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ABSTRACT. Let H be a complex Hilbert space. Assume that the power series

with complex coefficients f (z) :== 3°%2 , ax2¥ is convergent on the open disk

D(0,R), fa(2) == 332, lak| 2" that has the same radius of convergence R

and A, B, C € B(H) with ||A|| < R, then we have the following Schwarz type
inequality

* a 2 1/2 *|1—a 2 1/2

(C* Af (A) Bz, y)l < fa (1AI) (1A BI? 2,2 <\|A el y,y>

for a € [0,1] and z, y € H. Some natural applications for numerical radius
and p-Schatten norm are also provided.

1. INTRODUCTION

The numerical radius w (T') of an operator T on H is given by

w (T) = sup{[(Tz, z)|, [|lz[| = 1} . (1)
Obviously, by (1), for any € H one has
(T, 2)| < w(T)||z]*. (2)

It is well known that w (+) is a norm on the Banach algebra B (H) of all bounded
linear operators T : H — H, i.e.,
(i) w(T)>0for any T € B(H) and w(T) = 0 if and only if T' = 0;
(ii) wAT) = |Mw(T) forany A€ Cand T € B(H);
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(i) w(T+V)<w(T)4+w(V)forany T,V € B(H).
This norm is equivalent with the operator norm. In fact, the following more
precise result holds:
w(T) < Tl < 2w (T) 3)
for any T € B (H).
F. Kittaneh, in 2003 [7], showed that for any operator T' € B (H) we have the
following refinement of the first inequality in :

1 ol
w (1) < 5 (1Tl + (| 72"?) - (4)

Utilizing the Cartesian decomposition for operators, F. Kittaneh in [8] improved
the inequality as follows:

1 1
1 |T*T + TT*|| < w?(T) < 5 |\ T*T + 7T (5)

for any operator T € B (H).
For powers of the absolute value of operators, one can state the following results
obtained by El-Haddad & Kittaneh in 2007, [5]:

If for an operator T € B (H) we denote |T| := (T*T)"?*, then

1 or * —Q)Tr
W (T) < 5 |l + i PO (6)
and
W (1) < |l TP+ (1= a) TP (7)
where o € (0,1) and r > 1.
If we take a = % and r = 1 we get from @ that
1 *
w(T) < 5 IT)+ |77 (8)
and from (7)) that
1
W (T) < 5 |17 + 1P (9)

For more related results, see the recent books on inequalities for numerical radii
[3] and [1].

Let (H;({.,.)) be a complex Hilbert space and B (H) the Banach algebra of all
bounded linear operators on H. If {e;},.; an orthonormal basis of H, we say that
A€ B(H) is of trace class if

1A =D (|4l eq, e) < oo (10)
iel
The definition of ||A||; does not depend on the choice of the orthonormal basis
{ei},cr - We denote by By (H) the set of trace class operators in B (H).
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We define the trace of a trace class operator A € By (H) to be
tr(A) = (Ae;,e;), (11)
icl
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series

converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 1. We have:
(i) If A€ By (H) then A* € By (H) and

tr (A") = tr (A); (12)
(1)) If A€ By (H) and T € B(H), then AT, TA € By (H) and
tr (AT) = tr (T'A) and [tr (AT)| < ||A[l |IT]; (13)

(#3) tr (+) s a bounded linear functional on By (H) with |tr]| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Byin (H), the space of operators of finite rank, is a dense subspace of By (H) .

For a large number of results concerning trace inequalities, see the recent survey
paper [4].

An operator A € B(H) is said to belong to the von Neumann-Schatten class
B, (H), 1< p < oo if the p-Schatten norm is finite [12, p. 60-64]

1/p
1A, = [tr (A" = (ZMI” €i76i>> < 0.
el
For 1 < p < ¢ < oo we have that
Bi(H)CB,(H)CBy(H)CB(H) (14)
and

1Al = [[A[l, = [[All, > [IA]}- (15)
For p > 1 the functional |||, is a norm on the *-ideal B, (H) and (Bp (H), H||p)

is a Banach space.
Also, see for instance 12| p. 60-64],

IAll, = 11A7]],, A€ B, (H) (16)
IABIl, < [|All, Bl , A, B € By, (H) (17)
and
IABI|, < [|A[l,, [IBIl, [[BAll, < |IBI[IAll,, A€ B,(H), BeB(H). (18
This implies that
ICAB]|, < ICI[[|All, IBll, A€ B, (H), B, CeB(H). (19)
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In terms of p-Schatten norm we have the Holder inequality for p, ¢ > 1 with
1,1 _
s tg=1
(Itr (AB)| <) [|AB|[; < [ All, IBll,, A€ By(H), BeBy(H). (20)

For the theory of trace functionals and their applications the reader is referred
to [10] and [12].
For £ := {e;};c; an orthonormal basis of H we define for A € B, (H),p>1

1/p
Allg , = (Z |<Aei,ei>|p> .

iel
We observe that |- , is a norm on By, (H) and
[Allg , < [1All, for A€ By, (H).

