant distribution ©% is integrable if and only if

1 QN o~ N

F{QQ((V]{«)(U%CVQ) —(Vf)(Va, (Us), f:(BZ)}

= 91(T5,C8Us — T, C6Vo, Z) + 91 (T, (Vi — T, (Us, $UAZ + 6B2)

1 -
+ 5 A9:(VE PV = V1 FLC02, F.0B2)).
for any Us, Vo € T(D%) and Z e T(D & D).
Proof. By using equations (2.1), (2.2), (2.5) and (3.2), we have
91([Us, V2, Z) = g1(V,6°Ua, Z) + 91(V, 00, Z) — 91(V5,6°Va, Z)
~ 01(V5,C0Va, Z) + 91 (V,CVa — Vi, CUs, 62),

for any Uy, Vs € ['(®%) and Ze ['(D @ D% ). From equation (2.10) and Lemma 3.3, we get

sin*0291([Us, V2, 2) = 1(T5,¢0s — Tg;,C6Ve, Z) + g1(Tgr, (Vo — Ty, (Us, AZ + 6B2)
+91(Hvﬁ2CV2 - ’HV@CU%C%Z)'
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Since f is QBSC ¢*+-submersion, using conformality condition with equations (2.6) and (2.15), we finally get
sin®0291([U2, V2], Z) = g1 (T5, G002 — Tg;,C6Va, Z) + 91 (T, CVa — T, CUs, 6AZ + 6B Z)
+ g oalVE T~ VL [iOs, .08 2))
— 0V T, () + (V7o) (T, (T2, FoB2)).

This completes the proof of the theorem. O

Since, the invariant distribution is mutually orthogonal to the slant distributions in accordance with the
concept of QBSC ¢*-submersion, this led us to investigate the necessary and sufficient condition for the
invariant distribution to be integrable.

Theorem 4.3. Let f: (My,0,6,m,91) — (Ma, g2) be a QBSC &+-submersion, where (My,¢,&,m,91) a Kenmotsu
manifold and (Ma, g2) a RM. Then the invariant distribution © is integrable if and only if

G (TH0AV — To8UU, (B Z + (EW)

N . N 4.2)
+ g1 (VV50AV — VYV 02U, 6B Z + 0€Z) = 0,

forany U,V € T(D) and Z € T(D% @ D).

Proof. For all U, Ve I'(®) and Ze I'(D% ¢ D% ) with using equations (2.1), (2.2), and decomposition (3.1), we
have
n([U,V],Z2) = gl(VﬁéQlV, PBZ 4+ ¢CZ) — gl(V‘759lU, OBZ 4+ ¢C 7).

By using equations (2.9), (3.2), we finally have
91([U,V],2) = g (T50AV — To8UU, (BZ + (CZ)
+ g1 (VVAV — V50U, 0B 7 + 5¢7).
This completes the proof of theorem. O

After discussing the prerequisites for distribution’s integrability, it is time to examine the necessary and
sufficient conditions that must also exists in order for distributions to be totally geodesic. We begin by looking
at the condition of totally geodesicness for invariant distribution.

Theorem 4.4. Let f: (My,¢,&,m,g1) = (Ma, g2) be a QBSC &*-submersion, where (M, $,&,m,91) a Kenmotsu
manifold and (Ma, g2) a RM. Then invariant distribution ® defines totally geodesic foliation on M; if and only if

(i) A"202{(V) (U, 6V), f.C2)} = n(VV 50V, 62)
(i) A\{ga2((VF)(U,6V), LQX)} = 1 (W5eV, PX) - g1 (U, V)n(X),
forany U,V e T(D) and Z € T(D% & D), X € (kerf.)*.
Proof. Forany U,V € I'(D) and Z € I'(D% & D) by using equations (2.2), (2.5) and (3.2), we may write
0 (VoV,2) = n(VV50V,8Z) + 1 (Tp oV . CZ).
By using the horizontal conformality of f with equation (2.6) and (2.15), we get
91(V5V,2) = 1(VW5V,02) = A\ ((V (U, 6V), uCZ) —.

