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and provide some inequalities between these measures and a combination of Csiszar’s
f-divergence, f-midpoint divergence and f-integral divergence measures.

1. Introduction

Let (X, /) be a measurable space satisfying |.7| > 2 and t be a o-finite measure on (X,.27) . Let &2 be the set of all probability measures

on (X,27) which are absolutely continuous with respect to . For P, Q € &, let p = Z—ﬁ and g = % denote the Radon-Nikodym derivatives

of P and Q with respect to L.
Two probability measures P, Q € & are said to be orthogonal and we denote this by Q L P if

P({g=0})=0({p=0})=1.

Let f :[0,00) — (—o0, 0] be a convex function that is continuous at 0, i.e., £ (0) = lim, | f (u).
In 1963, I. Csiszar [1] introduced the concept of f-divergence as follows.

Definition 1.1. Let P, Q € &. Then

y@.r) = [ pwr| 25 aut. Ly

is called the f-divergence of the probability distributions Q and P.

Remark 1.2. Observe that, the integrand in the formula (1.1) is undefined when p (x) = 0. The way to overcome this problem is to postulate
for f as above that

or[12] =g o (1)] v as

We now give some examples of f-divergences that are well-known and often used in the literature (see also [2]).
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1.1. The class of y*-divergences
The f-divergences of this class, which is generated by the function Y%, a € [1,e0), defined by
xa (”) = ‘uf 1‘067 ue [0700)

have the form

o
If(QyP)=/Xp‘1%fl du=/xpl‘°‘|qu|°‘du~ 1.3)

From this class only the parameter o = 1 provides a distance in the topological sense, namely the fotal variation distance
V(Q,P) = [x|g— p|du. The most prominent special case of this class is, however, Karl Pearson’s y*-divergence

2 q*
x°(0,P)= / —dp—1

Jx p

that is obtained for o = 2.

1.2. Dichotomy class

From this class, generated by the function fg : [0,00) = R

u—1—1Inu for a =0;
fo(u) = ﬁ[azﬂrlf(xfua] for a € R\{0,1};
1—u-+ulnu for a=1;

only the parameter o = % (f 1 (u) =2(Vu— 1)2> provides a distance, namely, the Hellinger distance

H(Q.P)= [/Xw—mzduf.

Another important divergence is the Kullback-Leibler divergence obtained for o =1,

KL(Q,P) :/qun (%) du.

1.3. Matsushita’s divergences
The elements of this class, which is generated by the function @q, o € (0,1] given by
1
Qo () :=|1—u%@, uecl0,o),
are prototypes of metric divergences, providing the distances [I% (Q,P)] ¢,
1.4. Puri-Vincze divergences

This class is generated by the functions ®¢, a € [1,00) given by
[ —ul

D (1) := W7

u € [0,00).

It has been shown in [3] that this class provides the distances [Ip, (Q,P)]é .
1.5. Divergences of Arimoto-type

This class is generated by the functions

S [0ruE -2 (14| for ae (0,)\ {1}
Wo(u): =9 (1+u)n2+ulnu—(14+u)in(1+u) for o =1;
$1—ul for o =oo.

: 1
It has been shown in [4] that this class provides the distances [y, (Q,P)]mm(a"a) for o € (0,0) and %V (Q,P) for ot = oo.
For f continuous convex on [0,0) we obtain the *-conjugate function of f by

rw=ur (L), ueo)
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and

£1(0) =lim * (u).

ul0

It is also known that if f is continuous convex on [0, ) then so is f*.
The following two theorems contain the most basic properties of f-divergences. For their proofs we refer the reader to Chapter 1 of [5] (see
also [2]).

Theorem 1.3 (Uniqueness and Symmetry Theorem). Let f, f| be continuous convex on [0,0). We have

Ifl (Q7P) :If(Q7P)7

Sforall P, Q € & if and only if there exists a constant ¢ € R such that

Srlw) =f ) +c(u=1),
forany u € [0,0).

Theorem 1.4 (Range of Values Theorem). Let f : [0,00) — R be a continuous convex function on [0,). For any P,Q € &, we have the
double inequality

F() <1 (Q,P) < £(0)+£7(0). (1.4)
(i) If P = Q, then the equality holds in the first part of (1.4).
If f is strictly convex at 1, then the equality holds in the first part of (1.4) if and only if P = Q;
(ii) If Q L P, then the equality holds in the second part of (1.4).
If £(0) + f*(0) < oo, then equality holds in the second part of (1.4) if and only if Q L P.
The following result is a refinement of the second inequality in Theorem 1.4 (see [2, Theorem 3]).

Theorem 1.5. Let f be a continuous convex function on [0,00) with f (1) =0 (f is normalised) and f (0) + f* (0) < oo. Then

0<11(Q.P) < 3 F(0)+ £ O]V (Q.P) (15

forany Q, P € Z.