Further, we can take the supremum over all orthonormal basis in H we can also
define, for A € B, (H), that

wp (4) = sup [ Al < [[All,
which is a norm on B, (H).

It is also known that, if & = {e;},.; and F = {fi},.; are orthonormal basis,
then [11]

sup » _ [(Tei, fi)|* = ||T|; for s > 1. (21)

&F el

2. VECTOR INEQUALITIES

In 1988 F. Kittaneh [6, Corollary 7] obtained the following Schwarz type inequal-
ity for powers of operators:

Lemma 1. Let A€ B(H) and o € [0,1]. Then for n > 1 we have
(A, ) < AP (AP 2,2 (AP0 g,y ) (22)
forallxz, y € H.
We can state the following result as well:

Corollary 1. Let A, B, C € B(H) and « € [0,1]. Then for n > 1 we have
2
(C A" Ba, )l < A2 (A1 B 2,2) <]A*|1“c] y,y> (23)

forallx, y € H.
Proof. If we replace « by Bz and y by Cy in (22)), then we get

(C A" Ba,y)* < AP (B AP Ba,a) (Cr AP Cyy) . 24)
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2
Observe that B*|A|** B = ||A|* B and C* |A**7) ¢ = ‘|A* I'"*C| , then by

) ve st @).

We consider the power series with complex coefficients f (z) := Y32, axz® with
a, € C for k € N:={0,1,...} . We assume that this power series in convergent on
the open disk D(0, R) := {z € C| z < R}. If R = oo then D(0, R) = C. We define
fa (2) == Y32, lak| 2 which has the same radius of convergence R.

As some natural examples that are useful for applications, we can point out that,

if
f()\):i(_;)n)\”:lnli)\, AeD(0,1); (25)
_ — (_1) 271_
g(A)_Z @) A" =cos\, A€ C;
_ - ( 1)” 2n 1*8
hu)i;i@n—i— ))\ + n\ \eC;
> n n 1
l()\):;:%(—l) M= AeD(0,1);

then the corresponding functions constructed by the use of the absolute values of
the coefficients are

fa()\):i%)\”zlnli/\,)\eD(O,l); (26)

—)V” =cosh\, A\ € C;

2
ha (\) = i ;)\2"“ =sinh A\, A € C;
>

« (2n+ 1)!

=1 yep1).
P I—X

Other important examples of functions as power series representations with non-
negative coefficients are:

exp (\) = i i)\" AeC, (27)

1 (1+A) 1 oy .




370 S. S. DRAGOMIR
=~ T'(n+3)
-1 2 2n+1
in () = 3 2y AeD(0.1):;
sin™" (A) 2 Jr2n+ L)nl ’ €D(0.1);

1
tanh™" (A) = ) TWH, Ae D(0,1)

n—1
n=1
P+ )T+ )T () \n
2F1(a757’73)‘)_n§::0 n'F(a)F(,@)F(n—i-’y) )‘ ,Oé,ﬂ7’}/>0,
AeD(0,1);

where I' is Gamma function.
The following result is of interest:

Theorem 2. Assume that the power series with complex coefficients f(z) =
S neoarz” is convergent on D(0,R) and A, B, C € B (H) with ||A| < R, then

(€™ AF (4) Ba,y)l < f2(1AD (A Bl 2.) <\|A*“c\2y,y> (28)

fora€0,1] and z, y € H.
In particular,

e ar (Bl < 20aD (1P 5 v ) (a2 el ) o
forxz, ye H.

Proof. If we taken=%k+ 1, k € Nin and take the square root, then we get
1/2

« 1/2 loa 2
[(C*Aa*Ba,y)| < ||AI* (141" B 2, ) <\|A e y,y>

for all z, y € H.
Further, if we multiply by |ag| > 0, k € {0,1,...} and sum over k from 0 to m,
then we get

|<C*A2akAkBa:,y>‘ (30)
k=0

< Z |ak] |<C*AAka,y>f
k=0

Z a <C*AA’“B$, y>
k=0

< S bl Al A1 57 ) (L c\2y,y>m

k=0

for all z, y € H.
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Since ||A|| < R then series 37> ) ax AF and 372 |ax| | A[|* are convergent and

YAt = f(A) and Y farl [AIF = fo (IA]).

k=0 k=0
By taking now the limit over m — co in we deduce the desired result . O

Remark 1. If A, B, C € B(H) with ||A]| < 1, then for a € [0,1]

’<C*A(I +A)7! Bz,y>’2 (31)

< = 14D (1F B o) (T ¢ )
and

{C*Aln (I + A) Bz, y)|? (32)