On the other hand, using equations (2.2), (2.5) with horizontal conformality of f,we finally have

-~

This completes the proof of the theorem. O
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In similar way, we can discuss the geometry of leaves of slant distribution D+ as follows:

Theorem 4.5. Let f be a QBSC &L-submersion from Kenmotsu manifold (M-, ¢,€,n, 1) onto a RM (Ma, g2). Then
slant distribution D% defines totally geodesic foliation on M; if and only if

1 e LA
1 o~ oA —
= 592 (VLICBW, .CeT) + cos® 019:(V zBW, ) (4.3)
— 91(TzCOBW, U) + g1 (To(BW, 6AT) + g1 (To¢BW, 6C0)
and
N2 ga(VLF.CoBW, [.X) - ga(VLF.CBW, QX))
1 PN — o 1 P P
= 139((VF)(Z,C0BW), £.X)) = 55.02((V)(Z, (BW), £.QX) “4)
+ cos%01g1 (Vz%ﬁ/\, X) + g1(7—2<‘3ﬁ/\, PX) —sin®6,(Z, W)n()?),
forany Z,W € T(D%),U € T(D @ D) and X € T(kerf.)*.
Proof. By using equations (2.1), (2.2), (2.5) and (3.2), we get
G(VzW,0) = g1(V2¢BW, 6T + €0)) — g1 (¥ z0BW,0),

for Z,W eT(D%) and U e T(D & D) . Again using equations (2.3), (2.5), (3.2), (2.10) with Lemma 3.2, we
may write

G (Vo W, U) = cos?0,91(V 3BW,U) — g1 (TzC6BW,U) + g1 (Tz¢BW, 840

+ g1 (TZCBW, 6€0) + g1 (HV ¢BW, (€U).

Since, f is HCS, using Lemma 2.1 with equations (2.6) and (2.15), we have
G (V3 W,0) = c0s?0191(V ;BW,U) — g1 (TC0BW, U) + g1 (T,¢BW, 6210

—~ ~ 1 P~ o~
+ g1 (TZ¢BW, 6¢U) + Fgg(vféf*cmv, ficev) (4.5)

1 PN
— 29((VI)(Z.CBW), f.ce),
On the other hand, for Z,W ¢ ['(®%)and X e T(ker f;)l, by using equations (2.2), (2.4), (2.5) and (3.2), we get
9 (VW X) = u(V0BW, 6X) + g1(V 5¢BW, 6X) — 91 (Z,W)n(X).
From Lemma 3.2 with equations (2.10) and (3.5), the above equation takes the form

91 (VW, X) = c0s°0101(V 3BW, X) — g1 (HV 5¢6BW, X) + cos? 0191 (Z, W)n(X)
+ 91(TZ¢BW, PX) + g1 (HV 5¢BW, QX) — g1(Z, W)n(X).
Since f is horizontally conformal and from equations (2.6) and (2.15), we have
(Vo W, X) = 0520101 (V 3BW, X) + g1 (Tz¢BW, PX)
+ 559:(VE)Z,OBW), [.X) — 150:(VL OB, LX)
- 55 0((VL)(Z,CBW), LX) + 3502 VE. OBV, £.0R)

A
— (1 —cos?01)g1(Z, W)U()A()

O

This completes the proof of theorem.
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In the following theorem, we study the necessary and sufficient conditions for slant distribution ©%: to be
totally geodesic.

