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ABSTRACT

The derivation-commutator R - C — C - R of a semi-Riemannian manifold (M, g), dim M > 4, formed
by its Riemann-Christoffel curvature tensor R and the Weyl conformal curvature tensor C, under
some assumptions, can be expressed as a linear combination of (0, 6)-Tachibana tensors Q(A,T),
where A is a symmetric (0, 2)-tensor and 7" a generalized curvature tensor. These conditions form a
family of generalized Einstein metric conditions. In this survey paper we present recent results on
manifolds and submanifolds, and in particular hypersurfaces, satisfying such conditions.
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1. Introduction

Let (M, g) be a semi-Riemannian manifold. We denote by g, V, R, S, x and C, the metric tensor, the Levi-
Civita connection, the Riemann-Christoffel curvature tensor, the Ricci tensor, the scalar curvature and the
Weyl conformal curvature tensor of (M, g), respectively. Now we can define the (0, 2)-tensors S? and S?, the
(0,4)-tensors R- S, C-S and Q(A, B), and the (0,6)-tensors R- R, R-C, C- R, C-C and Q(A,T), where A
and B are symmetric (0,2)-tensors and T a generalized curvature tensor. Thus, in particular, we have the
derivation-commutator R-C — C-Ror C - R — R - C [68, Section 1]. Furthermore for A and B we define their
Kulkarni-Nomizu product A A B. For precise definitions of the symbols used, we refer to Section 2 of this
paper, as well as to [51, Section 1], [55, Section 1], [56, Chapter 6] and [68, Sections 1 and 2].

A semi-Riemannian manifold (M,g), dim M = n > 2, is said to be an Einstein manifold [3], or an Einstein
space, if at every point of M its Ricci tensor S is proportional to g, i.e.,

s="4 1.1)
n
on M, assuming that the scalar curvature « is constant when n = 2. According to [3, p. 432] this condition
is called the Einstein metric condition. Einstein manifolds form a natural subclass of several classes of semi-
Riemannian manifolds which are determined by curvature conditions imposed on their Ricci tensor [3, Table,
pp- 432-433]. These conditions are called generalized Einstein metric conditions [3, Chapter XVI].

Semi-Riemannian manifolds of dimension >4 and in particular, hypersurfaces in spaces of constant
curvature or Chen ideal submanifolds in Euclidean spaces, satisfying curvature conditions of the form
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(%) the derivation-commutator R - C — C - R and a finite sum of the Tachibana tensors of the form Q(A,T) are
linearly dependent,

where A=g, A=S,0r A=8%,andT=R,T=C,T=gNg, T=gANS, T=gANS2 , T=SAS,T=SAS? or
T = S? A 52, were studied in several papers, see, e.g., [2, 16,48, 49, 51, 54, 55, 59, 63, 68]. Conditions of this form
are also generalized Einstein metric conditions, see, e.g., [43, Section 6] or [68, Section 1]. We refer to [43] for a
survey of results on manifolds satisfying conditions of the form (x).

Precisely, in that paper results obtained to 2010 are presented. In the next years studies on manifolds and
submanifolds, and in particular hypersurfaces, satisfying such conditions are continued. As it was already
mentioned in Abstract, in this paper we present a survey of recent results on that subject.

On every semi-Riemannian Einstein manifold (M, g), dim M = n > 4, the following identity is satisfied [63,
Theorem 3.1] (see also [68, p. 107])

R-C-C-R=—"—Q(g,0).
n n

This, by (1.1) and ﬁ = 5 — £, turns into

K
n—1

C-R—R-C=Q(SC)— Q(g,0). (1.2)
We mention that there are non-Einstein and non-conformally flat semi-Riemannian manifolds satisfying (1.2).
Namely, every Roter space satisfies (1.2) (see Section 4).

Let (M, g) be a semi-Riemannian manifold of dimension n > 3. We define the subsets U/r and Us of M by
URZ{m€M|R—ﬁg/\g7éO at 2} and Us = {x € M| S — £ g # 0 at =}, respectively. If n > 4 then we
define the set U C M as the set of all points of (M, g) at which C # 0. We note that on any semi-Riemannian
manifold (M, g), dim M = n > 4, we have (see, e.g., [40])

Us UlUc = UR. (1.3)

In Section 3 we present a survey on semi-Riemannian manifolds satisfying curvature conditions known as
pseudosymmetry type curvature conditions. In particular, curvature conditions of the form (x) are conditions
of this kind.

An extension of the class of Einstein manifolds also form quasi-Einstein, 2-quasi-Einstein and partially
Einstein manifolds. These manifolds satisfy some pseudosymmetry type curvature conditions (see Section 4).

In Section 5 we consider warped product manifolds M x» N with a 2-dimensional semi-Riemannian
manifold (M,g), a warping function F and an (n — 2)-dimensional semi-Riemannian manifold (N,3),
n >4, assuming that (J\N/' ,g) is a space of constant curvature when n > 5. Such manifolds satisfy some
pseudosymmetry type curvature conditions (see Theorems 5.1 and 5.2). We mention that the warped product
manifolds M x » N, with a 2-dimensional Riemannian manifold (3, g) and an (n — 2)-dimensional unit sphere
S"=2, n > 4, where the warping function F is a solution of some second order quasilinear elliptic partial
differential equation in the plane are related to Chen ideal submanifolds (see Section 11 for details).

Section 6 contains results on semi-Riemannian manifolds (1, g) of dimension > 4 satisfying the following
generalized Einstein metric condition on s NUc C M

R-C—C-R=LQ(S,0), (1.4)

where L is some function on this set.
Let N*1(c), n > 4, be a semi-Riemannian space of constant curvature with signature (s,n + 1 — s), where

c= and  is its scalar curvature. Let M be a connected hypersurface isometrically immersed in N"!(c).

n(nﬁ-i-l)
We denote by Uy C M the set of all points at which the tensor H 2 is not a linear combination of the metric
tensor g and the second fundamental tensor H of M. We can verify that Uy C Us NUc C M (see, e.g., [82, p.

137]). We note that
H? = aH + Bg (1.5)

on (Us NUc) \ Ug, where « and 3 are some functions defined on this set.
As it was stated in [47, Corollary 4.1], for a hypersurface M in N*!(c), n > 4, if at every point of Uy C M
one of the tensors R-C, C-Ror R-C — C - R is a linear combination of the tensor R - R and a finite sum of
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the Tachibana tensors of the form Q(A,T), where A is a symmetric (0, 2)-tensor and 7" a generalized curvature
tensor, then the following equation is satisfied on Uy

H? =tr(H)H? +H + pg, (1.6)
where v and p are some functions on U/y. We also mention that if the condition
R-C—-C-R=Q(9,7T),

where T is a generalized curvature tensor, holds on the set Uy of a hypersurface M in N*1(c), n > 4, then the
tensor 7 is a linear combination of the tensors: R, g A g, g A S, S A S and g A S? [54, Theorem 5.2 (iii)].

In Section 7 we present results on 2-quasi-umbilical hypersurfaces in N?*1(c), n > 4, contained in [53]. In
particular (see Theorem 7.3), we present curvature properties of a minimal 2-quasi-umbilical hypersurface M
in an Euclidean space Ertl n >4, having exactly three distinct principal curvatures A;, A, and A3 satisfying at
every pointof M: Ay =0, A2 = —(n—2)Aand A3 = Ay = ... = A\, = X\ # 0, where ) is a non-zero function on M.
It is easy to check that tr(H) = 0 and

H3 = ¢H? + vH (1.7)

on Uy C M, where ¢ = —(n —3)\ and ¢ = (n — 2)\2. Because tr(H) # ¢ at every point of Uy, (1.6) is not
satisfied on Uy. Now, in view of the presented above result (i.e., [47, Corollary 4.1]), we conclude that the
derivation-commutator R - C' — C - R of the considered hypersurface M cannot be expressed on U/ as a linear
combination of certain Tachibana tensors of the form Q(A,T), where A is a symmetric (0, 2)-tensor and T a
generalized curvature tensor. The tensor R - C — C - R of that hypersurface we can express, for instance, by
(7.7). In this section we also present results on type number two hypersurfaces in N **(c), n > 3.

Results on hypersurfaces in N*1(c), n > 4, satisfying some special generalized Einstein metric conditions
of the form (x) are given in Sections 8, 9 and 10. In Section 8 we present results on hypersurfaces M in a semi-
Riemannian space of constant curvature N"*!(c), n > 4, satisfying (1.6) on Uy C M, for some functions ¢ and
p on Uy. Among other things it was stated that some generalized Einstein metric condition of the form () is
satisfied on Uy (see Theorem 8.3). Sections 9 and 10 contain results on quasi-Einstein and non-quasi-Einstein
hypersurfaces in semi-Riemannian spaces of constant curvature NN, ntlie),n >4, satisfying on Us NUc C M the
conditions: (1.4) and

where L, L; and Ly are some functions defined on this set.

In Section 11 we present results on non-Einstein and non-conformally flat Chen ideal submanifolds satisfying
some generalized Einstein metric conditions of the form (x). For instance, Theorems 11.5, 11.6 and 11.7 (see
Theorems 5, 6 and 7 of [68]) contain results on Chen ideal submanifolds M in E"*™, n > 4, m > 1, satisfying
the following conditions of the form (x): (1.8),

respectively, where L3, L4, Ls and L¢ are some functions defined on M.

2. Preliminaries.

Throughout this paper, all manifolds are assumed to be connected paracompact manifolds of class C*°. Let
(M,g), dim M = n > 3, be a semi-Riemannian manifold, and let V be its Levi-Civita connection and X(M) the
Lie algebra of vector fields on M. We define on M the endomorphisms X A4 Y and R(X,Y) of X(M) by

(XAaY)Z =AY, 2)X - A(X,2)Y, R(X,Y)Z=VxVyZ-VyVxZ—-VxyZ,

respectively, where X,Y,Z € X(M) and A is a symmetric (0, 2)-tensor on M. The Ricci tensor S, the Ricci
operator S and the scalar curvature « of (1, g) are defined by

S(X,Y)=tr{Z - R(Z X)Y}, g(SX,Y)=58(X,Y), k=trS,
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respectively. The endomorphism C(X,Y) is defined by

1

XA, SY +8X A Y — XA, Y)Z
g g n—1 g

Now the Riemann-Christoffel curvature tensor R and the Weyl conformal curvature tensor C of (M, g) are
defined by

R(X1, X2, X3, X4) = g(R(X1, X2) X3, Xy), C(X1, X2, X3,Xy) = g(C(X1, X2) X3, Xy),

respectively, where X1, Xs,... € X(M). For a symmetric (0, 2)-tensor A we denote by A the endomorphism
related to Aby g(AX,Y) = A(X,Y), X,Y € X(M). The (0, 2)-tensors A?, p = 2,3, ..., are defined by A?(X,Y) =
APYHAX,Y), X,Y € X(M), assuming that A' = A. In this way, for A =S and A = S we get the tensors S?,
p=2,3,..., assuming that S' = S.

Let B be a tensor field sending any X,Y € X(M) to a skew-symmetric endomorphism B(X,Y’), and let B be
the (0, 4)-tensor associated with B by

B(X1, X2, X3, X4) = g(B(X1, X2) X3, X4), 2.1)

where X1, X5, X3, X4 € X(M). The tensor B is said to be a generalized curvature tensor if the following two
conditions are fulfilled:

B(X1, X2, X3, X4) = B(X3, X4, X1, X2),

B(X1, Xo, X3, X4) + B(X2, X3, X1, X4) + B(X3, X1, X2, X4) =0,
where X1, Xy, X3, X4 € X(M). For B as above, let B be again defined by (2.1). We extend the endomorphism
B(X,Y), X,Y € X(M), to aderivation B(X,Y)- of the algebra of tensor fields on M, assuming that it commutes

with contractions and B(X,Y) - f = 0 for any smooth function f on M. Now for a (0, k)-tensor field T, k > 1,
we can define the (0, k + 2)-tensor B - T by

(B-T)(X1,..., X X,Y) = (B(X,Y) -T)(X1,...,Xz)
= —TBX,Y)X1,Xo,..., Xp) == T(X1, ..., Xp_1, B(X,Y)X}),

where XY, X,..., X}, € X(M). If Aisasymmetric (0, 2)-tensor then we define the (0, k 4 2)-tensor Q(A4, T') by

QAT (X1, ..., Xk, X,Y)=(XANa Y -T)(X1,...,Xk)
= —T((X ANa Y)Xl,Xg, e ,Xk) — = T(Xl,...,Xk_l, (X VAW Y)Xk)
In this manner we obtain the (0,6)-tensors B - B and Q(A, B). Substituting in the above formulas B =R or
B=C,T=RorT=CorT=5 A=gor A=S we get the tensors R-R, R-C,C-R,C-C,R-S, Q(g9,R),

Q(S,R), Q(g,C), Q(S,C), Q(g,g A S), Q(g, S A S) and Q(g, 5), Qg, S?), Q(S, S5?).
For a symmetric (0, 2)-tensor E and a (0, k)-tensor T', k > 2, we define their Kulkarni-Nomizu tensor E AT
by (see, e.g., [40, Section 2])

(ENT) (X1, X2, X3, X45Y3,...,Yy) = E(Xy, Xa)T(X2, X3,Y3,..., Vi) + E(Xo, X3)T(X1, X4, Y3,..., Vi)
CE(X1, X3)T(Xo, Xa, Va, ., Yi) — E(Xa, XO)T(X1, X3, Ys, ..., V).