For other inequalities for f-divergence see [6—20].

2. Some Preliminary Facts
For a function f defined on an interval  of the real line R , by following the paper by Burbea & Rao [21], we consider the _# -divergence
between the elements ¢, s € I given by

#rits)i= 30+ 1015 (5))

As important examples of such divergences, we can consider [21],

(a—1)"1 [% (1% +5%) — (”T‘)“] ,a# 1,
Halt,s):=

[tIn(t)+sln(s)— (t+s)In(52)], a=1.

If f is convex on /, then 7y (t,s) > O forall (¢,5) € I x 1.
The following result concerning the joint convexity of _# also holds:

Theorem 2.1 (Burbea-Rao, 1982 [21]). Let f be a c? function on an interval I. Then ¥ is convex (concave) on I x 1, if and only if f is
convex (concave) and # is concave (convex) on 1.

We define the Hermite-Hadamard trapezoid and mid-point divergences

0= A0+ PO [ 101~ +5)de @
and
M (t5) = /Olf((l—r)mm)dr—f(%) 2.2)

forall (r,s) e I x I.
We observe that

Sy (t,5) = Ty (t,5) + .My (t,5) (2.3)
forall (1,5) e I X I.
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If f is convex on I, then by Hermite-Hadamard inequalities

M Z/OIf((l_r)a+rb)dr2f(a+b)

2
for all a, b € I, we have the following fundamental facts
Ty (t,s) > 0and .#(t,5) >0 2.4)

forall (¢,s) € I x1.
Using Bullen’s inequality, see for instance [22, p. 2],

0< /(;lf((l —r)a+rb)dr—f(a+b)

2
f(a)+f(b)

<
B 2

—/(;lf((l —T)a+1h)dt
we also have

0< My (t,s) < Ty(t,s). 2.5)
Let us recall the following special means:

a) The arithmetic mean

_a+b

Al(a,b) , a,b>0,

b) The geometric mean
G(a,b) :=Vab; a,b>0,

¢) The harmonic mean

H(a,b) :=

b—a
7) if ba

;a,b>0
a if b=a
e) The logarithmic mean

b—a

Inb—1Ina it b7a

L(a,b) := ; a,b>0

a if b=a

f) The p-logarithmic mean

1
bp+l 7ap+l );

L, (a,b) := (m if b#a peR\{-1,0}

; a,b>0.
a if b=a
If we put Lo (a,b) :=1I(a,b) and L_; (a,b) := L(a,b), then it is well known that the function R 3p + L, (a,b) is monotonic increasing on

R.
We observe that for p € R\ {—1,0} we have

/l [(1-t)a+tb]’dt =L} (a,b), /1 [(1—1t)a+b] 'dt=L""(a,b)
0 0
and

/(;lln[(l —1)a+1bldt =1nl(a,b).

Using these notations we can define the following divergences for (z,s) € I" x I" where [ is an interval of positive numbers:

Tp(t,s) :=A(",sP) = LD (1,5)
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and
My (t,5) =L (t,5) — AP (t,5)
forall p e R\ {—1,0},

T (t,s) :=H " (t,5) =L (1,5)

and
A (15) = L7 (1,5) ~ A7 (1.9)
for p= —1 and
na-a(53)
and
()
for p = 0.

Since the function f(7) = 77, T > 0 is convex for p € (—o0,0) U (1,00), then we have
%(LS% //fp(f»S)ZO (26)

forall (r,s) e I x I.
For p € (0,1) the function f () = 77, T > 0 and for p = 0, the function f () = In7 are concave, then we have for p € [0, 1) that

Ty (t,5), Mp(t,5) <0 @7

forall (1,5) e I X I.
Finally for p = 1 we have both .7 (¢,s) = .# (t,s) =0 forall (¢,s) € I X I.
We need the following convexity result that is a consequence of Burbea-Rao’s theorem above:

Lemma 2.2. Let f be a C2 function on an interval I. Then Ty and My are convex (concave) on I x 1, if and only if f is convex (concave)
and # is concave (convex) on 1.

Proof. If Iy and .4 are convex on I x I then the sum .Fy 4.4y = ¥y is convex on I x I, which, by Burbea-Rao theorem implies that f is
convex and % is concave on /.