Theorem 4.6. Let f: (My,¢,€,m,91) = (Ma, g2) be a QBSC &*-submersion, where (M, $,€&,m,91) a Kenmotsu
manifold and (Ms, go) a RM. Then slant distribution D% defines totally geodesic foliation on M if and only if

50 (TF)(Z,CEW), F.CBV) — cos021(Y 1€, V)
= 01 (TyC08W., V) + 550:(VF)(CEW, 2), F20B7) *6
+ g1 (TZCEW, 62AV) + g1 (T,CCW, §BV)
and
N2 (VLFGOCW, 1.F) — go(VLFCEW, .QV))
= 5 9((VE)Z,QOET), [.¥) - 550:((VF)(Z,6ET), Q) «7)
+ 0520591 (V 5EW, V) + g1 (TzCEW, PY) — sin? 29, (Z, W)n(Y),
forany Z,W € T(D%),V e T(D @ D% ) and ¥ € T(kerf,)*.
Proof. The proof of above theorem is similar to the proof of Theorem 4.5. O]

Since, f is QBSC ¢:-submersion, its vertical and horizontal distribution are (kerf.) and (kerf.):,
respectively. Now, we examine the necessary and sufficient conditions under which distributions defines
totally geodesic foliation on M;. With regards to the totally geodesicness of vertical distribution, we have

Theorem 4.7. Let f: (My,¢,€,m,91) = (Ma, g2) be a QBSC &*-submersion, where (M, $,€&,m,91) a Kenmotsu
manifold and (Ms, g;) a RM. Then ker f.. defines totally geodesic foliation on My if and only if

1 7o ~ IR ~ oo~
12 {02(VEC0BY + VL fcoeV, £.X))
=q (TﬁQUA/ + 0082917'(7%17 + 0032927',70:17, X)+aq (Tﬁ(fﬂ PX)

1 PN -~ PP (4.8)

1 P~ b~ o~ o~ ~ s
+ 32 (VLAY = (VLU (V) LX)} + 01 (U, (Vn(X).
forany U,V € D(kerf,) and X € T(ker f,)*.
Proof. For any U Ve I(kerf,) and X e T(ker fo)t by using equations (2.2), (2.4), (2.5) with decomposition
(3.1), we get
91(V5V, X) = gi(VoUV, 0X) + 1(V50BV, 6X)
+91(VgolV,¢X) — g1 (U, V)n(X).
By using (2.1) and the equation (3.2) with Lemma 3.2 and Lemma 3.3, we have
n(VoV,X) = gi(Va2AV, X) + g1 (U, 8%V ) (X) + cos6191 (V5 BV, X)
+ 910U, 8BV)n(X) + cos202g1 (V5 €V, X) + g1 (6T, €V )n(X)
+01(V5CBY, 6X) — 91(V5(oBV, X) — g1 (V¢oeV, X)
+01(V5CeV, 6X) — g1 (U, V)n(X).
From equations (2.9), (2.10) and (3.5), we may yields
0(V5V, X) = gi(TEAV + cos?0, T BV + cos*05 TV, X) — g1(U, V)n(X)
— I (HV 5COBV + HV 5C0EV, X) + g1 (THCBV + Tp(eV, PX)
+ 1 (HV5CBV + HV 5V, QX) + ¢1(0U, 5V )n(X).
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From decomposition (3.1), the above equation takes the form

a1 (Vﬁ‘A/, X)=q (7‘[72(17 + 608201T[7%I7 + 003202727@7, X)+ g1(T[7C‘A/, PX)
— (Y COBY + HV OV, X) + g1 (HV 3¢V, QX) = 1 (¢U, (V)n(X).

Using the horizontal conformality of f with equations (2.6) and (2.15), we have

0 (VeV,X) = gi(TpAV + cos®0, T BV + cos0, TV, X) + 1 (T5CV, PX)
1 oo~ ~ P ~ oo
1 P P oo
— F{g2(v{7 FeC8BY + VL f.CoeV, £.X)}

¥ 350 (VICV — (VE)(.07), F.QR)} - 01 (<O, V().

This completes the proof of the theorem. O

We can now talk about the geometry of leaves of horizontal distribution. The following theorem presents
the necessary and sufficient condition under which horizontal distribution defines totally geodesic foliation on
M;.