2
< (= D (14 5P e (4 f o)
forallx, y € H.
Fora=1/2in and (39) we obtain
2
(o A+ a7 Bay)| < (- 1A (B" |41 Baa) (€ 47| Cu) (39)
and
(C*Aln (I + A) Bz, y)|* < [In (1 - | A|)]* (B* |A| Bz,z) (C* |A*| Cy,y)  (34)
forallx, y € H.
IfA, B,C € B(H) and « € [0,1], then
A 2 : 2 a o2 wl—a ~|?
(€ Asin (4) Ba,y)l* < [sinh (| Al (1A BI* 2, ) <]A el y,y> (35)
and
« 2 2 a 52 wl—a |2
(C*eos (4) B, ) < foosh (LA (A" B .) ([l ¢ ) (30
forallx, y € H.
For o =1/2 in (35) and (36) we obtain
|(C* Asin (A) Ba,y)|* < [sinh (| A|))* (B" |A| Bz, z) (C* |A*| Cy,y) (37)
and
(G Acos (A) Ba,y)[* < [cosh (| A))* (B |A| Bz, z) (C*|A*| Cy,y) (38)
forallx, y € H.
Also, if A, B, C € B(H) and a € [0,1], then

(C* Aexp (4) Ba,y)* < exp (2] A]) (||AI* B 2. ) <)|A*|”c\2y,y>, (39)
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|(C* Asinh (A) Bz, y)|? (40)

< fsinh (JADP (ll41* B, ') <]|A*|”c]2y,y>

and

(C* Acosh (A) Bz, y)|? (41)

< eosh (JA1* (141" B e (14 )

forallx, y € H.
For a = 1/2 in (@)— we obtain some simpler inequalities. We omit the

details.
3. NORM AND NUMERICAL RADIUS INEQUALITIES

The following vector inequality for positive operators A > 0, obtained by C. A.
McCarthy in [9] is well known,

<Aw7$>p < <pr7x>a p > 1

for x € H, ||z|]| = 1.
Buzano’s inequality [2],

%[Ilmll Iyl + [z, o)l = (2, €) (e, ) (42)

that holds for any z, y, e € H with ||e]| = 1 will also be used in the sequel.
Our first main result is as follows:

Theorem 3. Assume that the power series with complex coefficients f(z) :=
> reo arz” is convergent on D(0, R), a € [0,1] and A, B, C' € B (H) with || A| < R,
then we have the norm inequality

lC*Af (4) BIL < fu (1A 1141 B 14"~ ¢ (43)
We also have the numerical radius inequalities
* 1 [e% 2 *x|1l—« 2
S AF W) B) < g fu Al Il B2 + apeef |
and
w?(C*Af (A) B) (45)

< g2 [ilar 5 Jlast-of 4o (lar-ocf 1ar s7) |

Proof. We have from (28), by taking the supremum over [z| = [y|| = 1, that
IC*Af(A) B> = sup  [(C*Af (A) Ba,y)[”

lzll=lyll=1
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< 22041 s (145 BP aa) sup (147" [ )

llzll=1 lyll=1

2 (lan 4 5] |iart==cf|

= 2214 1A BIE |14t

which gives (43]).
From we get, by taking y = x, the square root and using the A-G-mean
inequality, that

(C*Af (4) Bz, )| (46)
< £ (14D (141 BF 2,2) " <\A*|1‘ac12x,x> /

1 o 2 * 11—« 2
< 3 14 ({141 B 2) + {14 f )
]- o 2 *1l—a 2
= su D { (14 B2 +lap o cf Yoo
for all x € H.
By taking the supremum over ||z|| =1 in we get that

w (C*Af (A) B)

= sup |(C*Af (4) B, )
llzll=1
1 « 2 [ 2
< gha 141 s (1141 BF + |47 ) oo
]- a 2 x11l—a

= 3o AD) 1ar B + Ly

which proves (44).
From for y = x and Buzano’s inequality we derive that

(C™Af (A) Bz, )| (47)

< 204D 141 B w.) (a4 f )

1
< Z 2
< 5fa (141D
+ ‘<||A|QB|29¢

X M|A|“B|%H “|A*|Mc‘2x

el

A
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wl-a A% g1e B2
+‘<‘|A c| N Bl x:v>H
for all x € H, ||z|| = 1.

By taking the supremum over ||z|| =1 in we get that

w? (C*Af (A) B)
= sup |<C*Af(A)B$,$>|2

[l=||=1
1 2
< 22 (14l)
a 2 x11—a 2
X sup D‘HA B xH H‘|A| c‘ -
lzll=1
1
2

l sup H||A|°“ BP? :c” H’|A*|1°‘ 0)2 x

llzll=1
*1—Ot 2 « 2
(Jlar=ec] ar s ”>H

2 (141D

\|A*|1*ac‘2x

X M|A|O‘B|2m

+ ’<‘|A*|1a 0‘2 1A B|2:c,a:>H

a (141D

+ sup
llzll=1

w\»—*

|J|bl|lp )||A| B’z sup H‘A*l O‘Cra:

*11l—a 2 « 2
+ sup ‘|A| c‘ 1A]* B 2,z

lell=1
= g2l [Juar s | il |+ (el 1 52) |
= 32214 [ 817 Jla= | o (flap-cf a5

which proves . O
Remark 2. If we take o =1/2 in Theorem@ then we get the norm inequality

lC*Af (4) BI < fu (141D ||l41"/? B]| |14 | (48)
and the numerical radius inequalities

o Af W B) < holan 4P 5+l ef |
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and
w? (C*Af (A)B) (50)
1 2 2 2 2
< 32D |4t 5 Jla2 e (Jlar2 el ar )]
The second main result is as follows:

Theorem 4. Assume that the conditions of Theorem@ are satisfied. If o € [0,1],
r>0,p qg>1 with%Jré:l and pr, qr > 1, then

2r * 2r 1 a 2rp 1 x| l—a 2rq
W (CUAF(4) B) < f2r (I | 1141 B + 14~ e 7| (1)
If r > 1, then
r * 1 r @ T x| l—a r
W (C*AS (A) B) < 372 (A]) [|||A| B [|lar e c (52)
r sl—a A2 A0 B2
+w <]|A | c’ A" B )} .
Ifr>1,p,g>1 with}%—i—%:l and pr, qr > 2, then also
r * 1 r 1 o 2pr 1 * 11—« 2qr
e a ) < g an (|| ae s Sarte M e

T (‘|A*|1_“C‘2 |A|“BQ>> .

Proof. If we take the power > 0 in written for y = x then we get, by Young
and McCarthy inequalities that

(C" A (4) Br )
r 2 r
< 2D (41 B a,z) ([la- cf o)
-]. a 2 rp 1 1—a 2 rq
< 2r - - *
< 200D |3 (1 5P e 0) "+ 2 (4P ool ae) |

< A2 A [ (A B o) + 1 (= of o)

T [ 1 [e] 7] 1 x| 1—« 2rq
= 12 ) | (S 141 B 2 flap o)

for x € H with ||z|| = 1.
By taking the supremum over ||| = 1, then we get that

W (C*Af (A) B)

= sup [(C*Af (A) Bw,x)[”
=1
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1 oo L)) aiioa a2
< g2l s [((Shar 5P+ it of ™) o)

llzll=1

)

r 1 a 2r x| 1l—a 2rq
= 2 a3 14 B+ 2 flat ool

1
q
which proves .
If we take the power r > 1 in and by using the convexity of the power
function, we get

(CAf (A) B, )" (54)

= f2" (141
I o 2 l1—a 2 -« 2 o 2 "
141" B a| |14~ c| =] + | [la1' = c[ 141" B 2,

8 2

< fa (1Al

e} 2 r *x1—a 2 " x11—a 2 « 2 "

Al Bl | (|14t | a|| +|( |l c| 14 B aa

8 2

for x € H with ||z|| = 1.
By taking the supremum over ||z| = 1, then we get that

W (C*Af (A) B)
< f2 (1Al)

r 2(|" 2
i s laep== | o (flaep==cf ar 5)
X
2

= fa" (141

a 2r
I1A]" B

27 2
e v <‘|A*1°‘ c| ar B|2>
2 )

which proves .
Also, observe that

T

114 B? IH H’|A*|1_°‘ 0’2 x

qr

1 pr ] —a |2
§7H||A|O‘B\2xH +H)|A*|1 c‘ z
p q

ar
22

22" 2
_1 H||A|QB\2xH 41 H‘|A*|1°‘C‘ z
p q
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1 o1 _ 4
= <|\A|QB|4:c,:£> R <’A*|1 O‘C’ :c,:v>
p q
1 1 _ 2qr
<= <|\A|“B|2’”x,x> + = <‘|A*|1 are xm>
p q

1 " 1 —a 2qr
=G s Z e ") s).

for x € H with ||z|| = 1. Then

ar
2

H\|A|a BP? xH H‘A*PO‘ 0‘2 o + ‘<‘A*|1a cf 1A B)? xx>‘

2

1 (e T 1 x| l—a 2qr
K(||A| B 4~ |4t c| ):ca:>
p q
-« 2 a 2 "
+‘<’|A*| c| llar Bl ”>H
and by

IN
| =

(€ A7 (4) Br, )

r 1 a 2pr 1 wil—a 2qr
A [ (Snar s+ Lo ") o)
et e

for x € H with ||z|| = 1.
By taking the supremum over ||z| = 1, we derive (53). O

<

N |

Remark 3. If we take r =1 and p, ¢ > 1 with 1% + % =1in , then we obtain

2 (v 2 1 ap2e | L gxpi—a %
W (CTAF(A) B < 2 (1A | llAI B+ [larf = e[ T (59)
which for p=q =2 gives
2 (O Lo a d wiloa A%
W2 (C*Af (A) B) < L2 (1A |11 Bl + |4~ c| | (6)
If we take r=1 andp=q=2in , then we get
2 * 1 2 1 « 4 11—« 4
W?(C*Af (A)B) < 52 (14N (5 [la1* B + ||a*) = ¢ (57)