It is obvious that the following tensors are generalized curvature tensors: R, C and E A F, where E and F are
symmetric (0, 2)-tensors. We have

C:Rfﬁg/\Serg/\g (2.2)
and (see, e.g., [40, Lemma 2.2(i)])
(a) QUE,EAF) = —%Q(F, EAE), () EAQ(E,F) = —%Q(F, EAE). 2.3)
By an application of (2.3)(a) we obtain on M the identities
Qlo.91S)=—5Q(S,979), QS.915)=—3Q(5.5A5). 24
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Further, by making use of (2.2) and (2.4), we get immediately

Q0.C) = Qo.R)— 500001 5) + i sQlg.0 A1)
= QU R) - Q591 S)

QS.C) = QLR = 5 Q(S.9N8) + gr—gt s QS 1)
= QSR+ 505 QSAS) — g Qo g A 5),

Let E1, E5 and F be symmetric (0, 2)-tensors. We have (see, e.g., [16, Lemma 2.1(i)] and references therein)
E1 AQ(Es, F) + Ey AQ(E1, F) + Q(F, Ey A Es) = 0. (2.5)
From (2.5) we get easily (see also [40, Lemma 2.2(iii)] and references therein)
QF,ENE)) +Q(E,E1 ANF)+ Q(E,,FAE) =0.

We denote by gi;, 97, Rhijks Sijs Chijier (R - S)hkim, Q9 S)nkim, Q(9, R)nijrims QS R)hijkim, (R - C)nijkim and
(C - R)hijkim, the local components of the tensors g, g LR, S,C,R-5,Q(g,95),Q(gR),Q(S,R),R-Cand C - R,
respectively. On every semi-Riemannian manifold (M, g), n > 4, the following identity is satisfied (see, e.g., [43,
Section 2])

K
-1

(n—2)(R-C—C’-R):Q(S,R)—n Q(g;R)—gAN(R-S)+ P, (2.6)

where the (0, 6)-tensor P is defined by

P(X1,X2, X5, X0;X,Y) = g(X,X1)R(SY, Xo, X3, X4) — g(Y, X1)R(SX, X2, X3, X4)
+9(X, X2)R(X1,8Y, X3, X4) — g(Y, Xo) R(X1, S X, X3, X4)
+9(X, X3)R(X1, X5, 8Y, Xy) — g(V, X35)R(X1, X2,8X, X4)
+9(X, Xa) R(X1, X2, X3,8Y) — g(Y, Xa) R(X1, X2, X3,5X),

where X1, X5, X3, X4, X,Y € X(M). The local expression of (2.6) reads
K
(n—2)(R-C—C - Rpijim = QS R)nijkim — m@(gaR)hijklm
+9n1Amijk — GhmAlijk — i Amnjk + GimAinjk

+91Amihi — GimAikhi — Ikt Amihi + GemAljhi
—9i; (R - S)hkim — gnk(R - S)ijim + Git(R - S)njim + gnj (R - S)ikim.,

where A,k = "% Spmr Rsijr and

(R-Snkim = 9" (ShrRskim + SkrRshim),

Q(9, hkim = GniSkm + 9rk1Shm — Ihm Skt — GrmShi,
Q(gy R)hijkhn = gthmijk + githmjk + glehinLk + gkthij'm - ghleijk - gi’mRhljk - gj'mRhilk - gkahijh
Q(S, R)nijkim = SmiBRmijk + SiuRumjk + SjiRhimk + SkiRnijm — ShmRiijk — SimRuijk — SjmRhitk — SkmRhijis
(R-Qnijkim = 97 (CrijkRshim + ChrjkRsitm + Chirk Rsjim + ChijrRskim),
(C . R)hijklm = grs (Rrijkcshlm + thjkcsilm + Rhirk,csjlm + Rhijrcsklm)-

Let A be a symmetric (0, 2)-tensor on a semi-Riemannian manifold (M, g), dim M =n > 3. Let A;; be the
local components of the tensor A. Further, let A2 and A3 be the (0,2)-tensors with the local components
AF; = Aipg™ Ay and A3 = A7 g™ A, respectively. We have

T

trg(A) = tr(A) = g™ Ays, try(A%) = tr(A?) = g™ A2

rSs)

try (A%) = tr(A%) = g7 A3,.

We denote by U/4 the set of points of M at which A # # g.
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Proposition 2.1. Let A be a symmetric (0, 2)-tensor on a semi-Riemannian manifold (M, g), dim M = n > 3, such that
rankA = 2 on Uy C M. Then on this set we have [36, Lemma 2.1; egs. (2.6) and (2.10)]

tr(A?) — (tr(A))?

A3 = tr(A)A? ¢ A 2.7)

2
ANA? = #A/\A. (2.8)
Moreover, the following identity is satisfied on U,
Q(A2, %A nd) = —QA, Ana?) =~ T g4 an a0 2.9)

Proposition 2.2. Let A be a symmetric (0, 2)-tensor on a semi-Riemannian manifold (M, g), dim M =n > 4.
(i) ([44, Lemma 2.1], see also [42, Proposition 2.1 (i)]) If the following condition is satisfied on Ua C M

rank(4A — ag) =1
then

tr(A))? — tr(A?)
2(n—1)

gAA2+nT_2A/\A—tr(A)g/\A+( gAg=0 (2.10)

and

on Ua, where o is some function on Ua.
(ii) [42, Proposition 2.1 (ii)] If (2.10) is satisfied on Us C M then

AQ—MgaO(A—tr(A)g)

n n

(-5 (4 052

on Uy, where p is some function on Us.

and

Let (M, g) be a semi-Riemannian manifold of dimension dim M = n > 3. We set

k? — tr(S?)

-2
E = 2, -4 _
gnS°+ 5 SANS—kgNS+ 2(n—1)

gAg. (2.11)
It is easy to check that the tensor F is a generalized curvature tensor. In the same way, we define the (0, 4)-tensor
E(A) corresponding to a symmetric (0, 2)-tensor A [42, eq. (1.7])

tr(A))? — tr(A?)
2(n—1)

—2
E(A):g/\A2+nTA/\A—tr(A)g/\A+( gAg. (2.12)
Let T' be a generalized curvature tensor on a semi-Riemannian manifold (1, g), dim M = n > 4. We denote by
Ric(T), k(T') and Weyl(T') the Ricci tensor, the scalar curvature and the Weyl tensor of the tensor T', respectively.
We refer to [40, Section 2], [41, Section 3] or [48, Section 3] for definitions of the considered tensors. In particular,
we have

1
Weyl(T) =T — ——g ARic(T) +

n—2 o )g/\g.

2(n—2)(n—1

Let A be a symmetric (0, 2)-tensor on a semi-Riemannian manifold (M, g), dim M = n > 3. Let E(A) be the
tensor defined by (2.12). It is easy to check that Ric(E(A)) is a zero tensor. Therefore, we also have x(E(A)) = 0.
Any generalized curvature tensor T defined on a 3-dimensional semi-Riemannian manifold (1, g) is expressed
by T = g ARic(T) — (,(T)/4)g A g (see [42, Section 2, p. 383] and references therein). Thus we see that the
tensor "= E(A) on any 3-dimensional semi-Riemannian manifold (M, g) is a zero tensor. In particular, on
any 3-dimensional semi-Riemannian manifold (), g) we have £ = 0.
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Proposition 2.3. [42, Proposition 2.2] Let T be a generalized curvature tensor on a semi-Riemannian manifold (M, g),
dim M = n > 4. If the following condition is satisfied at a point x € M

T:a1R+%SAS+agg/\S+a49/\SQ+%g/\g

then

aQE

Weyl(T) = a1 C + —

at this point, where the tensor E is defined by (2.11) and a1, ..., a5 € R.

According to [36], a generalized curvature tensor 7' on a semi-Riemannian manifold (M, g), dim M =n > 4,
is called a Roter type tensor if

T = %Ric(T) ARic(T) + ug A Rice(T) + gg Ag (2.13)
on Ugie(ry N Uweyi(T), where ¢, 1 and 7 are some functions on this set. Manifolds admitting Roter type tensors

were investigated (e.g.) in [93]. We have

Proposition 2.4. Let T be a generalized curvature tensor on a semi-Riemannian manifold (M,g), dimM =n >4,
satisfying (2.13) on Ugic(ry NUweyicry C M. Then the following relations hold on this set
(i) [48, Proposition 3.2]

(Ric(T))? = aqRic(T) + azg, a1 =k(T)+ ¢ ((n—2)u—1), ay

= ¢~ (us(T) + (n — 1)),
(@) T-T=LrQ(g,T), Lr=0¢""((n—2)(n*—on) —p),

(b) T -Weyl(T) = LrQ(g, Wey(T)),

(¢) T-T=QRic(T),T)+ (Lr + ¢ 1)Q(g, Weyl(T)),

1 k(T
Weyl(T) - T = Lwey)Q(9,T), Lweyyr) = L1+ ( () oq), (2.14)

n—2\n—-1
Weyl(T) ' Weyl(T) = LWeyl(T)Q(g7 Weyl(T))7 (215)

Weyl(T)-T = Q(Ric(T), Weyl(T)) + <LT - :(_TD Qlg, Weyl(T)).

We also have
(mn—Dp—-1  k(T)
(n—2)¢ + n—1
p((n—Dp—1) = (n—1)¢n , .
T Q(Ric(T), g A g),

T - Weyl(T) — Weyl(T) - T = ( ) Qg,T)

1 .
+mQ(RIC(T)> T) +

and, equivalently,

T -Weyl(T) — Weyl(T) - T = (d)l <u -

(ii) [93, Sections 1 and 4]

#otg (1= 200) @l Rt
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Moreover, if Ly = ( 1), resp., k(T') = 0, then we have

Q(RIC(T)7 Weyl(T)) = Lchl(T) Q(ga T),
and
T - Weyl(T) — Weyl(T') - T = —Q(Ric(T), Weyl(T)),

respectively. Moreover, if Lyyeyi(1) = 0 at a point of Uric(ry N Uwey (1) then at this point we have

ot (iQ - u) (T - Weyl(T) — Weyl(T) -T) = (n — 2) <¢1u (u - niQ) - n> Q(Ric(T), Weyl(T)).

For further results on generalizing curvature tensors satisfying some conditions we refer to [41, Section 3].

Let Abe a symmetric (0, 2)-tensor and 7" a (0, k)-tensor, k = 2,3, .. .. The tensor Q(A, T') is called the Tachibana
tensor of A and T, or the Tachibana tensor for short (see, e.g., [54]). Using the tensors g, R and S we can define
the following (0, 6)-Tachibana tensors: Q(S, R), Q(g, R), Q(g9,9 A S) and Q(S, g A S). We can check, by making
use of (2.3)(a) and (2.4), that other (0, 6)-Tachibana tensors constructed from g, R and S may be expressed by
the four Tachibana tensors mentioned above or vanish identically on M.

According to [51, eq. (1.13), Theorem 3.4 (i)] the following identity is satisfied on any semi-Riemannian
manifold (M, g) of dimension n > 4

B _ 1 2 K
C-R+R-C=R-R+C-C 7(71_2)2@(9,%5 —n_lgAs). (2.16)
From (2.16), by a suitable contraction, we get (cf. [53, Lemma 2.3], [61, p. 217])
_ 1 2 K
C-S—R-S——n72Q(g,S fils).

Let (M,g) and (N,3), dimM =p, dimN =n —p, 1 < p <n, be semi-Riemannian manifolds covered by
systems of charts {U;z*} and {V;y“}, respectlvely Let F be a positive smooth function on M. It is well
known that the warped product M x g N of (M,g) and (N, 3) is the product manifold M x N with the metric
g =g %X g defined by (see, e.g., [106, 109])

gxpg=mig+ (Fom)msg,

where 7 : M x N — M and 7 : M x N — N are the natural projections on M and N, respectively. Let
{Ux Viat, ... o 2Pt =yl .. 2™ = y" P} be a product chart for M x N. The local components g;; of the
metric g =g xp g with respect to this chart are the following ¢;; =g, if i =a and j=b, g;; = Fgap if i = &
and j = p, and g;; =0 otherwise, where a,b,c,d, f € {1,...,p}, a, 8,7, 0 € {p+1,...,n} and h,i,j.k,r,s €
{1,2,...,n}. We will denote by bars (resp., by tildes) tensors formed from g (resp., g). The local components

1 18
FZ = ig} (3,'ng + 8jgis - 35913')7 8]' =~ 9.7

of the Levi-Civita connection V of M x p N are the following (see, e.g., [106]):

a T a l—ab ~ et 1 o
be — Fbm FB'W Faﬁ = _59 FbgOzBa Faﬁ = ﬁFa(sﬁa
OF 0

e, =19 =0, Fo=0,F=—-—, 0,=—7—.

ob = tab =0 dz° dz°
The local components
0
Rpijr = gth‘;jk = ghs(akl“” o', + F” R A ) O, = Dk

of the Riemann-Christoffel curvature tensor R and the local components S;; of the Ricci tensor S of the warped
product M x N which may not vanish identically are the following:

— 1, - ~ 1 ~ ~ ~ ~
Rapeqd = Rabcda Raabﬁ = _5 ab9ap Roz,B'yé = FRaﬁfyé - ZAlF(gaégﬁv - ga'ygﬁts)v

“pn1 .
nop Taba Saﬁ = Saﬁ -

n—p—1
2 F

_ 1
Sab = Sap — f(tr(T) + 5F

A1F)Gas,
B) 1F)Gap
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where

_ 1 1
Ty = VoFy — —F, Fy, tr(T) = g%°Ty, = AF — —AF,
b=V Ya b, tr(T) = g"Tap o

AF = AgF =gV ,F,, AF = A F =g"F,F,
and T is the (0, 2)-tensor with the local components T,;,. We can express the scalar curvature x of M xz N by

1. n—p
— (

n—p—1 1 n—p
F F

AF) =4~ PP AR+ PP TSy,

F=ht AF F F AF

tr(T) +

3. Pseudosymmetry type curvature conditions

It is well-known that if a semi-Riemannian manifold (M, g), dimM =n > 3, is locally symmetric then
VR =0on M (see, e.g., [107, Chapter 1.5]). This implies the following integrability condition R(X,Y)- R =0,
X, Y € X(M), in short

R-R=0. (3.1)

Semi-Riemannian manifolds satisfying (3.1) are called semisymmetric [119] (see also [5, Chapter 8.5.3], [9,
Chapter 20.7], [107, Chapter 1.6], [120, 121, 126]).

