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ABSTRACT

We prove that the property of being pointwise slant is transitive on a class of proper pointwise
slant submanifolds of almost product Riemannian manifolds, and we illustrate this fact with an
example. For a given almost product Riemannian manifold, we consider a sequence of pointwise
slant immersed submanifolds and we explicitly determine the relation between the slant functions.
Moreover, we state this result in a more general case.
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1. Preliminaries

Recently, in [1], we proved a novel property, more precisely, that a pointwise slant submanifold M; of a
manifold M, which is pointwise slant in an almost Hermitian manifold (M, g, ¢1), is also pointwise slant in
M, (considering on the submanifolds the naturally induced almost complex structures), and we determined
the relation between the slant functions.

The aim of the present paper is to show that this result is also valid in the almost product Riemannian
framework, and even in a more general case. Firstly, we will briefly recall the definitions of almost product
Riemannian structures and slant submanifolds in this context, and we will construct an induced structure on a
submanifold of a Riemannian manifold endowed with a symmetric (1, 1)-tensor field # +1I. In the entire paper,
we will consider only submanifolds defined by injective immersions. Also, we will use the same notation for a
metric on a manifold as for the induced metric on a submanifold.

Let M be a smooth manifold. A (1,1)-tensor field ¢ # +£I on M is called an almost product structure if
% =1, where I is the identity on the set of smooth sections I'(T'M) of M. A pair of a Riemannian metric g
and an almost product structure ¢ on M is called an almost product Riemannian structure if ¢ is g-symmetric,
ie, g(pX,Y) =g(X,¢Y) for any X,Y € I'(T'M). In this case, the triple (M, g, ) is called an almost product
Riemannian manifold.

The notion of pointwise slant submanifold was firstly considered by Etayo [3] and Chen [2] in almost Hermitian
geometry. In the same way, one can talk about pointwise slant submanifolds of any Riemannian manifold
endowed with a symmetric (or skew-symmetric) (1, 1)-tensor field # +1. We shall state here the definition for
a general case.

We consider M, an immersed submanifold of a Riemannian manifold (M, g) endowed with a g-symmetric
(1,1)-tensor field ¢ # +I. For any a € M, we have the orthogonal splitting T, M; = T,M> & T:- My, and for
any w € T, M, we denote 1w = Thw + Nyw, where Thw and N;w is the tangential and the normal component
of p1w, respectively. Then, M, is called a pointwise slant submanifold of (M, g, ¢1) if, for any X € I'(T'M;) and
a € My with X, # 0, ¢1 X, # 0 and the angle between ¢, X, and T, M> is not zero and does not depend on X,,
but only on a. Moreover, if the slant function 7 satisfies 7(a) # % for any a € My, then M, is called a proper
pointwise slant submanifold. If the angle between ¢, X, and T, M, does not depend on X, neither on a, then M,
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is called a slant submanifold of (M, g, ¢1) with the slant angle 7 (respectively, a proper slant submanifold if r # T,
and an anti-invariant submanifold if T = 7).

We shall further consider a pointwise slant submanifold of a Riemannian manifold (17, g) endowed with a
g-symmetric (1, 1)-tensor field ¢, # +1I satisfying ¢7 = ¢11 for ¢; a positive smooth function on M. In this case,
we have T? = ¢y cos? 7 - 1.

By a direct computation, we obtain

Lemma 1.1. If M, is a proper pointwise slant submanifold, with a slant function 1, of a Riemannian manifold (M, g)
endowed with a g-symmetric (1, 1)-tensor field p1 # +1 satisfying o = q11 with ¢, a positive smooth function on Mj,

then, for any positive smooth function g, on My, the structure pg := %colsr - T4 is g-symmetric, and it satisfies
©3 = qol.
In particular, for ¢; = g2 = 1, we have ¢3 = I, and we will say that ¢, := ﬁ - T4 is the naturally induced

almost product structure on Ms.

2. The transitivity property

We will prove that the property of being a pointwise slant submanifold is transitive on a class of proper
pointwise slant submanifolds of almost product Riemannian manifolds, and we generalize this result.

For i € N* and M;;; an immersed submanifold of an almost product Riemannian manifold (14, g, ¢;), we
have the orthogonal decomposition T, M; = T, M; 1 & T;- M; 1 for any a € M;;, where T+ M, stands for
the orthogonal complement of T, M, in T,M;, and for any w € T,M; 1, we denote p;w = T;w + N,w, where
Tyw and N;w is the tangential and the normal component of y;w, respectively.

Theorem 2.1. Let (M, g, 1) be an almost product Riemannian manifold. Let k > 2, and let M, be a pointwise slant
submanifold of the almost product Riemannian manifold (M;, g, ¢;), with the slant function 7;, i € {1,...,k}, such that

Ti(a) # %for any a € M;yq,i € {1,...,k — 1}, where ¢; := “Tio1,1€{2,...,k}. Then, My is a pointwise
slant submanifold of (M, g, ¢1), with the slant function

k
T1 = arccos (H cos Ti) .