Hw <‘|A*|1_°‘ cf IA[ B|2>> .
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If we take r =2 and p, g > 1 with%—k%:l m , then we get

4 * 1 4 1 e 4p 1 x 1—«a 4q
W (CTAF(4) B < A2 (IAD (|5 N4l BIY + _ [lac = ¢ (58)
2
t? <‘|A*1_C‘C’ |A|°‘B|2>> .
We also have:

Theorem 5. With the assumptions of Theorem@ we have for r > 1, A € [0,1]
that

o |[1/7
W? (C*AS (A) B) < J2(JAD |[(1 = M 41" B+ A|ja*' = | (59)
o wilea 2(1-X)
x 141 B |4 ||
for all « € [0,1].
Also, we have
2 * 2 [e% 2r 11— 2r 1/T
P (CAF ) B) < 214D = ) 141 B 4 Afla e ] (60)

1/r

@ 2r 11— 2r
x M AI B+ (1= 2 [l

for all a € [0,1] and r > 1.
Proof. From the first part of we have
(C*Af (A) Ba, )|

< 2 AD (JlAr B 2,) (i

|A*|1_“C‘2x>
A

= 220D (4 B ) (] )
(e 3P (w el 2)
< 72041 (1= ) (1A B + (o,

) A 2 1—-X
X <||A|O“B| ”> <x |A*|1—ac‘ z>

for all x € H, ||z|| = 1.
If we take the power » > 1, then we get by the convexity of power r that

(C™Af (A) Ba, )" (61)

|A*1aC’2x>]
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2 T
< 124D @ = (Ar B a4 Aol o o)
A 9 r(1—X)

x <||A\°‘B|2x,x> <x |A*|1’QC’ x>

2r a 2 r

< 72D |- (Al B ae) (e
rA 2 r(1=X)

X <||A\“B|2z,x> <x |A*|1_“C’ x>

for all z € H, ||z| = 1.
If we use McCarthy inequality for power r > 1, then we get

|A*1_“C‘2x>r}

(1-A) <||A|a B\2m,m>r +A <x (|A*|H“ C‘2x>r
< (1= (II41* B z,2) + A <x A e cfr z>

2r
_ <[(1 N AT B+ A ‘|A*\1_O‘ 0‘ } a:x>

and by
(CAf (A) B, )" (62)

< £ [( [ =0 1iar 57 Lo o] o)

A 2 r(1-X)
x <||A\QB|2a:,x> <x \A*|1—°‘c] x>

for all z € H, ||z| = 1.
If we take the supremum over ||z|| = 1, then we get

w (C*Af (A) B)

= sup [(C*Af (A) Bz, x)["
=1

27
< 22014 swp [ (= lar 572 4=l o)
2 r(1—X)
At el x>

2r
(L= Nl B+ 2l | H

o 2 A
X sup <||A| B| x,m> sup <a:,

llzll=1 llzll=1

— 727 (1|

r(1—X)

< lap B |la e
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which gives .

We also have

(C*AF (4) B, z)*
< 20 [{ [ = 1ar s e ao)]
x [< [)\ 1A|* B + (1 - ) ‘|A*\1—a cm mﬂ

for all z € H, ||z| = 1, which proves (60).

Remark 4. If we take r =1 in Theorem [, then we get

w? (C*Af (A) B) < f2 (IAll)

27
(L= N4 B +a|lar = c| H

2(1-)
x 14 B |4 |
and

P AFA)B) < 721D (1 = W11 B + L ]|

X

o 2 x 11— 2
MIAP B + (1= 2 [la 7 ¢
for all o, X € [0,1].

If we take A=1/2 in @, then we obtain
w? (C*Af (A) B)

< 3201 e B2 + [l of | s lap==c]

If we take r = 2 in Theorem[3], then we get

1/2

W (CAF(A)B) < 2 (1A | (1 = 141" B + A jar = o

«a 2 x|11—« 2(1-2)
x 141 B 147~ |

and
4 1 4|
(AT B) < 72 (1D = N 11 B a4 ]

1/2

@ 4 11— 4
x A [141° B] +(1_A))|A| c‘

for all a, X € [0,1].
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If we take X = 1/2 in (66]), then we obtain

W (C*AF () B) (63)
< 22z apan iar st + Jar ==l | war s uace .