Semisymmetric manifolds form a subclass of the class of pseudosymmetric manifolds. A semi-Riemannian
manifold (M, g), dim M =n > 3, is said to be pseudosymmetric if the tensors R - R and Q(g, R) are linearly
dependent at every point of M (see, e.g., [5, Chapter 8.5.3], [9, Chapter 20.7], [11, Section 15.1], [56, Chapter 6],
[107, Chapter 12.4], [35, 40, 43, 56, 72, 86, 87, 116, 123, 125, 126, 127] and references therein). This is equivalent
to

R-R=LiQ(g,R) (32)

on Ur C M, where Lp is some function on Ur. Every semisymmetric manifold is pseudosymmetric. The
converse statement is not true (see, e.g., [72]). A non-semisymmetric pseudosymmetric manifold is called
properly pseudosymmetric. A pseudosymmetric manifold (M, g), dim M = n > 3, is called a pseudosymmetric
manifold of constant type if the function Ly is constant on Uy [101] (see also [88, 90, 102, 103, 104, 105]).

A semi-Riemannian manifold (M, g), dim M = n > 3, is called Ricci-pseudosymmetric if the tensors R - S and
Q(g, S) are linearly dependent at every point of M (see, e.g., [5, Chapter 8.5.3], [11, Section 15.1], [43]). This is
equivalent on Us C M to

R-S=LsQ(g,>S), (3.3)

where Lg is some function on Us. Every warped product manifold M x N with a 1-dimensional (M,7)
manifold and an (n — 1)-dimensional Einstein semi-Riemannian manifold (N, §),n > 3,and a warping function
F, is a Ricci-pseudosymmetric manifold, see, e.g., [16, Section 1] and [51, Example 4.1]. According to [84],
a Ricci-pseudosymmetric manifold (M,g), dim M =n > 3, is called a Ricci-pseudosymmetric manifold of
constant type if the function Lg is constant on Us.

We mention that pseudosymmetric and Ricci-pseudosymmetric manifolds also are called Deszcz symmetric
and Deszcz Ricci-symmetric spaces, respectively (see, e.g., [11]).

A semi-Riemannian manifold (M, g), dim M = n > 4, is said to be Weyl-pseudosymmetric if the tensors R - C
and Q(g, C) are linearly dependent at every point of M [40, 43]. This is equivalent on U~ C M to

where L, is some function on Uc. We can easily check that on every Einstein manifold (M, g), dim M > 4, (3.4)
turns into R- R = L1Q(g, R).

For a presentation of results on the problem of the equivalence of pseudosymmetry, Ricci-pseudosymmetry
and Weyl-pseudosymmetry we refer to [43, Section 4]. Inclusions between mentioned above semi-Riemannian
manifolds (MM, g), i.e., pseudosymmetric, Ricci-pseudosymmetric and Weyl-pseudosymmetric manifolds, can
be presented in the following diagram [43, Section 4]
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R-S=LsQ(g,9) R-R=LrQ(g,R) R-C = LcQ(g,0)
U U U
R-S=0 R-R=0 R-C=0
U U U
vsS=0 VR=0 VC =0
U U U
S:gg R:ﬁg/\g C=0

All inclusions in the above presentation are strict, provided that dim M =n > 4.

A semi-Riemannian manifold (M, g), dim M = n > 4, is said to be a manifold with pseudosymmetric Weyl
tensor (to have a pseudosymmetric conformal Weyl tensor) if the tensors C - C and Q(g,C) are linearly
dependent at every point of M (see, e.g., [11, Section 15.1], [40, 43, 51]). This is equivalent on U C M to

C-C= LCQ(g’ C)a (35)

where L¢ is some function on Uc. Every warped product manifold M x N, with dim M = dim N =2,
satisfies (3.5) (see, e.g., [40, 43, 51] and references therein). Thus in particular, the Schwarzschild spacetime,
the Kottler spacetime and the Reissner-Nordstrom spacetime satisfy (3.5). Semi-Riemannian manifolds with
pseudosymmetric Weyl tensor were investigated among other things in [40, 60, 73, 77].

We can show that C' - R = LQ(g, R) implies C - C' = LQ(g, C) (see [108, Proposition 2.1]). Let (M, g), dim M =
n > 4, be a semi-Riemannian manifold satisfying C' - R = LQ(g, R) on Uc C M. From this we get easily C' - S =
LQ(g,S) on Ue. Further, we have

1 K
c.-c = C- <Rn_29/\5+2(n_2)(n_1)g/\g>

1

2(n—2)(n—1)

L
= LQ(g,R) - mQ(g,gAS) =LQ <g,R— ni29AS>

C-(979) = IQUs, B) ~ — 59 7 Qs,5)

2

1 K
= LQ (973—“9/\54‘2@2)(711)9/\9) = LQ(yg,C).

We also have the following diagram

U U V]
C-5=0 D C-R=0 - cC-C=0
U U U

K K
Szf = — =
ng D |R 2(n—1)ng/\g C C=0

All inclusions in the above presentation are strict, provided that dim M = n > 4.
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Warped product manifolds M xp N , of dimension > 4, satisfying on Uc C M xp N , the condition

where L is some function on U¢, were studied among others in [21]. In that paper necessary and sufficient
conditions for M x N to be a manifold satisfying (3.6) are given. Moreover, in that paper it was proved that
any 4-dimensional warped product manifold M xp N , with a 1-dimensional base (M, g), satisfies (3.6) [21,
Theorem 4.1].

We refer to [16, 40, 43, 48, 51, 56, 60, 116] for details on semi-Riemannian manifolds satisfying (3.2) and
(3.3)-(3.6), as well as other conditions of this kind, named pseudosymmetry type curvature conditions. We
also refer to [60, Section 3] for a recent survey on manifolds satisfying such curvature conditions. It seems
that the condition (3.2) is the most important condition of that family of curvature conditions (see, e.g.,
[51]). The Schwarzschild spacetime, the Kottler spacetime, the Reissner-Nordstrom spacetime, as well as the
Friedmann-Lemaitre-Robertson-Walker spacetimes are the “oldest” examples of pseudosymmetric warped
product manifolds (see, e.g., [51, 56, 72, 116]).

4. Quasi-Einstein, 2-quasi-Einstein and partially Einstein manifolds

A semi-Riemannian manifold (14, g), dim M = n > 3, is said to be a quasi-Einstein manifold if
rank(S — ag) =1 (4.1)

on Ug C M, where « is some function on Usg. It is known that every non-Einstein warped product manifold
M xp N with a 1-dimensional (M,3) base manifold and a 2-dimensional manifold (N,§) or an (n — 1)-
dimensional Einstein manifold (]\7 ,g) and a warping function F', n > 4, is a quasi-Einstein manifold (see, e.g.,
[16, 51]). A Riemannian manifold (M, g), dim M = n > 3, whose Ricci tensor has an eigenvalue of multiplicity
n—1 is a quasi-Einstein manifold (cf. [37, Introduction]). Evidently, the converse statement is also true.
We mention that quasi-Einstein manifolds arose during the study of exact solutions of the Einstein field
equations and the investigation on quasi-umbilical hypersurfaces of conformally flat spaces (see, e.g., [43, 51]
and references therein). Quasi-Einstein hypersurfaces in semi-Riemannian spaces of constant curvature were
studied among others in [45, 58, 64, 84] (see also [43] and references therein). Quasi-Einstein manifolds
satisfying some pseudosymmetry type curvature conditions were investigated recently in [2, 16, 40, 48, 60]. We
mention that an example of a non-semisymmetric (R - R # 0) Ricci-semisymmetric (R - S = 0) quasi-Einstein
hypersurface M in an Euclidean space E"*!, n > 5, was constructed in [1].
A semi-Riemannian manifold (1, g), dim M = n > 3, is called a 2-quasi-Einstein manifold if

rank(S —ag) <2 (4.2)

onUs C M and rank(S — ag) = 2 on some open non-empty subset of /5, where « is some function on Us (see,
e.g., [53]). _

Every non-Einstein and non-quasi-Einstein warped product manifold M xr N with a 2-dimensional base
manifold (M,g) and a 2-dimensional manifold (N,§) or an (n — 2)-dimensional Einstein semi-Riemannian
manifold (J\~f .9), when n > 5, and a warping function F satisfies (4.2) (see, e.g., [51, Theorem 6.1]). Thus
some exact solutions of the Einstein field equations are non-conformally flat 2-quasi-Einstein manifolds. For
instance, the Reissner-Nordstrom spacetime, as well as the Reissner-Nordstrom-de Sitter type spacetimes are
such manifolds (see, e.g., [93]). It seems that the Reissner-Nordstrom spacetime is the "oldest" example of a
non-conformally flat 2-quasi-Einstein warped product manifold. It is easy to see that every 2-quasi-umbilical
hypersurface in a semi-Riemannian space of constant curvature is a 2-quasi-Einstein manifold (see, e.g., [53]).

We mention that Einstein warped product manifolds M xp N ,withdim M = 1,2, were studied in [3, Chapter
9.]] (see also [3, Chapter 3.F]).

The semi-Riemannian manifold (A, g), dim M = n > 3, will be called a partially Einstein manifold, or a
partially Einstein space (cf. [10, Foreword], [124, p. 20]), if at every point z € Us C M its Ricci operator S
satisfies §? = \S + uld,, or equivalently,

S% = \S + pug, (4.3)
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where A, 1 € R and Id,, is the identity transformation of T, M. Thus every quasi-Einstein manifold is a partially
Einstein manifold. The converse statement is not true. Contracting (4.3) we get tr(S?) = A« + npu. This together
with (4.3) yields (cf. [41, Section 5])
2
SQ—Mg:)\<S—Eg>. (4.4)
n n

In particular, a Riemannian manifold (1, g), dim M = n > 3, is a partially Einstein space if at every point = €
Us C M its Ricci operator S has exactly two distinct eigenvalues (principal Ricci curvatures) p1 = p2 = ... = p,

and pp41 = ppt2 = ... = p, with multiplicities p and n — p, respectively, where 1 <p <n — 1. Now (4.3) and
(4.4) yield

tr(S2
5% = (p1 + Pp+1)S — p1pp+19 and 5% — ¥

K
9= (p1+ pp+1) (S - E!J) ) (4.5)
respectively. Evidently, if p =1, or p = n — 1, then (M, g) is a quasi-Einstein manifold.
Remark 4.1. (i) Let (M,g), n=dim M > 3, be a semi-Riemannian manifold. In addition, let (M,g) be a
conformally flat manifold when n > 4. Thus the set Yo C M is empty. Now, by (1.3), the subsets s and Ur
of M satisfy Us = Ug. In view of [22, Lemma 1.2] (see also [66, Lemma 2.1]) we can state that on i/ any of the
following three conditions is equivalent to each other: R - R = pQ(g, R), R - S = pQ(g,S) and

52—“(32)9:( r +(n—2)p> (S—gg). (4.6)

n n—1

where p is some function on Us.

(ii) Let (M, g), n = dim M > 3, be a Riemannian manifold with vanishing Weyl conformal curvature tensor C
such that its Ricci operator S has at every point of M exactly two Ricci principal curvatures p; and p,,; with
multiplicities p and n — p, respectively, where 1 < p < n. Using (4.5) and (4.6) we can easily check that (M, g) is
a pseudosymmetric manifold satisfying (3.2) with

1
Lr=p= m((n—l)(p1+pp+1)—~)- (4.7)
Evidently, if p = 1 then (4.7) turns into
1
Lr=p= p1-
n—1

(iii) As an immediate consequence of the above presented results we obtain (cf. [126, Foreword, p. xviii]):
Riemannian spaces of dimensions > 3 with wanishing Weyl conformal curvature tensor are Deszcz symmetric
(i.e., pseudosymmetric) if and only if they are Einstein or partially Einstein.
(iv) (cf. [84, Proposition 2.1]) Let (M, g), dim M = n > 3, be a semi-Riemannian manifold. We note that (4.1)
holds at a point z € Us C M if and only if (S — ag) A (S —ag) =0 atz, ie,

1 a?

iSAS—ag/\S—F?g/\g:O. (4.8)

From (4.8), by a suitable contraction, we get immediately
S% = (k- (n—2)a)S + a((n — 1)a — k)g. 4.9)

Evidently, (4.9) is a special case of (4.3).
(v) Let p1, p2 and ps be principal Ricci curvatures of a 3-dimensional Riemannian manifold (M, g). Moreover,
let the condition

p1 = p2 # p3 (4.10)
be satisfied at every point of the setUs = Ur C M. Thus

R-R="2Q(s,R)

onUg. Evidently, if p3 = 0 onUg, then (M, g) is semisymmetric.

(vi) 3-dimensional Riemannian manifolds satisfying (4.10) were studied, among others things, in the
following papers: [97, 99, 100, 101, 102, 103, 104]. We mention that an explicit classification of 3-dimensional
semisymmetric Riemannian manifolds is given in [98].
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Example 4.1. The warped product manifold M x N with a 1-dimensional manifold (3,g), §,; = +1, and
an (n — 1)-dimensional semi-Riemannian Einstein manifold (N, g), n > 5, assumed that it is not of constant
curvature, and a warping function F, satisfies on Us NUc C M x N [16, Theorem 4.1]

rank(S —ag) =1, R-S=LsQ(g,9),

(n=2)(R-C—-C-R)=Q(S,R)— LsQ(g,R), a= -

Furthermore, using

Q(g,R) = Q(g,C) — Q(S, 9N g),

1
2(n—2)

QS.R) = Q(5.0) + g (o= E7) QUS.a Aa)

we obtain [51, Example 4.1]
(n—2)(R-C—-C-R)=Q(S,C)— LsQ(g,0C).