Theorem 4.8. Let fbe a QBSC &L-submersion from Kenmotsu manifold (M, ¢,€,m, g1) onto a RM (Ma, go),. Then
(ker f.)* defines totally geodesic foliation on M, if and only if

50(VEEQY. F.Z) + 550(V)(R,CPP), 1.2)

g1 (VV)?éP}A/, 2) — gl(A)A(Q}A/, 62) + 91 ()A(,gradln Ag

1(
+ g1 (Q}A/, gradln \)g; ()?, CZ\) -0 (CZ gradln \)g; ()/(\'

Qf’, ¢ 2) 4.9)
LQY),

forany X,Y € D(kerf.)* and Z € T(kerf..).
Proof. Note that, we have from ??,
0 (V)Y 0Z) = 01(6X,Y)n(6Z) — (V)1 (6X,0Z) =0,
where we used 7o ¢ = 0 and gl(qs)?, qﬁZ) =q(X,2) - 77()?)77(2) = 0. Similarly, we have that

0 (Ved)PY,6Z) = g1(6X, PY)(6Z) — n(PY)g1 (6 X, 0Z) = 0,
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where we have used that n(Z )= n(P?) = 0. We used these in next computation. By applying (??), (??) and (??),
we compute as follows:

91(VeY,2) =g1(V Y, 62) — (V<Y )n(Z)
= g1(VgoY — (Ved)Y,62)
= —qi1(¢*V ¢ PY,0Z) + g1(V3QY,02)
= —q1(6V g PY,Z) + g1(VQY,6Z + (Z)
= —q1(VgoPY — (Vgd)PY,2Z) + 1 (V5 QY ,6Z + (Z)

— —1(V6PY, Z) — ) (V<CPY, Z)

+01(VQY,67) + 1(V¢QY,(Z)

= —1(VVx6PY,Z) — gi(AgCPY, Z)

+91(HVXQY,(Z) + g1(AzQY,02) (4.10)

“~ o~ 1 s o s
=~ (VVx0PY. Z) = 50:(F.AgCPY . [.2)
1 PR A~ oA ~ A
+322(VERQY = (VL)(X,QY), f.02) + 01(A5QY, 07)
~ o~ 1 o
= —q1(VWOPY, Z) + +50:(Vf)(X,CPY), f Z)
1 P o ~ o~
+ 339:(VEFQY, Fi(Z) + 01 (A5 QY ,02)
—01(X, gradn g1 (QY,¢Z) - 9(QY , gradIn \)g: (X, (Z)
+g((27gradln)\)gl()’f,Q?).
This completes the proof of theorem. O

We now have some necessary and sufficient conditions for QBSC ¢+-submersion f : M1 — M, to be totally
geodesic map. In this regard, we are presenting the following result.

Theorem 4.9. Let fbe a QBSC &L-submersion from Kenmotsu manifold (My, $,€,m,91) onto a RM (Ms, g2). Then
F(My, ¢,6,m,91) = (Ms, g3) is totally geodesic map if and only if

(i) f;{fos‘zelvﬁ%? + cos%vﬁgﬁ - vﬁgg%f/ — V5¢oevy
= FA{QHV BV + HV (e + T5oAV)}
+ f*{E(EC‘BV +Z’0C€Y + VVﬁ(SAQIV)}A B
+g1(U,V)—q1(8U,6BV) — g1(6U,5CV) f..&
(ii) f{cos01V ¢ BU + 00>V 3 €U — V ¢ (8BU — V 5 (6€T}
= FAQARIAT +HV (BU + HV 5 (€D}
- g1(PX,0BU) f. — g1(PX,6€U) f.
forany U,V € T(kerf,) and X,Y € T(kerf.)*.
Proof. Now, using equations (2.15), (2.5), (2.3)and (2.1). we can write
(V)T V) = ~f{n(VgV)E — oV 5oV},
for any U,V e T(kerf.). From decomposition (3.1) and equation (3.2), we have
(VIENU, V) = Fu{oV 58UV + ¢V 5BV + ¢V ;¢BV
+ OV OV + ¢V CCV + g1 (U, V)E}.
By using equations (2.3), (2.5), (2.9) and (2.10), the above equation takes the form
(VENU, V) = FAdTo8UV + oYV 56UV} + Fu(V¢6BV) — g1 (68U, 6BV fue
+ fu(STCBY + ¢HV 5CBV) + [ (VpdBV) — g1 (08U, 0€V) fue
+ f{THCEV + gHV 5CEV + g1 (T, V)DL
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Since f'is HCS, by using Lemma 3.2 and Lemma 3.3 with equation (3.2), we finally get
(VENU, V) = f+ {QHV5(BV + HV 5CEV + T5o2V)