4. INEQUALITIES FOR TRACE OF OPERATORS
We have the following result for trace of operators:

Theorem 6. Let r > 1/2, p, ¢ > 1 with %—l—% =1 and pr, qr > 1. Assume
that the power series with complex coefficients f (z) := Z;O:O apz® is convergent on
D(0,R) and A, B, C € B(H) with |A| < R. If |A|* B € By, (H) and |A*|'"“C ¢
Bagr (H) for a € [0,1], then C*Af (A) B € By, (H) and

10 AT (4) Blly, < fu (IAID I1AI" Bll, |14 ], - (69)
In particular,
10° A7 (A)Blly, < fu(lAD |14 B, [las* (70)

for |A|"? B € Bap, (H) and |A*|** C € By, (H) .

Proof. If we take in the power r > 0 and x = e;, y = f; where £ = {e;},.; and
F ={fi}ic; are orthonormal basis and sum, then we get

> [(CAf (A) Bey, fi)[*" (71)
iel
I 2 "
<2 AD Y (4 5P ever) (4t el o)
iel

If we use the Holder’s inequality for p, ¢ > 1 with % + % =1, then we get

Sl e (larcf fs) )
icl o 1/p ) ar 1/q
< <Z<||A(XB|261‘,€¢> ) <Z<‘|A*|1_QC‘ fi,fi> )

i€l

il
By the McCarthy inequality for pr, gr > 1, we have
pr
S (Al BP eery <3 (1141 BT erye )
iel i€l
and

) <‘|A*|1_a 0‘2 fi,fi>qr <> <‘|A*|1_a C‘qu fi7fi> )
icl

iel
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therefore

(Z (A1 BP e, ei>”’”> " (Z <‘|A*|1a of . fi>qr> 1o

i€l iel

1/p 9 qr\ 1/4
< (Z<|A|“B|2’”ei,ei>> <Z<\|A*|1“"O\ fi,fi> )
el

icl

= (nar siz) ™" (HA*P“c

2qr l/q

@ 2r
) — 1A BIZ,

2pr

By and we derive

ST HCAS (A) Be, )" < £27 (A1) |141° B3,
iel

Now, if we take the supremum over £ and F in , then by we get

a7 el,,

2qr

\A*|1‘C'0Hz;. (73)

* T r [e% 2r
IC*Af (A) Blls, < f27 (1Al 1A% Bls,,

1—a 2r
s
2qr
and the inequality is obtained. ([
Remark 5. If we take r = 1/2 and p = g = 2, then by (@) we get
* [e% 11—
|C*AF (A) Bll; < fa (1A 1141 Bl |||a* = ]| (74)

provided that |A|* B € By (H) and |A*|'™* C € By (H) for o € [0,1].
Also, if r=1 and p, ¢ > 1 with%+%:1, then by @ we get

IC*Af (A) Blly < fa (1AIN) 1A% Blly,,

e, (75)

provided that |A|* B € By, (H) and |A*)' ™% C € By (H) for a € [0,1].
We also have:

Theorem 7. Let r > 1/2, p, ¢ > 1 with % —|—% = % Assume that the power

series with complex coefficients f(z) := > po,arz" is convergent on D(0,R) and
A, B, C € B(H) with |A| < R. If |A|* B € Bay, (H) and |A*|'"® C € By, (H) for
a € [0,1], then C*Af (A) B € By, (H) and

ICAf (A) Blly, < fa (IAN) IIA]* Blly,

\A*|1‘“CH . (76)
2q
In particular,

0% AT (4) Bl < £a (I41) |41 B, [l c], (77)

for |A|"* B € By, (H) and |A*|"? C € Byy (H) .
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Proof. Assume that £ = {e;},.; and F ={fi},c; are orthonormal basis in H. Ob-

serve that we have + + + = 1 and by Holder’s inequality for P and £ we have

Sk
31|

T

Z<||AaB|2€iaei>T<‘|A*|1_ac‘2fi7fi> (78)

iel

- ; KHA\(X B|26i,ei>p}£ [<‘|A*|1—a 0’2 fi,fi>q];
= <Z<I|A|"‘B%i,ei>”>r/p <Z<‘|A*|1_ac‘2fi,fi>q>r/q'

el el

By McCarthy inequality for p, ¢ > 1 we get

S (Al B ee)” < > (1A B ese)

i€l iel

and . . 2
> <]A*|1—ac] fi,f1-> <y <]|A*|1_ac’ qf%fi>
i€l i€l

and by

Sl e (el sy )

icl
/p 2 r/q
S(Z(MPBF%%@Q) <Z<\|A*|1‘“c\ ff>>
il il
2r
[e% 2r 11—
= [141* Bl |lac o,
By and we get
2r
* r e 2r xl—a
S_HCHAS (4) Bew L) < 12 (A 1141 Bl |4~ ¢], . (80)
il
Now, if we take the supremum over £ and F in we get
2r
* r r « 27 x 11—«
10" A7 (A) By < f2r (141D 1A Bl |1~ o,
and the inequality is thus proved. ([
Remark 6. If we take p=q=2r =s > 1, then by (@ we get
|CAf (A) BIl, < fu (1A 1AL Bl 147 | (s1)

provided that |A|* B € By, (H) and |A*|'~* C € By (H) for o € [0,1].
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For o = 1/2 we have

lC*Af (A) BIl, < fa (141 |41 B 14> | (82)
. 1/2 %11/2
provided that |A|"'" B € Bas (H) and |A*|” " C € By (H) .
Ifr=2andp, ¢>1 with%—&—%z% then
€™ AL (A) Bl < £ (IAD AL Bl 147~ ¢l (83)
provided that |A|* B € By, (H) and |A*|' ™% C € By (H) for a € [0,1].
In particular,
l0°A7 (A) Bl < fa (lAD [ 14772 B, |14 |, (84)

for |A|Y? B € By, (H) and |A*|"* C € Byy (H).