Example 4.2. Let M be an open connected non-empty subset of R®> endowed with the metric g of the form
[94, 95, 96]

ds® = g;jda'da? = dz® + dy* + du® + dv? + p? (zdu — ydv + dz)*, p = const. # 0.
The manifold (27, g) is a non-conformally flat manifold satisfying the following conditions [116]:

VxSY,Z)+VyS(Z,X)+Vz5(X,Y)=0,
2

K 3K - o 2 K K7
S_2g 277®777 n_(ovoa Ps wp,yp), K=p, S - 2S+ 297
K li2 K

S R=26R—gnS+ghg, C:S=0, R S$=-2Q(g,9),

R-R=-"Q(g.R). R-C=-"Q,0),

4
€ R=-5Q(5,0)~ 5Q(4,0), C-C=C R,

R-CH 0 R=—2Q(5,0) - Q(4,0)
and the condition of the form ()
1 K
R-C—-C-R= gQ(S,C’) + EQ(g,C).
The (0, 4)-tensor S - R is defined by
(S -R)(X,)Y,W,Z)=R(SX, YW, Z)+ R(X,SY,W,Z)+ R(X,Y,SW,Z) + R(X,Y,W,82),
where X, Y, W, Z € X(M).
An important subclass of the class of partially Einstein manifolds, of dimension > 4, form some non-

conformally flat and non-quasi-Einstein manifolds called Roter spaces. A semi-Riemannian manifold (1, g),
dim M = n > 4, satisfying on Us NUc C M the following equation

R:§5A5+ugAS+ggAg, 4.11)

where ¢, 1 and 7 are some functions on this set, is called a Roter type manifold, or a Roter manifold, or a Roter
space (see, e.g., [11, Section 15.5], [36, 51, 53, 56]). Equation (4.11) is called a Roter equation (see, e.g., [44, Section
1]). Roter spaces and in particular Roter hypersurfaces in semi-Riemannian spaces of constant curvature were
studied in: [18, 36, 40, 48, 57, 58, 65, 69, 70, 80, 83, 92, 93]. We only mention that every Roter space (M, g),
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dim M =n > 4, satisfies on Ug NUc C M among other things the following conditions: (1.2), (3.2) and (3.3)-
(3.6) (see, e.g., [43, 51] and references therein). We also refer to [42, Section 4] for a more detailed presentation
of results on Roter spaces.

Let (M,g), n > 4, be a non-partially-Einstein and non-conformally flat semi-Riemannian manifold. If its
Riemann-Christoffel curvature R is at every point of Us NUc C M a linear combination of the Kulkarni-
Nomizu products formed by the tensors S = g and S' = S, 5%,..., 5771, 5P, where p is some natural number
> 2, then (MM, g) is called a generalized Roter type manifold, or a generalized Roter manifold, or a generalized
Roter type space, or a generalized Roter space. For instance, when p = 2, we have

R= %52/\52-1—(;515/\52+§S/\S+ulg/\52+ug/\5+ gg/\g, (4.12)
where ¢, ¢1, 92, p1, 1 and i are functions on Us N Uc. Because (M, g) is a non-partially Einstein manifold, at least
one of the functions 11, ¢1 and ¢, is a non-zero function. Equation (4.12) is called a Roter type equation (see,
e.g., [44, Section 1]). We refer to [44, 50, 51, 53, 60, 113, 115, 116, 117, 118] for results on manifolds (hypersurfaces)
satisfying (4.12).

If (M, g), dim M = n > 4, is a semi-Riemannian manifold satisfying (3.5) onUc C M,ie., C-C = LcQ(g,C),
then (2.16) yields

C-R+R-C=R-R+LQ(g,C) — Q(9.9NS* —kKgNS) (4.13)

b
(n—2)?
onUc. In addition, if (3.6) is satisfied on U, i.e.,, R- R — Q(S, R) = LQ(g, C), then (4.13) turns into [51, Theorem
3.4 (ii)-(iii)]

C-R+R-C=Q(S5,C)+(L+Lc)Q(g,C) — 2Q<g,g/\52+n;25/\5—/£g/\5>. (4.14)

b
(n—2)
Evidently, (4.14), by making use of (2.11) and the identity Q(g, g A g) = 0 takes the form
1
mQ(g ,E).

We also have (cf. [51, Theorem 3.4 (iv)-(v)]): if (M, g), dim M =n > 4, is a quasi-Einstein semi-Riemannian
manifold satisfying rank(S — ag) =1 (i.e., (4.1)), (3.5) and (3.6) then (4.14), by making use of (4.8) and (4.9),
yields

C-R+R-C=Q(50C)+ (L+Lc)Q(g,C) —

C-R+R-C=Q(S,C)+(L+Lc)QgC). (4.15)
Example 4.3. The Gédel metric [85] is defined on M = R* by

2zt

62 (dz*)? — (da®)? 4 (dx*)? + Qexldx2dx4> ) (4.16)

ds® = g;jdz'dx? = a® <—(da:1)2 +

where a is a non-zero constant and 2% € R, i, j € {1,2, 3,4}, For the metric (4.16) we have Us = Uc = M and

(VxS) (Y, Z) + (VyS)(Z,X) + (V2S)(X,Y) =0, S=rwdw k= $%=xS,

pox
where wisa 1-form and w = (w1, wa, w3, wy) = (0,a exp(z!), 0, a). Moreover, for the metric (4.16) we have [51, 60]:
R(SX,Y,Z, W)+ R(SZ,Y,W,X) + R(SW,Y,X,Z) =0, R-R=Q(S,R), C-C = %Q(g, o).
Now (4.15) turns into
C-R+R-C=Q(8.0) +£Q(9.C).

Theorem 4.1. (cf. [40, Proposition 3.2, Theorem 3.3, Theorem 4.4]) If (M, g), dim M = n > 4, is a semi-Riemannian
manifold satisfying on Us NUc C M conditions (3.5), (3.6) and

R-S=Q(g,D), 4.17)
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where D is a symmetric (0,2)-tensor, then R- R = LrQ(g, R) on this set, where Ly is some function on this set.
Moreover, at every point of Us N Uc we have

(i) rank(S — a19) = land oy = % (ﬁ - L+ Lc), or

(ii) rank(S — a19) > 2and oy = % (ﬁ - L+ Lc) and (4.11).

Corollary 4.1. [51, Corollary 3.6] If (M, g), dim M = n > 4, is a semi-Riemannian manifold satisfying on Us NUc C
M conditions (3.5), (3.6) and (4.17) then

C-R+R-C = Q(S,C)+ L2Q(g,C)
on Us NUc, where Ly is some function on this set.
Theorem 4.2. [51, Theorem 3.1] If (M, g), dim M = n > 4, is a pseudosymmetric Einstein semi-Riemannian manifold
satisfying R - R = LrQ(g, R) (i.e. (3.2)) on Ur C M, then on this set

K

R-R=Q(S,R) = (Lrn—=)Qls.0),
c-C = <LR—(n_ﬁl)n>Q(970)a

C-R+R-C = Q(S,C)+ (2LR - L) Q(g,0).
n—1
Theorem 4.3. [51, Theorem 4.1] Let M x » N be the warped product manifold with a 1-dimensional manifold ( (M.,39),
G, = +1, and a 3-dimensional semi-Riemannian manifold (N +9), and a warping functlon F.If (N,g) is not a space of
constant curvature then (3.6) and (4.13) hold on U € M x p N. Moreover, if (N, g) is a quasi- Eznstezn manifold then
(3.5) and (4.14) hold on Us NUc C M x g N.

The last theorem leads to the following results.

Theorem 4.4. [51, Theorem 4.3] Let M x N be the warped product manifold with a 1-dimensional manifold (M, g),
911 = £1, and an (n — 1)-dimensional quasi-Einstein semi-Riemannian manifold (N,§),n>4,anda warping function
F, and let (N,g) be a conformally flat manifold, when n > 5. Then conditions (3.5), (3.6) and (4.14) are satisfied on
Us NUc C M x F ]\7

Theorem 4.5. [51, Theorem 4.4] Let M x N be the product manifold wzth a 1-dimensional manifold (M,g), g,; = %1,
and an (n — 1)-dimensional quasi-Einstein semi- -Riemannian manifold (N,§), n > 4, satisfying rank (S — pg) = 1 on
Uz C M, where p is some function on Uz, and let (N,§) be a conformally flat manifold, when n > 5. Then on
Us NUc © M x N we have

k__p
n—1 2

-2
(n—=3)(n—2)pC = g/\S’2+nTS/\S—/@gAS+(n—2)p( >g/\g,

C-R+R-C = Q(S,0)+ —p>Q(g7C).

We present now the following results on Einstein and quasi-Einstein manifolds. Using (1.1) we can easily
check that equation

K? — tr(S?)

5 —1) ghg=20 (4.18)

-2
g/\SQ—i—nTS/\S—ffg/\S—l-

is satisfied on any Einstein manifold (M, g). Moreover, we also have

Theorem 4.6. [44, Lemma 2.1] If (M, g), n > 4, is a quasi-Einstein manifold satisfying (4.1) on Us NUc C M then
(4.18) holds on this set.

We finish this section with the following results.

Theorem 4.7. [44, Lemma 2.2] If (M, g), n > 4, is a Roter space satisfying (4.11) on Us N"Uc C M then

¢ g n—2 B k2 — tr(S?)
C’n_2<g/\S t— SNS /-ig/\5+72(n_1) gng

on this set.
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Remark 4.2. (i) In view of [35, Lemma 3.2 (ii)], we can state that the following identity is satisfied on every
semi-Riemannian manifold (M, g), n = dim M > 3, with vanishing Weyl conformal curvature tensor C

R-R—Q(S,R) = Q(g,g/\5’2+nT_25/\S—/<g/\S). (4.19)

1
(n—2)?
(ii) On every 3-dimensional semi-Riemannian manifold (A4, g) the identity R- R = Q(S, R) is satisfied [35,
Theorem 3.1]. Thus (4.19) reduces to

Q(g,gASM”T*?SAangAS) —0.

From this, by suitable contractions we easily get (4.18).
(iii) From (i) we easily deduce that on every semi-Riemannian conformally flat manifold (1, g), n = dim M > 4,
conditions: R - R = Q(S, R) and (4.18) are equivalent.

Remark 4.3. Warped product manifolds M x N, with a 1-dimensional base manifold (M, g), 7,; = 1, and an
(n — 1)-dimensional Einsteinian or non-Einsteinian fiber (IV,g), n > 4, satisfying the condition

R-C—C-R=LQ(S R),

were studied in [2].

5. Warped product manifolds with 2-dimensional base manifold

Let M x N be the warped product manifold with a 2-dimensional semi-Riemannian manifold (M, g) and
an (n — 2)-dimensional semi-Riemannian manifold (N, §), n > 4, and a warping function F, and let (N,j) bea
space of constant curvature when n > 5.

Let Syi, and Chiji, be the local components of the Ricci tensor S and the Weyl conformal curvature tensor C

of M x N, respectively. We have

3 n—2
Sad = §gab - WT(LIH Saﬂ = T19a8> Saa = 07 (51)
E tr(T) AlF —ab
- _ —(n—3 AF = Ai-F =g F,F, 5.2
1 (n—2)F oF (n )4F2’ 1 1g g b ( )

< 1 —ab
Tab - va‘Fb - ﬁFanu tI‘(T) =g Tab7

where T is the (0, 2)-tensor with the local components T;,;. We also have [51, egs. (5.10)-(5.14)]

n—3
Cabcd = %(gadgbc - gachd)a (53)
(n—3)m
_ 4
Cabcﬁ (n — 2)(TL — 1)gbcgaﬂv (5 )
Caprys = L(gaégﬁ — Gav985) (5.5)
K (n—2)(n—1) v v ’
CabC(S = CabaB = CaaB'y = 07 (56)
where
R K 1 A F —ab=
L (A AF =7g* F.
P 2+(n3)(n2)F+2F< F ) 9" Valy

If we set [51, egs. (5.13)]

P= 2(:—_13)“ - 2(:—_13) <g s 3)51— F % <AF_ Af)) 5.7)
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then (5.3)-(5.6) turn into [51, egs. (5.14)]

Cabcd = g(gadgbc - gacgbd>7 Cabcﬁ = _ﬁgbcgaﬁa

p
Ca = (o) Yo T Ja ) CaC:Caa :Caa =0.
P8 = = 3)(n—2) (906987 — Gar9ps) bes baf By

Further, by making use of the formulas for the local components (C - C)ijkim and Q(g, C)pijkim of the tensors
C-CandQ(g,C),ie.

(C . C)hijklm = grs(crijkcshl’m + Chrjkcsihn + Chirk:Csjlm + Chijrcsklm)a
Q(9, O)nijkim = niCmiji + 9itChmjk + 951Chimk + 9riChijm — 9hmClijk — JimChijk — 9jmChitk — Jkm Chijts
we obtain [51, egs. (7.7)-(7.8)]

(n—1)p?
(C-C)aabeds = *mgaﬂ(gabgcd — GacGbd)s
_ (n=1)p?
(C - Caapyas = X —22(n = 3)gad(ga5957 Gav985),
_(n=1p
Q(97 C)aabcdﬁ = 2(n — 2) gap (gabgcd gacgbd)a
(n—1)p

Q(9: Caapyas = —mgad(gaagﬁw — 9ar9ps)-

Theorem 5.1. [51, Theorem 7.1 (i)] Let M x p N be the warped product manifold with a 2-dimensional semi-Riemannian
manifold (M,g) and an (n — 2)-dimensional semi-Riemannian manifold (N, g), n > 4, and a warping function F, and
let (N, g) be a space of constant curvature, when n > 5.

(i) The following equation is satisfied on Uc C M x p N:
C-C=LcQ(y,0),

o n—3 R % 1 CAF
b= = = =) m =1 (2+(n—3)(n—2)F+2F <AF F >> 8
where the function p is defined by (5.7). _
(ii) Equation (3.6) is satisfied on Uc C M x N, where the functions T and L are defined by (5.2) and

n—2 [_ tr(T) n—3 9 9
L=— tr(T%) — (tr(T .
e (R (4 ) + e (T - (1)), 59)
T and T? are the (0, 2)-tensors with the local components
= 1
T = VaFy — == FuFy, T2 = ToeGTay, tv(T) = §%Top, tr(T?) = g*T3,

2F
(iii) The following equation is satisfied on Uc C M x p N

C~R+R-C:Q(S,C)+(LC+L)Q(g,C’)—ﬁ@ (g,g/\S’2—|—n225/\S—/~@g/\S>,

where L¢ and L are functions defined by (5.8) and (5.9).
We have (see, eq. (5.1))
K n—2

Sad = 5 9ab — oF

D) Tabu Saﬂ = T19a8> Saa = 07

where 7, is defined by (5.2).