+C(VVGOAV + THCBY + TH(eV)}

— f{cos?0,V 5BV + 05?0,V 5€V — V8BV — V¢oeV}

+ {910, V)} ~ 92(6T,6%BV) — 16U, 6€V) f.£.
From this, the (i) part of theorem proved. On the other hand, for any Ue [(kerf,) and Xe C(ker f,)+ by using
equations (2.15), (2.5), (2.3) (2.4)and (2.1), we can write

(V)X 0) = f(eV D).
By using decomposition (3.1) with equation (3.2), we have
(V)X U) = fu{d(V 8T + V ¢0BU + V o (BU + V o0€U + V (€U}

By taking account the fact from equations (2.11) and (2.12), we get

(V)X U) = fu{ d(A0AU + VV ¢0A4U) + V ¢ p8BU — g1 (PX, 6BU)E
+ O(HV CBU + A (BU) + V¢ 6€U — g1(PX, 6€U)¢
+ G(HV ¢CCU + Ag¢el)}.

Finally, since f:k is a HCS, and from Lemma 3.2, Lemma 3.3, we can write

(V)X U) = fu{Q(AL6AT + HV ¢(BU + HV ¢CeU)}
+ FAC(VV AT + A CBU + AgCel)}
— [u(cos?0,V ¢BU + 05205V €U — V ¢(6BU — V 5(5€0)
— 1(PX,0%B0)f.€ — g1(PX,0€U) f.€.

From which we obtain (i¢) part of theorem. This completes the proof of theorem. O

5. Decomposition Theorems

In this section, we recall the following result from [31] and discuss some decomposition theorems by using
prior theorems. Let g be a Riemannian metric tensor on the manifold M = M; x My, then

(i) M = M, x M, is a locally product if and only if M; and M, are totally geodesic foliations,
(ii) a warped product M; x, M, if and only if M, is a totally geodesic foliation and M is a spherics foliation,
i.e., it is umbilic and its mean curvature vector field is parallel,
(iif) M = M, x M, is a twisted product if and only if M is a totally geodesic foliation and M, is a totally
umbilic foliation.

The presence of three orthogonal complementary distributions ©, ©%, and ©?:, which are integrable

and totally geodesic under the conditions that we have stated previously, is ensured by the fact that f:
(My,¢,¢,m,91) — (M, g2) is QBSC &+-submersion. It makes sense to now look for the conditions in which the
total space M; converts into locally twisted product manifolds. In order to explore the geometry of QBSC ¢*-

submersion f, we are providing the following result.

Theorem 5.1. Let f be a QBSC &L-submersion from Kenmotsu manifold (My, ¢,&,n, g1) onto a RM (Ms, go). Then M,
is locally twisted product of the form My, 7y x My, 7. if and only if
1 N A o~ ~ ~ ~ o~
F92((vf*)(Ua V), [:QX) = 1 (T50V,QX) + 1 (VV5dV + T5(V, PX) 51)
1 L R .
+ 3392V FCV, £.QX) = 01(U, V)n(X)
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and

n(XVH =Q(VgoY) + il & ¢ (VELQY) + A PY + ((gradn Mgy (X, QY)
~ QGG (QY . ¢U) - QG N gy (X, ¢T).
where H is a mean curvature vector and for any U,V eT(kerf.)and X € T(kerf.)*.