Theorem 8. Assume that the power series with complex coefficients f(z) :=
> neo axz® is convergent on D(0,R), A, B, C € B(H) with ||A| < R.

Ifr >1/2,p, q > 1 with %—F% =1,pr,qr>1 and \|A|O‘B\2pr |A*'m ¢
Bi(H), then C*Af (A) B € By, (H) and

2qr
S

)

* r 1 « i 1 *|1l—a 2qr
Arar s < g2 Qe (S ar s lap ™). )

Ifr>1 and |A|* B,|A*|'"*C € By, (H), then C*Af (A) B € By, (H) and
wiy (C*Af (A) B) (86)

]- @ s x| 1l—a 2r r *|l—a 2 e
< g2 han (War s Jlasp== o v (= ar 5°)
* 1 7 1 o A 1 *|1l—a 2qr
A Ar ) B) < 372 (Al or (G141 B+ o) s

rar (Jlar el e 52|
2q7‘>

1 r (e} T x| l—a 2r x| l—a 2 e}
< 572 G (i 2 =]+ flacr-ecf par s

Ifr217p,q>1with%—i—%:l,pr,quZ then

1 1 opr 1 1—
<72r A - AOcBP - A* @
< 320D [or (S hAr” B 4 2|1t

i}

# i ef ar s
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Proof. From for 4y = 2 we have that
2
(" AF () B < 21D (A1 B o) ([l cf ) (s3)
for x € H with ||z|| = 1.

If we take the power r > 0, we get, by Young and McCarthy inequalities, that
(C*AF (4) Br. )"
r 2 r
< 2D (41 B a,z) ([la-f o)
1 a 2 pr 1 11—« 2 "
< 2r - - ‘ * ‘
< 204D |2 (11 B o) + 2 ([l of )
1 «@ 2pr 1 11—« 2qr
< 2r - P - ‘ * ’
< A2 A [ (i B ) + 3 (= of " o
1 " 1 _ 2qr
= 2 QA (G147 8 4 2 [l o) )
p q
for x € H with ||z|| = 1.

If & = {ei};c; is an orthonormal basis, then by taking z = e; and summing over
1 € I we get

IC*Af (A) BI[7,,
=" [(C*Af (A) Bey, e) [

icl

. 1o mopr 1| caiiea o247
< 20D S ( (5 1a1 B 4 2 flapo e ) e

i€l
r 1 @ 2pr 1 11— 2qr
= 72 Qb (3114 B4 [,

which, by taking the supremum over &£, proves .
By Buzano’s inequality we have

(14 B .2 (a4 cf o)
<3 [H'A'QB2“””H“|A*|MC\ZQE +‘<|AI‘“BI%, |A*|1ac\2x>u
= 2 lhar s o i< of o] | (acr= cf nar mta.s)|

for x € H with ||z|| = 1.
If we take the power r > 1 and use the convexity of power function, then we get

(4" 8P az) (o lap=ecf a),
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r

B 2
e ] o= f =

+ ‘<||A*|1—a of jare BQI,x>‘

<
B 2
r 2 " 2 r
141 B o H’|A*|1_°‘C‘ z +‘<’|A*|l‘°‘0’ ||A|O‘Bzx,sc>‘
<
B 2
a 2 23 11—« 2 = -« 2 « 2 "
Al B o |[jas) = e e +‘<‘|A*| c| 1141 B xm>
N 2
5 4 3 2 r
<|IAI“B4x,x>2<\A*|1‘“C( xx> +‘<\|A*|1—“c\ |A|D‘B|2m,x>
N 2
for x € H with ||z| = 1.
Therefore
|C™Af (A) BIIE,, (89)
=D _[(C*Af (4) Bei,ei)[*
i€l

< 2 A X (141 B ever) (e
i€l
S (141 B erer) <\|A*|1—ac 4ei,ei>2
iel
(ar=sef IIAI“B%Z»,@MT]

Using Cauchy-Schwarz inequality we have

« 4 3 wil—a 4 o 3
> {lar 8’ coes) (Jlart==cf ewer)
, 1/2 . , 1/2
<Z<||A|(XB|461‘761'> ) <Z<’|A*|1_QC‘ ei,ei> )

i€l iel

(Z (141 Bl >>/ (z (Jap==c]” >)

iel

A*|1a0’261>r

<

far (1Al

N

>

icl

IN

1/2

IN

[eY 2r
= I1AI" Blly.