We define now on s C M x g N the (0,2)-tensor A by A =S — 71g. We can check that rank(A) = 2 at a point
of Us if and only if tr(A4%) — (tr(A))? # 0 at this point [51, Section 6]. At all points of Us, at which rank(4) = 2,
we set

Ty = (tr(A?) — (tr(A4))*) "% (5.10)
Let V be the set of all points of U/s N U at which: rank(A) = 2 and S, is not proportional to g,q.
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Theorem 5.2. [51, Theorem 7.1 (ii)] Let M xp N be the warped product manifold with a 2-dimensional semi-
Riemannian manifold (M,q) and an (n — 2)-dimensional semi-Riemannian manifold (N,q), n > 4, and a warping
function F, and let (N, g) be a space of constant curvature when n > 5. Then on the set V' C Us N Uc (defined above) we
have:

(n—1)pr>

RS TCR)

g m—2 _ k2 — tr(S?)
<g/\S +72 SAS /@gASJriQ(n_l) gng ),

P n—3
2n—2)  m=2)(n=1)pm

where p, 71 and T are defined by (5.7), (5.2) and (5.10), respectively.

R-C+C-R=Q(5,C)+(L— )Q(g,C),

Theorem 5.3. [51, Theorem 6.2] Let M x p N be the warped product manifold with a 2-dimensional semi-Riemannian
manifold (M,g) and an (n — 2)-dimensional semi-Riemannian manifold (N, g), n > 4, and a warping function F, and
let (N, g) be an Einstein space, when n > 5. On the set V. C Us N Uc we have

R-S=(¢1 — 212+ 1163)Q(g, S) + (d2 — T103) Q(g, S%) + ¢3Q(S, 5?),

21 —R 1 12k —F—2(n—-1)n)
¢1_2(n—2)’ P2 = ¢3 =

n—2’

)

n—2
where 71 is defined by (5.2).
Theorems 4.5 and 4.6 imply

Theorem 5.4. [44, Proposition 2.3] If (M, g), n > 4, is a semi-Riemannian manifold satisfying (4.1) or (4.11) at every
point of Us NUc C M then the following equation is satisfied on this set

k2 — tr(S?)

_ 9 N —2 _
TC=gAS —|—72 SANS—kgNS+ 3 —1)

gng, (5.11)

where T is some function on Us NUc.
Theorem 5.4, [51, Theorem 7.1 (ii)] and [65, Theorem 4.1] imply

Theorem 5.5. [44, Theorem 2.4] Let M x p N be the warped product manifold with a 2-dimensional semi-Riemannian
manifold (M, g), an (n — 2)-dimensional semi-Riemannian manifold (N, g), n > 4, a warping function F, and let (N, )
be a space of constant curvature when n > 5. Then (5.11) holds on Us NUc C M x5 N.

Remark 5.1. Let M x N be the warped product manifold with a 2-dimensional semi-Riemannian manifold
(M,3) and an (n — 2)-dimensional semi-Riemannian manifold (N,§), n > 4, and a warping function F, and let
(N,j) bea space of constant curvature when n > 5.

(i) From [65, Theorem 4.1] it follows that at all points of the set Ugs N, at which S,q is proportional to guq
and rank(A) = 2, the Riemann-Christoffel curvature tensor R is a linear combination of the Kulkarni-Nomizu
products SA S, g A Sand g A g,i.e., (4.11) is satisfied. Thus, in view of [43, Theorem 6.7] (see also [51, Theorem
3.2]), wehave R - R = LrQ(g, R) and in a consequence R - S = LrQ(g, S), for some function Lg.

(ii) On the set V' C Us NUc we also have [51, Section 7]

n—3 (n—1)pm
= 2)n - 1>m> Ao O+ Ty

gt @ (84 (= 1prim) S — (n— VpmmS” g A g)

gnQ(S,5%)

R-C = Q(S,C)+(L+

2(n—2)2 * \\2
CR = ~5s000.0) - T A Q088
—ﬁ@ ((2+ - 1prin) S = (0= 1)pmnsgng),
and in a consequence
R-C—C-R = Q(,C)+ <L+ o 27)1(723 o + 2<np_ 2)> Qg,C) + WQAQ(&S?)

+ 1 Q(<B+(n—1)p7’127'2)S—(n—l),07'17252,9/\9) )
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where p, 71 and m, are defined by (5.7), (5.2) and (5.10), respectively.
(iii) A short presentation on quasi-Einstein and 2-quasi-Einstein warped product manifolds satisfying
conditions of the form (x) is given in [46] (see also [39]).

6. Semi-Riemannian manifolds satisfying (1.4)

We can check that on any Einstein manifold (M, g), dim M = n > 4, the tensors Q(g, R), Q(S, R), Q(g,C) and
Q(S, C) satisfy

K K
Further, in [63, Theorem 3.1] it was stated that on every Einstein manifold (M, g), dim M = n > 4, the following
identity is satisfied

R~C’fC~R:mQ(g,R). (6.2)

The remarks above lead to the problem of investigation of curvature properties of non-Einstein and non-
conformally flat semi-Riemannian manifolds (A, g), dim M =n > 4, satisfying at every point of M the
curvature condition of the following form: the derivation-commutator R - C' — C - R is proportional to Q(g, R),
Q(S,R), Q(g,C) and Q(S, C). Such conditions are strongly related to some pseudosymmetry type curvature
conditions, see, e.g., [43] and references therein.

Semi-Riemannian manifolds (M, g), dim M = n > 4, satisfying at every point of M the following condition

thetensors R-C —C-R and Q(S,C) are linearly dependent, (6.3)

were investigated in [48]. It is obvious that (6.3) is satisfied at every point of M at which C vanishes. It is also
clear that (6.1) and (6.2) imply that

1

n—1

R-C-C-R=

Q(S,0)

holds on any Einstein manifold (M, g), dim M =n > 4. Therefore we will restrict our considerations to
manifolds (M, g), dim M = n > 4, satisfying (6.3) on the set Us NUc C M. Thus on Us NUc we have (1.4), i.e.,
R-C—-C-R=LQ(S,C), where L is some function on this set. We mention that if the tensor R-C —C - R
vanishes on Us N U then on this set [63, Theorem 4.1]:

R-C=C-R=0, (6.4)
Q(S,C) = 0.

On the other hand, if Q(S, C) vanishes on s N Uc then at every point z € Us NUc we have:

(i) if rank S = 1 at x then x = 0 and (6.4) hold at = [48, Section 3], or

(ii) if rank S > latz thenC- R=0and R-C = -“5Q(g,C) hold at = [48, Section 4].

Thus we see that in the case (ii), if a manifold satisfies (1.4) then its scalar curvature must vanish on Us N Uc.
The main result of [48, Section 3] states that pseudosymmetric manifolds satisfying some additional

curvature conditions are quasi-Einstein manifolds satisfying the conditions: C'- C' =0, C'- R = 0, and (1.4) with

L = —L-. Precisely we have

n—1°

Theorem 6.1. [48, Theorem 3.4] Let (M, g), dimM =n >4, be a semi-Riemannian manifold. If the following
conditions:

R-R = (nfl)nQ(g,R)
R-R—Q(S,R) = EZ_?;ZQ&C),
RO = —1Q(5.0)
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are satisfied on Us NUc C M, then on this set we have:

c-¢c = 0,

rank(S — Eg) = 1,
n

C-R = 0,

(n—=1)(R-C—-C-R) = Q(S,0).
Theorem 6.2. [48, Proposition 3.9] Let T be a generalized curvature tensor on a semi-Riemannian manifold (M, g),

dimM =n > 4.
(i) If the conditions

Q(Ric(T), T) = 0,
rankRic(T) = 1 (6.5)

are satisfied on Ugic(ry N Uweyi(T) C M, then on this set we have

#(T) = 0, (6.6)
T -Weyl(T) = Weyl(T)- T = Q(Ric(T),Weyl(T)) = 0.

(ii) If the conditions (6.5) and
Q(Ric(T), Weyl(T)) =0
are satisfied on Ugie(ry N Uweyi(ry C M, then on this set we have (6.6) and
T - Weyl(T) = Weyl(T') - T = 0.

In [48, Section 3] an example of warped product manifolds satisfying assumptions of [48, Theorem 3.4] is
also given.

Let (M, g), dim M = n > 4, be a semi-Riemannian manifold with parallel Weyl conformal curvature tensor,
i.e. VC =0 on M. It is obvious that the last condition implies R - C' = 0. Moreover, let the manifold (M, g) be
neither conformally flat nor locally symmetric. Such manifolds are called essentially conformally symmetric
manifolds, e.c.s. manifolds/metrics, or ECS manifolds/metrics, in short (see, e.g., [23, 24, 26, 30, 31]). E.c.s.
manifolds are semisymmetric manifolds (R - R = 0 [23, Theorem 9]) satisfying «x =0 and Q(S,C) =0 ([23,
Theorems 7 and 8]). In addition,

FC = %S AS (6.7)

holds on M, where F' is some function on M, called the fundamental function [24]. At every point of M we also
have rankS < 2 [24, Theorem 5]. We mention that the local structure of e.c.s. manifolds is already determined.
We refer to [25, 28] for results related to this subject. We also mention that certain e.c.s. metrics are realized on
compact manifolds [27, 29, 30, 31, 32, 33, 34].

Equation (6.7), by suitable contraction, leads immediately to 52 = kS, which by x =0, reduces to 52 =0.
Evidently, tr(S?) = 0. Now using (6.7) we get

1

s Mm—2 B k2 —tr(S?)
(g/\S —&—72 SNAS Iig/\5+72(n_1) gAhg ).

Thus we have

Theorem 6.3. [42, Theorem 6.1] Condition (5.11), with 7 = (n — 2)F, is satisfied on every essentially conformally
symmetric manifold (M, g).

We assume that F' = 0 at z € M. Now (6.7) implies rankS < 1 at . It is clear that if S vanishes then
R-C=C-R=Q(5,C)=0 (6.8)

holds at z. If rankS = 1 then in view of [48, Proposition 3.9(ii)] we also have (6.8) at «. Next, we assume that F is
non-zero at 2 € M. Thus rankS = 2 at 2. Now (6.7) turns into (2.13) with T = R, Ric(T) = S, ¢ = F~ !, p = 15
and 7 = 0. Therefore (2.14) and (2.15) reduce to C - R = 0 and C - C = 0, respectively. Consequently, (6.8) holds
at 2. Thus we have
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Theorem 6.4. [48, Theorem 4.1] Condition (6.8) is satisfied on every essentially conformally symmetric manifold (M, g).

Thus we see that e.c.s. manifolds satisfy (1.4). We also mention that the tensor C - C' of every e.c.s. manifold
is the zero tensor ([48, Remark 4.2(ii)]).

E.c.s. warped product manifolds were investigated in [91]. In that paper examples of such manifolds are
given [48, Remark 4.2(i)].

In [48, Section 5] Roter type manifolds satisfying (1.4) are investigated. In [48, Theorem 5.2] it was stated that
if (M, g), dim M = n > 4, is a Roter type manifold with vanishing scalar curvature x on &/ C M then (1.4), with
L = —1, holds on this set.

Theorem 6.5. [48, Theorem 5.2] Let (M, g), dim M = n > 4, be a a semi-Riemannian manifold satisfying (4.11) on
UsNUc C M. If k = 00onUs NUc then (1.4), with L = —1, holds on this set.

This result is also an immediate consequence of the fact that every Roter space (M, g) satisfies (1.2) on
Us NUc C M (see Section 4). However in the proof of the last theorem formula (1.2) was not applied.
We also have

Theorem 6.6. [48, Theorem 5.3] Let (M, g), dim M = n > 4, be a semi-Riemannian manifold satisfying (4.11) and (1.4)
onUs NUc C M, and let Uy C Us NUC be the set of all points at which the functions L and L¢, defined by (1.4), (2.14)
and (2.15) (for T' = R), respectively, are nowhere zero on this set. Then we have on U,: L = —1 and x = 0.

In [48, Example 5.4] it was shown that under some conditions the Cartesian product of two semi-Riemannian
spaces of constant curvature satisfies assumptions of Theorem 6.6 (i.e., [48, Theorem 5.3]).

7. 2-quasi-umbilical hypersurfaces

Let M, dim M > 4, be a hypersurface in an (n + 1)-dimensional Riemannian manifold N. According to
[13, 124] (see also [53]), the hypersurface M is said to be quasi-umbilical, resp., 2-quasi-umbilical, at a point
x € M if it has a principal curvature with multiplicity n — 1, resp., n — 2, i.e., when the principal curvatures of
M at z are the following A, Ao = A3 = ... = A, resp., A, Ao, As = Ay = ... = A,

Let M, dimM >4, be a hypersurface in an (n+ 1)-dimensional semi-Riemannian manifold N. The
hypersurface M is said to be quasi-umbilical (see, e.g., [71, 84]) resp., 2-quasi-umbilical (see, e.g., [74, 84])
ata point z € M if rank(H — ag) = 1, resp., rank(H — ag) = 2 holds at z, for some a € R.

We recall that a hypersurface M, dimM =n > 4, in a semi-Riemannian conformally flat manifold N is
quasi-umbilical at a point « € M if and only if its Weyl conformal curvature tensor C vanishes at this point
[71, Theorem 4.1]. In particular, M is non-quasi-umbilical at a point € M if and only if its Weyl conformal
curvature tensor C'is non-zero at x,i.e., x € Us € M.