Proof. For any (7, Ve I‘(kerﬁ) and X € F(kerﬁ)l- and using equations (2.2), (2.5), (2.11) and (2.12), we have

(5.2)

7n(V5V, X) = 01(T56V,QX) + 1 (VW56V + To(V, PX) — 1 (U, V)n(X)
+91(HV ¢V, QX)
From using formula (2.6), (2.15) and since f'is HCS, the above equation finally takes the form
7n(VeV, X) = 1TV, QX) + 1 (VV 58V + ToCV, PX) - g1(U, V)n(X)
1 > S 1 Fos o o
— 5292((VE)U, V), £.QX) + 1502(VECV, £.QX)
It follows that the equation (5.1) satisfies if and only if My, ~ is totally geodesic. On the other hand, for
Ue F(kerf:) and )AQ Y e 1“(Icerf;)L by using equations (2.2), (2.5) and (3.5), we get
9(VY,0) = gi(Vg PY,60) + 1(V QY , 6U)
= (V¢ PY + A5QY,80)
+ 91 (A PY (D)1 (HV £ QY (D).
By using the equations (2.10) with the horizontal conformality of f,we may write
o ~ ~ 1 o
q(VgY,U) =g (VVgPY + AcQY,0U) + ﬁgg(VQf*QY, 1+CU)
91(AgPY ,CU) = (X, Gl N)g1(QY ,¢T) — 91(QY, Gl \)ga (X, ¢U)
+01(CU, gradIn \)g1 (X, CQY).

From the above equation we conclude that M, (kerf) L is totally umbilical if and only if equation (5.2)
satisfied O

6. ¢-Pluriharmonicity of Quasi bi-slant Conformal {*-Submersion

Y. Ohnita established J-pluriharminicity from a almost hermitian manifold in [25]. In this section, we extend
the concept of ¢-pluriharmonicity to almost contact metric manifolds.

Let f be a QBSC ¢*-submersion from Kenmotsu manifold (M, ¢,&,7,91) onto a RM (Ms, go) with slant
angles ¢; and 6. Then QBSC submersion is ¢-pluriharmonic, ®-¢-pluriharmonic, ’D("-¢-pluriharm0nic,

(®- ©%)-¢ pluriharmonic (where i = 1,2), ker f.-¢-pluriharmonic, (ker f.)=-¢-pluriharmonic and ((ker f.)* —
ker f.)-¢-pluriharmonic if

(V)T V) + (V)T 6V) =0, 6.1)
for any U, Ve I'(®), for any U, Ve (®%), for any Ue F(CD),V € I(D%) (where i = 1,2), for any U, Ve
T(kerf.), for any U,V € I(kerf.)* and for any U € D(ker f.)*,V € D(kerf.) respectively.

Theorem 6.1. Let f bea QBSC £+-submersion from Kenmotsu manifold (M, ¢,§, 1, g1) onto a RM (Mo, go) with slant
angles 6, and 6. Suppose that f is D+ -¢-pluriharmonic. Then D% defines totally geodesic foliation M, if and only if

Fe(CT3560V + QHV 550V = fulA g6V + HV ;5¢V)
= cos? 0 [ (QT,5V + CVV,5V) — viﬁﬁdf/ — cos? 0191 (U, V) fu€ + vgﬁf:a?
— U N FilV = (V(nA) foCU + sin® 0191 (U, V) f(gradIn A)
forany U,V e T(D%).
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Proof. For any U, Ve I'(D%) and since, fis Db -¢-pluriharmonic, then by using equation (2.9) and (2.15), we
have

0=(V)T, V) + (VL) (U, ¢V)
Fo(VgV) & —FuV,58V) + VI F (o)
= — A0V + VV 50V + T5CV + HV ;5¢V)
— -~ ~ f" - o~ f" - o~
+ (VU CV) = VI F(V + V1 LoV
+ Fu(@V 5560V = n(V556V)E)
On using equations (3.2), (3.5) with Lemma 2.1 and Lemma 3.2, the above equation finally takes the form
FlVgV) = —cos? 01 fu(PTy5V + QT,pV + 8VV 5V + CVV,5V)
+ [e(0T,5COV + (Ty5¢8V + PHV ;5C8V + QHV 55CoV)
— Fe( A0V + VV 50V + TypCV + HV ;5¢V)
+CUI ) fuCV + ¢V (InN) foCU — g1(CU, CV) fu(gradIn \)
+91(60,0V) fié = V1 fu(V + V] fioV.