Now, if f is convex and j% is concave on /, then by the same theorem we have that the function #7:7x1—R

#rits)i= 310+ £01-5 (57)

is convex.
Lett, s, u, v € I. We define

o(1):=_Zr(1=7)(t,5)+7(u,v)) = Zr (1 =7)t+7u, (1 —7)s+1Tv))

_ 1 (I=1)t+tu+(1—1)s+1v

_5[f((l—T)t—i—‘m)—i—f((l—r)s—f—rv)]—f( : )
! t+s | utv

:5[f((l*T)I+TM)+f((lfT)s+rv)]7f<(171)T+T . >

fort € [0,1].
Let 7, 7 € [0,1] and &, B > 0 with & + 8 = 1. By the convexity of _#; we have
¢ (at +Bn)
= Jr((l—atn = Bn) (t,5)+ (et + B72) (u,v))
= Jr((a+B—an—Bn)(ts) + (a1 +Bw)(u,v))
= Jr(a(l-n)(t,5)+B(1-1)(ts)+ar (u,v)+ B (1))
= Jr(al(l—7)@t,s)+ 7 (u,v)]+B[(1—-7) (t,5) + 72 (u,v)])
<o gy (L=n)@s)+ 7 (wv)+B 7 (1 —1) (t,5)+ 72 (u,v))
=a¢(n)+pe(n),

which proves that @ is convex on [0,1] forall 7, s, u, v € I.
Applying the Hermite-Hadamard inequality for ¢ we get

1 1
S0+ ()= [ g(mar 8)
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and since

and

‘/Ol(p(T)d :%{/f (1—=7)t+7u) dr+/f 1—T)S+Tv)dr] ./Olf((l—r)?-i- u—;—v)dt7

hence by (2.8) we get
{30001 (50) 3u@ron-r () 23 [ r-ormars [ -5 mar

1 t+s  utv
/Of((l—r) 5 +7T > )dt

Re-arranging this inequality, we get

! [M [ —r)t+w)dr} . {W [ —r>s+rv)dr}

() ) Lo

which is equivalent to

3170+ 7,600) 2 7 (51 15Y) = 77 (G 00+ 5 6

for all (¢,u), (s,v) € I x I, which shows that .7} is Jensen’s convex on I x I. Since .7} is continuous on I x I, hence .7 is convex in the usual
sense on [ x I.
Now, if we use the second Hermite-Hadamard inequality for ¢ on [0,1], we have

/Olw(r)drzw(%)‘ 2.9)
) ) )

hence by (2.9) we have
[/f (1=1)t+1u) dr+/f (I1=1)s+1v)d } / (171 H—S+ u;‘))dr
Zé{f(ﬂru)_'_f(wrv)} —f(%(hLS u+v))
which is equivalent to
%[/Olf((l—r)t+ru)dr—f<t+Tuﬂ [/f (1=1)s+1v)dT— f(s+v)}
1 t+s utv 1 /t+s u+tv
Z/Of(“")T+ > )‘“‘f<5<7+ > >)

that can be written as

Since

) oty 50)) =ty (5015 ) =ty (00 5 60)

1
2 2

for all (z,u), (s,v) € I x I, which shows that .#; is Jensen’s convex on I x I. Since ./ is continuous on I x I, hence .# is convex in the
usual sense on [ x I. O

The following reverses of the Hermite-Hadamard inequality hold:
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Lemma 2.3 (Dragomir, 2002 [10] and [11]). Let h: [a,b] — R be a convex function on [a,b]. Then

ogé{m (“;b)—h_ (a;b)}(b—a) (2.10)

@) 1 a‘bhmm

and

0 n (0) - ()| -0 < o [h@ar-n(50) < g 0 - @ 6-a), @11

The constant % is best possible in all inequalities from (2.10) and (2.11).
We also have:

Lemma 2.4. Let f be a C' convex function on an interval I. Ifi is the interior of I, then for all (t,s) € I x [ we have

0< My(t,s) < Ty(t,s) < %%f, (t,5) (2.12)
where

Cp(t,5) = [f ()= f (5)] (t —). (2.13)
Proof. Since for b # a

1
b—a

b 1
/Hf(t)dt:/of((l—t)m—zb)dt,

then from (2.10) we get

s 1
HOEIS [ (- oy esyar < g [0 -7 9] (—9)
forall (¢,s) € I x 1. O
Remark 2.5. [f

Y= infu‘f, (t) and T = sup f/ (1)
tel tel

are finite, then
Cp(t,s) < (C=7)lt—s

and by (2.12) we get the simpler upper bound

—_

0.4y (1,3) < Ty (1,5) < 5 (T=7) e —s].
Moreover, if t, s € [a,b] C I and since f is increasing on I, then we have the inequalities

0 < My(t,s) < Ty(t,s) < 2 [f (b)—f (a)] [t —s]. (2.14)

| —

Since Zg(t,s)= Ty (t,s)+ .My (t,s), hence

0< #1(s) < 3 [F B)— 7' @] .

Corollary 2.6. With the assumptions of Lemma 2.4 and if the derivative f' is Lipschitzian with the constant K > 0, namely
}f’(t) ff'(s)‘ <K|t—s| forallt, s,

then we have the inequality

og///f(z,s)gyf(t,s)<%1<(z—s)2. (2.15)
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3. Main Results

Let P, Q, W € & and f : (0,00) — R. We define the following f-divergence

o
#rP0wyi= [t sy (28 28 ) au

w(x) w(x)

(2 mers o (2] o (#555),

If we consider the mid-point divergence measure My defined by

My (@.2w) = [ 7|1 o a o

for any Q, P, W € &2, then from (3.1) we get

S5 (POW) = L1 (BW) 1 (0.W)] - My (Q.PW).