Let N1 (c), n > 3, be a semi-Riemannian space of constant curvature ¢ = with signature (s,n + 1 — s),

I3
n(n+1)
where % is its scalar curvature. Let M be a connected hypersurface isometrically immersed in N7 *!(c). We have

(see, e.g., [47])

Ryiji = e(HpeHij — HpjHi) + >(ghk9ij — gnjgik), €= %I, (7.1)

K
nin+1
where gk, Riiji and Hyy, respectively, are the local components of the metric tensor g, the Riemann-Christoffel
curvature tensor 12 and the second fundamental tensor H of M, respectively. We mention that ¢ (given in the
last formula) is the definiteness sign of the normal lines to M. Contracting (7.1) with ¢ and g*", respectively,
we obtain

Spi, = e(tr(H)Hpy — H7) + mghm
= () — ) +

respectively, where tr(H) = g"* Hy, tr(H?) = ¢g"* H?, and Sy, are the local components of the Ricci tensor S of
M and & is the scalar curvature of M. It is known that (3.6) holds on M. Precisely,

(n—2)k

R R=QS. ) :_n(n+1)

Q(9,0) (7.2)
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on M [71, Lemma 2.1] (see also [19, Lemma 2.1 (ii)]). Evidently, if n = 3 then (7.2) turns into
R-R=Q(S,R). (7.3)

If the ambient space is a semi-Euclidean space E?*!, n > 3, then (7.2) also reduces to (7.3). As it was proved in
[20, Lemma 4.1], we also have the following identity on M in N*1(c), n > 3,

R-R— ﬁ@(g,R) - %Q(H{HAH). (7.4)
Further we have

Theorem 7.1. [51, Theorem 3.7] Let M be a hypersurface isometrically immersed in N1 (c), n > 4. Then

(n—2)r

C-R+R-C = Q(S,C)—n(n+l)

Q(g,C)+C-C

1

b 2, n—2 _
(n_2)2Q<g,g/\S—|— 5 SNAS mgAS)

holds on M. Moreover, if the condition C' - C' = LcQ(g, C) (i.e., (3.5)) is satisfied on Us NUc C M then on this set we
have

_ (n—2)k
C-R+R-C = Q(S,0)+ (Lc— n(n+1)>Q(g,0)
—WQ(g,gASM”fSAS—KgAS), (7.5)

and in addition, if M is a quasi-Einstein hypersurface satisfying the condition rank(S — ag) = 1 (i.e., (4.1)), on Us NUc
then on this set we have

B _ (n—2)&
C-R+R-C=Q(SC)+ <LC wn T 1) Q(g,0).
It is known that every 2-quasi-umbilical hypersurface in a semi-Riemannian space of constant curvature
NIt1(c), n > 4, satisfies (3.5) (see, e.g., [51, Theorem 3.8]). We have

Theorem 7.2. [51, Theorem 3.8] If M is a 2-quasi-umbilical hypersurface isometrically immersed in N (c), n > 4,
then (7.5) holds on Us NUc C M.

Theorem 7.3. [53, Proposition 4.2] Let M be a hypersurface in an Euclidean space B+, n > 4, having exactly three
distinct principal curvatures Xy, Ao and 3 satisfying at every point of M: \y =0, Ao = —(n —2)Aand A3 = \y = ... =
An = X # 0. Then M is a minimal, 2-quasi-umbilical and 2-quasi-Einstein hypersurface satisfying: (1.7), (7.3) and

rank <S - —(n “(m—1) g) =2,

S = —H?

K = —tr(H?*) = —(n—2)(n—1)\2

5% = —(¢*+)S+ ¢yH,

S = —(¢ +2¢)S% — ¢S5,

R - ﬁ (82 1 (6 +)S) A (% + (&% +1)S), (7.6)
R-S = ¢QUH,S) = "—1q(8.52),
2
€5 = 6QUES)+ - ag.5) - 50, 1)
K 1 9y n—1 9
= m@( 75)_mQ<gaS )+ Q(S,57),
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m=2)R-C = (n—=2)Q(S,R)—dg NQ(H,S),
(n=2)C-R = (n=3)Q(S,R)—oH AQ(g,5),
c-c = 0,
where ¢ = —(n — 3)X and ¢ = (n — 2)\2. Moreover, we have
(n=2)(R-C-C-R) = Q(S,R)+¢(HAQ(g,5) —gNQ(H,S)). (7.7)

We note that (7.6) is a particular form of the Roter type equation (4.12).

Biharmonic hypersurfaces with three distinct principal curvatures in an Euclidean 5-space E° were
investigated in [79]. The main result of [79, Theorem 3.2] states that every biharmonic hypersurface M with
three distinct principal curvatures in E® is minimal. The principal curvatures of M are the following: A\; = 0,
A2 = —2Xand A3 = Ay = X\ # 0, where )\ is some function on M. Curvature properties of such hypersurfaces are
expressed in the last theorem, provided that n = 4 (see also [53, Theorem 4.3]).

We refer to [110] for a survey of results on biharmonic hypersurfaces.

Let now M be a type number two hypersurface in N?*!(c), n > 3, i.e., let rank(H) = 2 at every point of M
(see, e.g., [14]). Using (2.7), (2.8), (2.9) and (7.4) we obtain on M (cf. [20, Theorem 4.2])

tr(H2) — (tx(H))?

H3 =tr(H)H* + 5 H, (7.8)
Q(H,H AN H?) =0, (7.9)
R-R=—""—_Q(g,R). (7.10)

nn+1)
Thus we have

Theorem 7.4. (cf. [20, Theorem 4.2]) Every type number two hypersurface M in N*T1(c), n > 3, is a pseudosymmetric
manifold of constant type satisfying (7.8), (7.9) and (7.10).

We mention that type number two hypersurfaces in 4-dimensional Riemannian space of constant curvature
were investigated in [88]. We also note that in [75, Section 5] it was stated that the Cartan hypersurface in a
4-dimensional sphere is a pseudosymmetric manifold of constant type. Evidently, (7.8) is a special form of the
equation

H3 =tr(H)H? + ¢ H, (7.11)
where ¢ is a function on M. We refer to Remark 8.7 (ii) of this paper for results on hypersurfaces in N *!(c),
n > 4, satisfying (7.11).

As an immediate consequence of Proposition 2.1 and [42, Remark 7.1 (iii)] we obtain the following

Theorem 7.5. If M, dim M = n > 4, is a type number two hypersurface isometrically immersed in a semi-Riemannian
conformally flat manifold N, dim N = n + 1, then C' - C = LcQ(g, C) (i.e., (3.5)) holds on Uz C M, where L¢ is some
function on this set.

Let M be a type number two hypersurface in N?*1(c), n > 4. Thus, in view of the last theorem, (3.5) holds on
Uc C M. Moreover, in view of Theorem 7.1, (7.5) is satisfied on Us NUc C M. In addition, we note that (7.10)
implies

K
= ——7 . 7.12
R-C= ot s(0.0) 7.12)

Now using Theorem 7.1, Theorem 7.5 and (7.12) we get easily the following result.
Theorem 7.6. Let M be a type number two hypersurface in N1 (c), n > 4. Then the following condition of the form
(%) is satisfied on Us N Uc

1 -2
where L, is some function on this set. Moreover, if M is a quasi-Einstein hypersurface satisfying the condition
rank(S — ag) =1 (i.e., (4.1)) on Us NUc then on this set we have

We refer to [58, Section 5] for further results on type number two hypersurfaces in N1 (c), n > 4, satisfying
curvatures conditions of pseudosymmetry type.
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8. Hypersurfaces satisfying (1.6)

Let M be a hypersurface isometrically immersed in N?*!(c), n > 4, satisfying on Uy C M a curvature
condition of the kind: the tensor R-C, C-Ror R-C — R-C is a linear combination of the tensor R - R and
of a finite sum of the Tachibana tensors of the form Q(A,T), where A is a symmetric (0, 2)-tensor and 7" a
generalized curvature tensor. As it was mentioned in Introduction, if such condition is satisfied on Uy then
(1.6) holds on this set. We present now the following results on hypersurfaces M in N*1(c), n > 4, satisfying
(1.6) on Uy C M.

Theorem 8.1. [112, Proposition 5.1, eq. (29)] If M is a hypersurface in a semi-Riemannian space of constant curvature
NI (c), n > 4, satisfying (1.6) on Uy C M, for some functions 1 and p on Uy, then on Uy we have

B (n—2)k Qg p
R-C = Q(57R)_WQ(%R)‘F?Q(S»Q/\Q)‘FQ(H_Q)Q(H»Q/\Q)7
C-R = "ZIQ(8,R) + Qo R)+ LS9 A )
(n=2)(R-C- R = Q. )+ § Qg ng) + (S B o) Q. 1)
(n=2)C-C = (1= HQUS.R) + (n~ D@l 1) + 7 2Q(S.g 1 9) + 51— QU9 N g)
R-S5 = mQ(gaS)JFPQ(QaH),
_ 1 K (n? —3n+3)&
o= m4<n_f“”‘nm+n)’ (8.2)
0y = =3k (8.3)

(n—2)n(n+1)"

Theorem 8.2. [55, Proposition 4.2] Let M be a hypersurface in a semi-Riemannian space of constant curvature N (c),
n > 4, satisfying (1.6) on Uy C M, for some functions ¢ and p on Uy.
(i) The following conditions are satisfied on Up:

Q(pH_a:iS_SQ)g/\g) = 07

pH = 52—1—0435—1—%9, A = ptr(H) — kaz — tr(S?), (8.4)

2 1 R Ko 2(n — 1)K
as = (n—2) (n—2(a1_a2)_2a2_n(n+1)>_n—l —Ew—m, (8.5)

where oy and ay are defined by (8.2) and (8.3), respectively. Moreover,

(2n — 3)K
Q(g,5%) + (51/1 - 71(714'1)) Q(g,5),

R-S%2 = Q(S,SQ)-l-plQ(gySQ)+PQQ(975)7

3 B 3n—1DEKY\ .2
S ( 2€w+7n(n+1) S% + p2S + pag,

R-S

hold on Uy, where the functions p1, pe and ps are defined by
B (n—2)k

n(n+1)
A (1R
= Ty n(n—+1)
<tr(53) + (251/) - M) tr(S?) — /@pg) .

nin+1)

pr = — Qg,

+ a3 | as,

p3 =

S|
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(i) If at a point x € Uy we have S? = B1S + Bag, for some B, B2 € R, then p =0, B1 = a3 and B2 = —(\/n) at this
point.

Theorems 8.1 and 8.2 (precisely, (8.1), (8.4) and (8.5)) lead to the following result.

Theorem 8.3. If M is a hypersurface in a semi-Riemannian space of constant curvature N*"*1(c), n > 4, satisfying (1.6)
on Uy C M, for some functions ¢ and p on Uy then

n-2r-c-ch) = Qs+ (G- o) Q)
+%Q(52,9A9) + <€;) - m> Q(S.gNg)

onlUpy.

Theorem 8.4. [55, Theorem 4.5] Let M be a hypersurface in a semi-Riemannian space of constant curvature N1 (c),
n > 4, satisfying (1.6) on Uy C M, for some functions v and p on Uy. If the tensor C - C and a generalized curvature
tensor T satisfy C' - C' = Q(g,T') on Uy, then on this set we have

K 2e K A n—3 5 n—2
T = — — - — —
<n1+n1 n+1>0+29/\g =22 1) (g/\S—i— 5 SNS /@g/\S),

where \ is some function on Uy.
Further, we also have the following results obtained in [55, Section 4].

Theorem 8.5. Let M be a hypersurface isometrically immersed in NI**1(c), n > 4, satisfying (1.6) on Uy C M.

(i) [55, Theorem 4.6] If on Uy the tensor Q(S, R) is equal to the Tachibana tensor Q(g,T), where T} is a generalized
curvature tensor, then any of the tensors: R- R, R-C,C - R, R-C — C - Rand C - C is equal to some Tachibana tensor
Q(g, T), where Ty is a linear combination of the tensors R, g A g, g\ S, g A S? and S A S.

(ii) [55, Proposition 4.7] The following conditions are satisfied on Ug:

c.c = "CPpooy (nil—i-e?/}—(Qn_g)E)Q(g,C),

n—2 n—2 n(n+1)
(n—2)C-R+R-C = (n—2)Q(S,C)+ <ni1+€¢—m> Q(g,C)

1 -2

Theorem 8.6. [55, Theorem 4.8] Let M be a hypersurface isometrically immersed in N (c), n > 4, such that (4.1) and
(7.11) are satisfied on Uy C M, where 1) is a function on this set. Then (1.2) holds on Uy if and only if the following two
conditions hold on this set

kK R
n—1 n+1

(a) and (b)) Q (S . %g, C) —0. (8.6)

For further results related to Theorem 8.5 (i) we refer to [42, Section 8].

Remark 8.1. (i) Let M be a hypersurface in N?*!(c), n > 4. As it was proved in [20, Proposition 3.1 (ii),
Proposition 3.2] the conditions (7.11) and

R
R-S5= m@(gwg) (8.7)

are equivalent on Uy C M. If (7.11) holds on Uy C M then on this set we have [38, Theorem 3.1)]

(n—1)k
n(n+1)

(n2)(R~CO~R)Q(S,R)+( nflez/;) Q(g, R). (8.8)

(ii) Let now M be a hypersurface in a Riemannian space of constant curvature N"*1(c), n > 4, such that at every
point of M there are principal curvatures 0,...,0,A,..., A, =\, ..., =\, with the same multiplicity of A and —),
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and A is a positive function on M. Thus we have on M: tr(H) = 0 and H 3=X2H,and,ina consequence, we also
have (8.7) and (8.8). We mention that the Cartan hypersurfaces, as well as generalized Cartan hypersurfaces
[7, Section 6] have at every point principal curvatures 0,...,0,A,..., A, =X,..., =\, with the same multiplicity
of A and —), and X is a positive function on M. Curvature properties of pseudosymmetry type of Cartan
hypersurfaces (see, e.g., [5, Chapter 3], [110, Chapter 7.5]) are given in [38, 75, 76]. Both classes of the considered
hypersurfaces are austere hypersurfaces [4].