from which we get the desired result. O

Theorem 6.2. Let fbe a QBSC &+-submersion from Kenmotsu manifold (M, ¢, &,m, g1) onto a RM (Ma, g2) with slant
angles 6, and 0. Suppose that f is ©°>-¢-pluriharmonic. Then D% defines totally geodesic foliation M, if and only if

FeCT;5C0W + QHV ;5C0W) — fu(A 50W + HV ;5CW)
= cos? 0o fo(QT, ;W + CVV ;W) — viﬁﬁw — 082 0291 (Z, W) il + vgfﬁqw
—CZ(MN) folW — (W (InA) foCZ + sin? 0291 (Z, W) f.(gradIn \)
forany Z, W € (D).

Proof. The proof of the theorem is similar to the proof of Theorem 6.1. O

Theorem 6.3. Let f bea QBSC &L-submersion from Kenmotsu manifold (M, ¢, &, n, g1) onto a RM (Ma, go) with slant
angles 0, and 0. Suppose that f is ((ker f.)* — ker f.)-¢-pluriharmonic. Then the following assertion are equivalent.

(i) The horizontal distribution (ker f.)* defines totally geodesic foliation on M.

(ii) (cos?0)) fu{QTpzBU + (VV 3 BU + QAL BU + (VV BT}
+ (c05202) fu{ QT2 €U + CVV o €U + QA2 €U + (VV o 5T}
- ﬁECAQ ;(ga%Aﬁ + gAQicaeAﬁ —~HV,, ;(g@ )
= —fAQTpAU + (VV p2AU + QA 30U + (VV , AU}
+ FlCTpCOBU + QMY gCOBU + (Tp2C0CU + QHY 5 (0CU} + QHV (0BT
+QHV ,2C0CU — f.(VU) + vi)?f:a? + g1 (PX6U) fu€.

forany X € T(kerf.)* and U € T(ker f,)

Proof. For any X € I'(kerf.)* and U € I'(ker f.), since fis ((ker f.)* — ker f.)-¢-pluriharmonic, then by using
(2.15), (3.2) and (3.5), we get

FiV5C0) = =Fu(V pg8U + V (U + Vo 580) = fu(V0) + VI (T
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Taking account the fact from (2.1) and (2.10), we have

Fu(Vo2€0) = = FulTpgC0 + UV 2C0) - Fu(V20) + VI O
+ fe(dV p200U) + g1(PX,00) fo£ + fu(6V o 2600).

Now on using decomposition (3.1), Lemma 3.2, Lemma 3.3 with equations (3.2), we may yields

F(VzCU) = Fu{ =6V p 22U — cos® 016V, BU — cos 026V , 2€U + g1 (PX, 60) fu
+ ﬁ{—(;SVQ)?Qlﬁ — cos? 91¢VQ)?’Bﬁ — cos? 92¢VQ§€U
+ Fi{ 0V p g COBU + ¢V 2 C0CT + 6V, COBU + ¢V , (€T}
— oMY 3 0) = fu(V0) + V] fcD.
From equations (2.9)-(2.12) and after simple calculation, we may write

— 05201 (QTp 3 BU + (VV o BU + QAL BU + (VV,BU)
— c05205(QTp3 €U + (VV €U + QAL €U + (VV o5 €U)
+ fi{CALgCOBU + (AL COCT — HY ,oCU}
— FAQT2AU + QVV L oAU + QAL AU + (VY , AT}
+ fudCTpCOBU + QHY 2 COBU + (T (€U + QHV (6T}
+ FUQHV 4 (8BT + QMY ,£(5€T) — fu(V D) + v%ﬁgﬁ + g1 (PX,00) .

which completes the proof of theorem.
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