=1

COST;—1

Proof. For any a € My and for any w € T, M1, we have gpw = Tpw + Nyw. Since M,4; is an immersed
submanifold of M; for any i € {1,...,k}, My is also an immersed submanifold of (M, g, 1), and we
denote 1w = Thw + Nyw with Thw € T, M1 and Nyw € T My, 1, where T;-t My, stands for the orthogonal
complement of T, M}y in T, M;. Then, we have

Tiw+ Nyw = prw =Tiw + Nqw
= cosT1(a) - paw + Nyw
cos 71 (a)(Tew + Now) + Nyw

k—1 k 1—1
= COSTi(a)-Tk’w—Fle—‘rZ(HCOSTJ‘((I)-NZ"LU>,
i=1 i=2  j=1
. k=1 2 k 2
cos? 71(a) - [w]* = | Tywl|® = (T cosmi(@)) |Tiw]* = ([ cosi(a)) fwll®.
i=1 i=1
hence the conclusion. O

Remark 2.1. We notice that the slant function increases, at each step. Also, this construction will stop when we
consider M, an anti-invariant submanifold of Mj, since we can not define in the same way the naturally
induced structure anymore. In this case (for 7, = %), M1 is an anti-invariant submanifold of (M, g, ¢1).

In particular, for k£ = 2, we obtain
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Corollary 2.1. Let M, be a proper pointwise slant submanifold of an almost product Riemannian manifold (M, g, ¢1),
with the slant function , let o := ﬁ T, and let Mg be a pointwise slant submanifold of the almost product
Riemannian manifold (Ms, g, p2), with the slant function 1. Then, Ms is a pointwise slant submanifold of (M, g, 1),

with the slant function 7, = arccos (cos T| COS 7'2).

Example 2.1. Excepting the (1, 1)-tensor field on the ambient manifold, we shall consider the same manifold,
the same metric, and the same immersed submanifolds like in [1] to illustrate this result in the almost product
Riemannian case.

Let M; be the eight-dimensional almost product Riemannian manifold R® with the Euclidean metric (-, )
and with the almost product structure ¢; defined by

@1(61-) - a%’ ‘pl(a(zi) - ai

for i € {1,...,4}, where we denoted by (x1,y1,...,74,y4) the canonical coordinates in R®, let M, be an
immersed submanifold of M;, defined by

Hl : R4 — Rg,
H1(U1,U27U3,U4) = (U1 + U2, U1 — U2, U3 + Ug, U3 — U4,U1,U2,U37U4>,

let M3 be an immersed submanifold of R*, defined by
Hy:R* = RY, Ho(ur,up) = (uhm + ug, up — U27U2>,

and let M; be the submanifold of M, defined by H; := H; o H, : R?> — RS:

Hi(ug,ug) := (2U1 + ug, —U2, U1, U — 2Ug, U1, U1 + U2, U] — ug,m).

Then M; is an immersed submanifold of M;, with the immersion given by H, : R? — RS,
Following similar computations like for the almost Hermitian case (see [1]), we obtain that M, is a slant

submanifold of (M, (-,-),¢1), with the slant angle 7; = arccos %, Mj is a slant submanifold of (Ma, (-, ), v2),
with the slant angle 7, = arccos %, and Mj; is a slant submanifold of (M, (-,-), 1), with the slant angle

T1 = arccos % ; they satisfy cos 7y = cos 7y cos To.
From Corollary 2.1, we conclude

Proposition 2.1. The property of a submanifold to be pointwise slant (with respect to the naturally induced almost
product structure) is transitive on the class of proper pointwise slant submanifolds of almost product Riemannian
manifolds.

Theorem 2.1 can be extended to manifolds endowed with more general (1, 1)-tensor fields than the almost
product ones, namely those which satisfy ¢? = ¢I with g a positive smooth function.

Theorem 2.2. Let (M7, g, 1) be a Riemannian manifold endowed with a g-symmetric (1, 1)-tensor field o1 # +1 which
satisfies o3 = q11 with q; a positive smooth function on M. Let k > 2, and let M, 1 be a pointwise slant submanifold of
(M;, g,9;), with the slant function 7;, i € {1,...,k}, such that 7;(a) # %for any a € M;yq1, 1€ {1,...,k — 1}, where
O = 4 /qiq_i1 ﬁ - T;_1 with ¢, a positive smooth function on M;, i € {2,...,k}. Then, My1 is a pointwise slant
submanifold of (M, g, v1), with the slant function

k
71 = arccos <H cos TZ').

i=1

Proof. In this case, p? = ¢;1,i € {1,...,k}. Using similar notations like in Theorem 2.1, we have

T? = qcos® ;- 1,i € {1,...,k}, Tf:qlcoszﬁ-l,
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and, for any w € T, M1, we get

le + le = 1w =Tiw+ Njw

=4/ Z;EZ; cosTi(a) - pow + Nqw
= [ 249 o (@) (Tow + Now) + N
= qg(a) 1 2W 2w 1w

k-1 k k—1
_ Jaa 1(a)
~\ ak(a) <HCOM( ))Tkw+N1w+;[ qx(a) <Z_1 cos 7i( ))Nzw}’
) k
0@ o0s* 1(a) - [l = [Tl = 28 ([T cosra)) 1Tl = () ([T eos (@) Tl
i=1 =1
hence the conclusion. O

Remark 2.2. We showed that the slant function 7; does not depend on the chosen structure ¢; on M; if we chose
it to be homothetically to T;_1, i € {2,...,k}.
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