9. Hypersurfaces satisfying (1.4)

In [43] a survey on some family of generalized Einstein metric conditions was given. Those curvature
conditions are strongly related to pseudosymmetry. In particular, [43, Section 6] contains results of non-Einstein
and non-conformally flat semi-Riemannian manifolds (3, g), of dimension n > 4, satisfying conditions of the
form: the tensor R-C — C - R is proportional to the Tachibana tensor: Q(g, R), Q(S,R), Q(g,C) or Q(S,C).
More precisely, those conditions are considered on Us NUc C M. Among other results in that section it was
shown that some hypersurfaces M isometrically immersed in a semi-Riemannian space of constant curvature
NI F1l(c), n > 4, satisfy (1.4) on Us NUc C M. We recall that an example of a hypersurface having mentioned
properties was constructed in [58, Section 5]. We also mention that semi-Riemannian manifolds satisfying (1.4)
were investigated in [48].

Let M be a hypersurface isometrically immersed in NV, ntlie), n >4, satisfying (1.4) on (Us NUc) \ Un. We
recall that (1.5) holds on (Us NUc) \ Uy, where « and 3 are some functions defined on this set.

According to [82, Proposition 3.3], the Riemann-Christoffel curvature tensor R of M is expressed on
(Us NUc) \ Ug by a linear combination of the Kulkarni-Nomizu products SA S, g A S and g A g formed by
the Ricci tensor S and the metric tensor g of M. Precisely, we have (4.11), i.e.,

gSASJr,ugASJrgg/\g,
where ¢, 1 and 7 are some functions on (Us NUc) \ Un (see [49, egs. (5.2)]). We also can express the tensors
C-C,Q(g,C)and Q(S, C) by some linear combinations of the Tachibana tensors formed by the tensors g and
H. In [49, Theorem 5.1] it was stated that if the scalar curvature x of a hypersurface M in N*!(c), n > 4,
vanishes on (Us NUc) \ Uy C M then

R=

R-C—C-R=-Q(S,0) (9.1)

on this set. From that theorem it follows immediately [49, Corollary 5.3] that if M is a hypersurface in a
Riemannian space of constant curvature N"*!(c), n > 4, having at every point exactly two distinct principal
curvatures, and if its scalar curvature x vanishes on (Us NUc) \ Uy C M then (9.1) holds on this set. In [49,
Examples 5.4, 5.5 and 5.7] examples of non-conformally flat and non-Einstein hypersurfaces, with x = 0, having
at every point exactly two distinct principal curvatures are presented.

As it was mentioned in Introduction, if at every point of Uy of a hypersurface M in N**(c), n > 4, one of the
tensors R-C,C - Ror R-C — C - Ris a linear combination of the tensor R - R and a finite sum of the Tachibana
tensors of the form Q(A,T'), where A is a symmetric (0, 2)-tensor and 7' a generalized curvature tensor, then
(1.6) holds on Uy [47, Corollary 4.1]. Thus in particular, if (1.4) is satisfied on Uy then (1.6) holds on this set.
Hypersurfaces in N"1(c), n > 4, satisfying (1.6), or in particular (1.6) with p = 0, i.e., (7.11), were studied in
several papers: [20, 38, 45, 47, 54, 58, 62, 64, 65, 70, 75, 81, 84, 111, 112, 113, 114, 115]. Section 6 of [49] contains
some results on hypersurfaces satisfying (1.6). In Section 7 of [49] hypersurfaces M in N(c), n > 4, satisfying
(1.4) on Uy C M were investigated. The main result of this section (see, [49, Theorem 7.3]) states that if M is
a hypersurface in N"*!(c), n > 4, satisfying on Uy C M the equalities: (7.11) and rank(S — ag) = 1, for some
function « on Uy, then on this set

K K
mnk(S—<n_1—n(n_|_1))g>—17 9.2)
[
(n=2)(R-C—-C-R)=Q(5,C) - m@(gvc)- (9-3)
In particular, if the ambient space is a semi-Euclidean space E? !, n > 4, then (9.2) and (9.3) turn into
K
rank (S e 19) = 1, (9.4)
(n=2)(R-C—C-R) = Q(S,0) (9.5)
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respectively.

Let M be a hypersurface in an Euclidean space Etln=2p+1,p>2, having at every point three principal
curvatures A\ = A # 0, Ay = —\ and A3 = 0, provided that the multiplicity of A\, as well as of A, is p. Clearly,
M is an austere hypersurface [89, p. 102]. Evidently, M = Uy and (7.11), (9.4) and (9.5) hold on M (see, [49,
Example 7.5(1)] for details). We recall that in [1] it was stated that M is a non-semisymmetric (R - R # 0) Ricci-
symmetric (R - S = 0) hypersurface. Further results on hypersurfaces M in N !(c), n > 4, satisfying (1.4) on
Ug C M, with L # —1, are given in [49, Proposition 7.1] and [49, Example 7.5(ii)-(iv)]. We also have

Theorem 9.1. [49, Theorem 7.4] If M is a hypersurface in N**1(c), n > 4, satisfying (1.4) with L = —1 on Uy then on
this set we have: k = 0 and

(n—1)(R.C—C.R):Q<g,<(”_1)E—aw>R+(M—gu))gw—

1
2(n —2)

_ 2
n(n+1) n(n+1) SAS g/\S),

where ¥ is the scalar curvature of N1 (c), k the scalar curvature of M and the function < is defined by (1.6).

In [49, Example 7.6] it was stated that some tubular hypersurfaces with vanishing scalar curvature satisfy
(1.4) with L = —1.

10. Hypersurfaces satisfying (1.8)

In Section 5 of [55] we consider hypersurfaces M in NI (c), n > 4, satisfying (1.8) on Uy C M.

We recall that a semi-Riemannian manifold (M, g), n > 3, is said to be a quasi-Einstein manifold (see Section
4) if (4.1) holds on Us C M, where « is some function on this set. Let M be a quasi-Einstein hypersurface in
Nt(c), n > 4, satysfying (1.8). We have

Theorem 10.1. [55, Theorem 5.1] If M be a hypersurface in a semi-Riemannian space of constant curvature N1 (c),
n > 4, satisfying (1.8) and (4.1) on Uy C M, for some functions o, L1 and Lo, then on this set we have (7.11) and

(n=2)(R-C=CB) = Q5,0)~;"=5Q0,C),
= n—1 n(n+1)
R-C-C-R = nle(g,C)—Q(s,C)JrB,

where 1 is some function on U, and the function o and the (0,6)-tensor B are defined by (4.1) and

B=Q (S_ nil <(nn_—2l)ﬁ * n(n;ir 1)>g70>7

respectively. Moreover, (1.2) is satisfied on Uy if and only if (8.6) holds on this set.

We consider non-quasi-Einstein hypersurfaces satisfying (1.8). Precisely, we consider (1.8) at all points of U/
at which the following condition is satisfied

rank(S — ag) > 1, forany a € R. (10.1)

We have

Theorem 10.2. [55, Theorem 5.2] Let M be a hypersurface in a semi-Riemannian space of constant curvature N (c),
n > 4, satisfying (1.8) on Uy C M. If at a point = € Uy (10.1) is satisfied then at this point we have (1.2) and

(n—l)Q(S,R)=Q(g, <€1/J+I€—£:(Ln_+1)1§>R+ <5w—m>g/\5+g/\52—;5/\5>.

Theorem 10.3. [55, Theorem 5.4] If at every point of a non-quasi-Einstein hypersurface M in a semi-Riemannian space
of constant curvature N1 (c), n > 4, the difference tensor R - C — C - R is a linear combination of the Tachibana tensors
Q(g,C) and Q(S, C), then (1.2) holds on M.
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11. Chen ideal submanifolds

Let M be a submanifold of dimension n in the Euclidean space E"*™, n > 2, m > 1. Let g be the Riemannian
metric induced on M from the standard metric on E"*™, V the corresponding Levi-Civita connection on M,
and R, S, 7 and C, the Riemann-Christoffel curvature tensor, the Ricci tensor, the scalar curvature and the Weyl
conformal curvature tensor of g, respectively. For the scalar curvature 7 of (M, g) we use the calibration

= > K pelp) Aes(p)

where K (p, ) denotes the Riemannian sectional curvature of (M, g) at the point p for a plane section 7 in the
tangent space 7}, M. For each point p in M, considering the number

(inf K) (p) := inf { K (p, m)|r is a plane section in T, M },
B.-Y. Chen (see [6, 9]) introduced the §(2)-curvature by
(6(2)) (p) = 6(p) := 7(p) — (inf K) (p).

This 6(2)-, for short, §-curvature of Chen thus is a well defined real function on M which clearly is a Riemannian
invariant of (M, g).

From [9] (see also [6, 8, 12]), we have the following basic result which, in particular, answered a question
raised by S.S. Chern [15] long before, concerning intrinsic obstructions on Riemannian manifolds in view of
minimal immersibility in Euclidean spaces.

Theorem 11.1. [6] (see also [68, Theorem 1]) For any submanifold M of dimension n in the Euclidean space E"+t™,
n>2m>1,
n’(n—2)
~ 2(n-1)
and in (11.1) equality holds at a point p € M if and only if, with respect to some suitable adapted orthonormal frame
{ei, &} around p on M in E™*™, the shape operators are given by

(11.1)

a 0 0 --- 0 Cp dﬁ 0 0

0O b 0 --- 0 dﬂ —Cp 0 0
A=[0 0 =z 0] g—f[0 0 0 0l g>1,

000 - z 0 0 0 0

where z = a+band inf K = ab— Y, (¢§ +d3) : M — R,

Evidently, if m = 1 then inf K = ab.

With respect to the above theorem, one has the following definition [6, 8, 52, 67, 122], also see [68, Definition
1]. Let M be a submanifold of dimension n in the Euclidean space E"*™, n > 2, m > 1. It is called a Chen
ideal submanifold if, at each of its points, the Chen’s basic inequality (11.1) in the Theorem 11.1 is actually an
equality.

Let M be a Chen ideal submanifold of dimension n in the Euclidean space E"*™, n > 4, m > 1. We use the
notations as in Theorem 11.1. The Riemann-Christoffel curvature tensor R satisfies:

R(e1,e9,e9,e1) =inf K = ab— Z (c% + d%) ;
B=2
=az for i>3; (11.2)

=bz for i>3;
2

R (e1,e4,€,€1)
R (e, ei, i, €2)
R(ei ej,ej,ei) =2 for 3<i<j<n.
The other values of R (e, e,, €., e;) are null. The Ricci tensor S satisfies:
S (e1,e1) =inf K 4 (n — 2)az;
S (e, e2) = inf K + (n — 2)bz;
S (e e;) = (n*2) for 3<i<mn;
) = for 1<u<wv<n.

(11.3)

S (eu, e
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The scalar curvature 7 is given by

7= S(ei,e;) =2inf K + (n — 1)(n — 2)2°, (11.4)

i=1

The Weyl conformal curvature tensor C' of M is determined by the following relations:

C (e1,e2,e2,€1) = w;
(n—3)inf K
ey N9 >
0(61,61,6“61) (’I’L— 1)( 2) fOI‘ = 3 e
(62761761762) (n — 1)(?’], — 2) or -~ 3
2inf K
C(ei,ej,ej,ei):(n_ir;m for 3<i<j<n.

From (11.5) it follows (cf. [52], [67, Theorem F]) that every Chen ideal submanifold M of dimension n in the
Euclidean space E"*™, n > 4, m > 1, has a pseudosymmetric Weyl conformal curvature C, i.e., it satisfies the
identity

(n—3)inf K
(n—1(n—2)

As it was mentioned in Section 8, at every point of a hypersurface M in a space form N"t!(c), n > 4, the
tensors R- R — Q(S, R) and Q(g,C) are linearly dependent. Precisely, (7.2) holds on M. Thus, in particular,
R-R— Q(S,R) = 0 on every Chen ideal hypersurface M in E**!, n > 4.

Now let us compute the difference R - R — Q(S, R) on the Chen ideal submanifold M of codimension m in
E"*t™, n >4, m > 1. With respect to the notations in Theorem 11.1 and from the equalities (11.2), (11.3) and
(11.5), we can prove the following

C-C=LcQ(g,C), Lo=- (11.6)

Theorem 11.2. [68, Theorem 2] The identity

ab —inf K

R-R=Q(S.R) = e (n = 2)2°Q(9.0)

holds on the subset Uc of every Chen ideal submanifold M of dimension n in the Euclidean space E"*™, n >4, m > 1.
In addition, at each point p € M where C vanishes (inf K = 0), the following equalities hold:

(R-R—Q(S,R)) (e1,e2,Z,Wier,e;) = (n— 3)abz? ((ex Ay e;) (Z), W),
(R-R—Q(S,R)) (er,ej, Z,W;er,e;) = —abz? ((ej Ng &) (2), W),
(R-R—Q(S,R)) (e1,e2,Z,W;iea,e;) = —(n — 3)abz” ((e1 Ay €;) (Z), W),
(R-R—Q(S,R)) (e2, 5, Z,W;iea,e;) = —abz” {(e; Ny e;) (Z), W),

and the other values of (R - R — Q(S, R)) (ey, €y, Z, W ey, e;) being null.