|A*‘1fa CHQT
47"’

where for the last inequality we used McCarthy’s result for » > 1. This proves .
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Further, if we use Young’s inequality for p,q > 1 with % + % =1,
1 1
ab< =a? + =b, a,b >0,
p q
then we get

o ot [ai-ecfof < ar seef” s el of

=l s < ft=ocf |
p q

1 o | a4
L e e Y
p q

1 - o 2qr
<= {llAr B x,x>+1<’|A*|1 c” ;z:z>
p

:<<1|A|“BZ’” ’|A*1ac‘ )xx>
p

ar
2

for x € H with ||z| = 1.

Therefore
|CAS (4) BIEy, = Y C™AS (A) Begeq)["
el
T « 2 r *|1l—« 2 "
< 2 QAN T Al B exes) (eo T ¢ o)
iel
1 1 e} 2pr 1 x11l—a 2qr
< 3200 [ S (5 1ar B+ St Y v
ier \\P q
2 T
+2 <]|A*|1°‘C) ||A|“B2ei,ez->]
iel
1.5, 1 a —i2pr 1 eloa |29
= 320 e (11 B+ Lacpomof )
st of e s ]
E,r
which proves, by taking the supremum over £, the desired inequality . ([l

Remark 7. Let a € [0,1]. If r = 1/2, p, ¢ = 2 and ||A]" B| ,
By (H), then C*Af (A) B € By (H) and by (85) we get

1A%~ “c] e

@ Ar B < yh (A (1A 8P + e ). oo
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If r =1 and p, ¢ > 1 with zlz + % =1, then by we obtain
2 * 2 1 o 2P 1 xl—a 2
G (CALA)B) < £2(1AD s (5 1417 B + [l c] ") o)

2
provided that ||A|” B|*" | ||A*|'™ C” e By (H).
If we take r =1 in (86]), then we get
w3 (C*Af (4) B) (92)

< 32 1an (War st =]+ (Jlac=of ar 57 )
)
).

x| 1l—a 2q
A1 | € By (H)

1 2 a 2 s 11—« 2 s1l—«
< Sfa (A (AT Bl [[1A*] O+ [ |[A™]
2 4

provided that |A|* B, |A*|'™* C € By (H).
Ifr=1andp=q=21in E , then we getfor\|A|°‘B|2p,
that

A Af (W B) < 124D [er (a1 B+ lat ") o)

")

+ 32t (Jlarcf ar 57)

4
1

(LU (||A‘IB|2”+\|A*|1‘“O

T |

‘We also have:

Theorem 9. With the assumptions of Theorem@ we have for r > 1, X\ € [0,1]
that

2r
(AT B) < 2 (A |- 2 Al B APl o
” * o r(1— )\)
<Al B 14t ol

provided that |A|* B, |A*|'™* C € Bo, (H).
In particular,
* 1 T « T *|l—a 2r
3t ar () B) < g2 A iar s+ lap ol o)

x [IIA]* B3, |||4*]'~*C
2r o
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Proof. 1f £ = {e;};; is an orthonormal basis, then by taking = = ¢; in and
summing over ¢ € I we get

> HCTAf(4) Bei, e (96)

i€l

< 22 (Al Z K {(1 — N JA[* B + A ‘IA*IHJ c‘ﬂ ei’eiﬂ

iel

A 9 r(1—=X)
X <||A\O‘B|26i,ei>r <’|A*|1O¢C’ €i,€i>

27‘H

r(1—=X)

< 204D |- N AP B+ 34

x Z <||A‘a B|2eivei>r/\ <’|A*|1a C"2 6i;€i>
iel

If we use Holder’s inequality for p = 1, ¢ = 12, then we have

r r(1—=X)
Z <HA|Q B|2 Z2 ei> " <‘|A*|1CY C"Q €, €i>

i€l
A ) -\ 1=2
< <Z<||AQB|2ei,ei>> <Z<\|A*|1—ac >>
iel i€l
A ) 1-X
S <Z<||AQB|2T 6i,ei>> <Z<‘|A*|1_a0‘ 6i,€i>>
iel i€l
[eY 2rA s1l—« 2r(1=X)
= 14p Bl i of
which proves . O

Remark 8. If we take r = 1 in Theorem[9, then we get for a € [0,1] that

* o 2 x1l—a 2

W} (C*AS (A) B) < J2(JAD (1 = N lA1* B + A[|4 '~ ¢ \ (97)

&% A x| l—a 2(17)\)

<Al B |l el

provided that |A|* B, |A*|'"*C € By (H) .
In particular,
* 1 [e3 * — 2

@ AFWB) < g7 QaD lar s+l o

< 141 B, 1At = ¢
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