As it was proved in [51], every warped product manifold M x N of a 2-dimensional base manifold (3, g)

and an (n — 2)-dimensional fibre, which is a space of constant curvature (N,§), n > 4, with the warping
function F, satisfies

(n—3)p T AF  AF

C'C:—mQ(%C)a p=5t (11.7)

~
2 T =3 m—2)F " 2F  2F%’

where AF = ¢V, F,, A1 F = g°*F,F,, and 7, T are the scalar curvatures of the base and the fibre, respectively,
see to [51] for details. N

As we noted in Section 1, some warped product manifolds M xp N with a 2-dimensional Riemannian
manifold (M,g) and an (n — 2)-dimensional unit sphere S"~2, are related to Chen ideal submanifolds. Namely,
according to [17], every non-trivial and non-minimal Chen ideal submanifold M of dimension n in the
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Euclidean space E"*™, n >4, m > 1 is isometric to an open subset of a warped product M xS 2 of a 2-
dimensional base manifold (M,g) and an (n — 2)-dimensional unit sphere S"~2, where the warping function
F is a solution of some second order quasilinear elliptic partial differential equation in the plane. Thus we see
that (11.7) holds on M. Furthermore, from (11.6) and (11.7) it follows that inf K is expressed on M by

1  AF AF

FR =L e
in s T F T oF T o

Since the scalar curvature 7 of M is given by (11.4) and satisfies (see, e.g., [51])

pr =3 =2) (n-2AF  (n-2)(n—5AF
F 2 AF?2 )

we get

2 . n—4 AF  (n—6)AF
(n—2)2° = 5 Ia g
In [51], among other things, it was shown that the Hessian of the function f = VFis proportional to the metric
gon M.
We mention that Chen ideal submanifolds which are semisymmetric were classified in [78]. We have

Theorem 11.3. [78] (see also [68, Theorem 3]) A Chen ideal submanifold M of dimension n in the Euclidean space
E"*t™, n >3, m > 1, is semisymmetric if and only if M is minimal (in which case M is (n — 2)-ruled) or M is a round
hypercone in some totally geodesic subspace E"1 of En+m™,

Chen ideal pseudosymmetric submanifolds were classified in [52, 67]. We have

Theorem 11.4. [52, 67] (see also [68, Theorem 4]) A Chen ideal submanifold M of codimension m in E"t™ (n >3,
m > 1) is pseudosymmetric if and only if

(i) either M is semisymmetric (see Theorem 11.3),

(ii) or at every point p of M where R - R # 0, the 2D normal section X2 C E**™ of M™ at p in the direction of the tangent
plane © C T, M™ for which the sectional curvature function K (p, ) at p attains its minimal value (inf K) (p) is pseudo-

umbilical at p, or equivalently, if p is a spherical point of the projection f?, C 3 of this 2D normal section f?r on the

2
n
2
H*=,

space E3 spanned by 7 and the mean curvature vector H (p) of M™ in E"*™ at p (and in this case L = 1)
n—

where H is the mean curvature of M"™ in E"+™).

The above presented part of this section based on [68, Section 3]) and the remains part of this section on [68,
Section 5]. We present now results on Chen ideal submanifolds in Euclidean spaces whose difference tensor
R-C — C - R can be expressed in terms of some of the Tachibana tensors Q(g, R), Q(S, R), Q(g,C), Q(S,C),

Q9,91 S), Q(S,gNS).

Theorem 11.5. [68, Theorem 6] Let M be a non-conformally flat Chen ideal submanifold of dimension n in the Euclidean
space E"t™, n >4, m > 1. Then there exist two real valued functions Ly and Ly on M such that (1.8), i.e.,

if and only if there exists an orthonormal tangent frame field {e1,--- ,e,} and an orthonormal normal frame field
{&,- -+ ,&n )} such that the shape operators A, = A¢,, 1< o < m, are given by:

a 0 0 0 (o] d@ 0 0
0 ea 0 0 dg —cg 0 0

A = 0 0 (14+¢€a --- 0 , Aﬁ: 0 0 0 0 , B> 2,
0 0 0 - (1+6a 0 0 0 0

where ¢ = 1, a, cg , dg (for 2 < 8 < m) are real functions on M such that

m

Z Cﬂ+dﬁ —GCL —lan L1 L2:—

2inf K +2(n —1)(n — 2)(1 + €)a?
n—1
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In this case, M is a Roter space. In addition one has one of the following two cases:
(i) either e = —1 and M is a semisymmetric and minimal submanifold (see Theorem 11.3) such that

2 inf K
n—1

R-C-C-R= Q(g,C)—Q<S7C),

(ii) or € = +1 and M is a properly pseudosymmetric and non-minimal submanifold (see Theorem 11.4) such that

~2inf K +4(n — 1)(n — 2)a®
n—1

R-C—-C-R= Q(g,C) —Q(S,0).

Corollary 11.1. [68, Corollary 3] Let M be a Chen ideal submanifold of dimension n in the Euclidean space E"+™,
n >4, m > 1. Then the difference tensor R - C' — C' - R and the Tachibana tensor Q(g, C) are linearly dependent if and
only if M is conformally flat.

Corollary 11.2. [68, Corollary 4] Let M be a non-conformally flat Chen ideal submanifold of dimension n in the
Euclidean space E"*™, n > 4, m > 1. Then there exists a real valued function L on M such that

R-C—C-R=LQ(S,C),

if and only if M is not minimal, and there exists an orthonormal tangent frame field {e,,--- ,e,} and an orthonormal
normal frame field {&1, - - - , &y } such that the shape operators A, := Ae,, 1 < a <m, are given by

a 0 0 0 cg dg 0 --- 0
0 a O 0 dg —cg 0 --- 0

A =100 22 - 0] Ag = 00 0 - 0] g>2
00 0 -+ 2a o o0 0 --- 0

where a, ¢z , dg (for 2 < 3 < m) are real functions on M such that

SO (3 +d2) = (202 — 60 +5)a® > 0
B=2

and L = —1. In this case, M™ is properly pseudosymmetric (see Theorem 11.4).

Theorem 11.6. [68, Theorem 5] Let M be a non-conformally flat Chen ideal submanifold of codimension m in the
Euclidean space E"*™, n. > 4, m > 1. Then there exist two real valued functions Lz and Ly on M such that (1.9) is
satisfied on M if and only if there exists an orthonormal tangent frame field {ei,--- ,e,} and an orthonormal normal
frame field {&1, - - -, & } such that the shape operators A, = A, 1< a < mare given by:

a 0 0 0 Cp dﬁ o --- 0
0 ea 0 0 d/g —CB o --- 0

A, =0 0 (146 0 L Ag=]0 0 0 o 0] 5o
0 0 0 (1+€)a 0 0 0 --- 0

where e = %1, a, cg , dg (for 2 < § < m) are real functions on M such that

Z(C%+d%)=6@2—ian, 2inf K — (1+€)a®> #0, inf K # (n—2)(1 + €)a®
B=2
and
I ~ (n—=3)inf K — (n—2)(1+ ¢€)a? 2 inf K
8 (n—1)(n—2) 2inf K — (1+ €)a?’
1 inf K
1 > Ly — =0.
(1+€)a ( 4 (n—2)21an—(1+e)a2> 0
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In this case, M is a Roter space. In addition one has one of the following two cases:

(i) either e = —1 and M is a semisymmetric and minimal submanifold (see Theorem 11.3) such that
B _ (n—=3)infK

(ii) or € = +1 and M is a properly pseudosymmetric and non minimal submanifold (see Theorem 11.4) such that

(n—3)inf K —2(n —2)a®> infK 1 inf K

R-C-C k= (n—1)(n-2) ime—azQ(g’RH_2(n_2)me_a2

Q(S,R).

Corollary 11.3. [68, Corollary 1] Let M be a non-conformally flat Chen ideal submanifold of dimension n in the
Euclidean space E" ™™, n > 4, m > 1. Then there exists a real valued function L on M such that

R-C—C -R=LQ(g,R)

if and only if M is minimal and there exists an orthonormal tangent frame field {e:, - - - , e, } and an orthonormal normal
frame field {&1,- - - , &} such that the shape operators A, :== Ae,, 1 < a < m, are given by:

a 0 0 0 Cp dﬂ 0 0
0 —a O 0 dg —cg 0 0
A, =|0 0 0 0, a,=|0 0 o0 0| 5>9
0o 0 0 --- 0 0 0 O 0
where a, ¢z , dg (for 2 < 8 < m) are real functions on M such that

m .

9 0 2 . (n—3)inf K

d2) = —a? —infK, L= 202

P

In this case, M is semisymmetric (see Theorem 11.3).

Corollary 11.4. [68, Corollary 2] Let M be a Chen ideal submanifold of dimension n in the Euclidean space E"*™,
n >4, m > 1. Then the difference tensor R - C — C' - R and the Tachibana tensor Q(S, R) are linearly dependent if and
only if M is conformally flat (inf K = 0).

Theorem 11.7. [68, Theorem 7] Let M be a non-conformally flat Chen ideal submanifold of dimension n in the Euclidean
space B"t™, n >4, m > 1. Then there exist two real valued functions Ls and Lg on M such that (1.10) is satisfied on
M if and only if there exists an orthonormal tangent frame field {ei,--- ,e,} and an orthonormal normal frame field
{&1,++ , &) such that the shape operators A, := A¢,, 1< a < m, are given by:

a 0 0 0 Cg dﬁ 0 0
0 ea 0 0 dg —cg O 0
A= |0 0 (Q+ea - 0 |, a,=]0 o0 0 0. 5>9
0 0 0 o (1+6)a 0 0 0 0
where e = 1, a, cg , dg (for 2 < 8 < m) are real functions on M such that
Z (3 +d3) =ea® —inf K, infK # (n—2)(1+¢)a’
=2
and moreover
I — 2(n —2)(1 + e)a? inf K (inf K + (n — 2)(1 + €)a?)
° n—1 (inf K — (n — 2)(1 + €)a2)?
oo 1 inf K [(n —3)inf K + (n — 1)(n — 2)(1 + €)a?]
N O [C) (inf K — (n — 2)(1 + €)a2)’ '
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In this case, M is a Roter space. In addition one has one of the following two cases:

(i) either e = —1 and M is a semisymmetric and minimal submanifold (see Theorem 11.3) such that
n—3
R-C-C-R=—r—r—p 1)(n72)Q(S,gAS),

(ii) or € = +1 and M is a properly pseudosymmetric and non-minimal submanifold (see Theorem 11.4) such that

4(n — 2)a? inf K (inf K 4 2(n — 2)a?)

R-C=-C-F=- n—1 (ian—2(n—2)a2)2 Qg9 1 5)
B 1 inf K ((n —3) inf K + 2(n — 1)(n — 2)a?)
(n—1)(n—-2) (inf K — 2(n — 2)a?)? AS:g15)

Corollary 11.5. [68, Corollary 5] Let M be a non-conformally Chen ideal submanifold of dimension n in the Euclidean
space E"*t™, n > 4, m > 1. Then there exists a real valued function L on M such that

R-C—-C-R=LQ(g,gNS),

if and only if M is not minimal, and there exists an orthonormal tangent frame field {e,,--- ,e,} and an orthonormal
normal frame field {&1, - - - , & } such that the shape operators A, := Ae,, 1 < a <m, are given by
a 0 0 - 0 cg dg 0 - 0
0 a 0 - 0 dsg —cg 0 - 0
A= |0 0 20 - 0 A= 0 0 0 0] g0
00 0 - 2a 0 o o0 --- 0

where a, cz , dg (for 2 < 3 < m) are real functions on M such that

S _m?—bn+1, 20’

Z(C%"‘d%)—?a >0, L=-—
B=2

n—2

In this case, M is a properly pseudosymmetric manifold (see Theorem 11.4).

Corollary 11.6. [68, Corollary 6] Let M be a non-conformally flat Chen ideal submanifold of dimension n in the
Euclidean space E" ™, n > 4, m > 1. Then there exists a real valued function L on M such that

R-C—C-R=LQ(S,gNS),

if and only if one has one of the two cases which follow:

(i) either M is minimal, and there exists an orthonormal tangent frame field {e:,--- ,e,} and an orthonormal normal
frame field {&1,- - - , &} such that the shape operators A, := Ae,, 1 < a < m, are given by:
a 0 0 - 0 cg dg 0 - 0
0 —a 0 -~ 0 dsg —cg 0 - 0
A= |0 0 0 0] 4|0 0 0 0] gso
o 0 o0 --- 0 0 o o0 - 0

where a, cz , dg (for 2 < 8 < 'm) are real functions on M such that

m

2 2y _ 2 _ n—3
Z(Cﬁ+dﬁ) = —a 7HlfK, L—*m,
B=2
(ii) or M is not minimal, and there exists an orthonormal tangent frame field {e1,-- - , e, } and an orthonormal normal
frame field {&1, - -, &y} such that the shape operators A, = Ae,, 1< a <m,are given by
a 0 0 ce 0 Cp dﬁ 0 0
0 a 0 ce 0 d[j’ —CB 0 0
A= |00 2a - 0| 4 |0 0 0 0| g2
0 0 0 2a 0 o 0 --- 0
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where a, cg , dg (for 2 < B < m) are real functions on M such that

m

Z c6+d2 =(2n—-3)d? L=

v
2(n—1)(n—2)"

In the first case, M is a semisymmetric manifold (see Theorem 11.3). In the second case, M is a properly pseudosymmetric
manifold (see Theorem 11.4).

Corollary 11.7. [68, Corollary 7] Let M be a non-conformally flat Chen ideal submanifold of dimension n in the
Euclidean space E"+™, n > 4, m > 1. If M is minimal, then
n—3
R'C—C-R——mQ(Sag/\S)'
Corollary 11.8. [68, Corollary 8] A Chen ideal submanifold M of dimension n > 4 in the Euclidean space E"+™ satisfies
the curvature condition R - C' — C - R = 0 if and only if M is conformally flat.

According to [68, eq. (28)] (see also [42, Theorem 4.1]), as an immediate consequence of Theorem 11.7, for
Chen ideal and Roter submanifolds, we express the difference tensor R - C — C - R as a linear combination of
the Tachibana tensors Q(g,g A S), Q(S,g A S), in terms of inf K and the scalar curvature 7.

Corollary 11.9. [68, Corollary 9] Let M be a non-conformally flat Chen ideal submanifold of dimension n in the
Euclidean space E"t™, n > 4, m > 1. If M is a Roter space, then

_ 2(r—2infK)(7+2(n—2) infK)
fre-c-ft= (n—1) (r — 2n inf K)? Qla.g 1 5)
~2(n—1)inf K (7 +2(n —4)inf K)

(n—2) (7 — 2ninf K)?

Q(S,g N S).
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