We can also consider the integral divergence measure

agtewyi= [ ([ o[ D o)y au ).

w(x)

We introduce the related f-divergences

7o) = [ w0 77 (205 288 Y au

= Ll W) 1 @W)] - A (@.PW)

and

M (P.OW) ;:/);w(x)t//f (”(") , q(x))du )

w(x) " w(x)
=As(Q,P,W)—Ms(Q,PW).

We observe that

S (P.QW)=T5(P.QW)+.4; (P,O,W).
If f is convex on (0,c0) then by the Hermite-Hadamard and Bullen’s inequalities we have the positivity properties

0<.#;(P.Q.W)< T; (PO, W)
and

0< 77 (PO,W)

forP, Q,W € 2.
We have the following result:

3.1)

(3.2)

(3.3)

34)

Theorem 3.1. Let f be a C? function on an interval (0,0) . If f is convex on (0,%) and # is concave on (0,e0) , then for all W € 2, the

mappings
PxP PO~ Jr(POW), My (POW), Ty (PQW)
are convex.

Proof. Let (P1,01), (P,02) € Z x & and a, B > 0 with  + f = 1. We have

/f(a(Pvalv )+B(P,02,W)) = _Z¢(aP + BP, Q1+ B0O2,W)
(05171 x)+ Bp2 () 05611(x)+ﬁfh(x))d#(x)

w(x) ’ w(x)

W
X

= [ w7 ( ))+Blzf(%),azvl(())+ﬁ€v(%))du(@
:/XW (e (m(%)?ﬁ(%))”(?f((x; n))auts

Now, by the convexity of #; on I x I proved in Theorem 2.1, we have that

(e () v (o)) < e (i) ) oo ( (i
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for x € X. If we multiply by w (x) > 0 and integrate over du (x), then we get
(1) q1(x) ([ P2(x) g2 (x) .
vs foro | (5 505 ) +07 (R S ) Jaweo
p1(x) qi(x P2(x) g2 (x)
— o [t g (28 A 45 [ wieo sy (2 LY

w(x)
:ajf(Pvah )+B/f(P27Q27 )7

which proves the convexity of & x & 5(P,Q) — #(P,Q,W)forall W € Z.
The convexity of the other two mappings follows in a similar way and we omit the details. O

=

N

Theorem 3.2. Let f be a C' function on an interval (0,0) . If f is convex on (0,0) , then for all W € P

0.7 (POW) < T3 (BOW) < (Ap(Q.LW) (5
where
ap@ewy= [ |7 (49) s (23| @ - peoyanco. (6)

Proof. From the inequality (2.12) we have

V() G - (om0t el )orss (0 ()~ (6) (55 -3569)

forallx € X.
If we multiply by w (x) > 0 and integrate on X we get

%[If(P’W)“f(PaW)} —Af(Q,PW) < é/xw(x) f/(P(X) _f,(

which implies the desired inequality. O

Corollary 3.3. With the assumptions of Theorem 3.2 and if f' is Lipschitzian with the constant K > 0, namely

|f (s)=f ()| <Kl[s—1| forallt, s € (0,00),
then
0.7 (P.OW) < 75 (BOW) < (Kdyp (Q.EW), 67
where
[ @@ -pE)
dp (Q.PW) = /X A (). (3.8)

Remark 3.4. Ifthere exists 0 < r < 1 < R < oo such that the following condition holds

r< fv((’;))zg <R for p-a.e. x€X, (@R)
then

0<.41(BOW) < Tp(BOW) < ¢ [ (R)~ £ ()] di (@.P) (39)
where

H(Q.P)i= [ 1g() = p(ldu ().

Moreover, if f is twice differentiable and

£ r) o == sup \f )| < (3.10)
then

0< . (P,OQW)< T (POW) < *Hf”H[rRm dy (Q,PW). (3.11)

We also have:
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Theorem 3.5. Let f be a C? function on an interval (0,0) . If f is convex on (0,0) and # is concave on (0,00) , then for all W € 2,

0< 77 (P.OW) < % ¥y (PO,W)+¥p (Q,PW)], (3.12)
where
oy [ |7 (29— (1952 | (o) -w)au ).

Proof. It is well known that if the function of two independent variables F : D C R x R — R is convex on the convex domain D and has
partial derivatives %—i and ‘3—5 on D then for all (¢,s), (u,v) € D we have the gradient inequalities

aFa(;’s) (t—u)+ %;S) (5—v) > F (t,5)— F (,v) > aFa(Z’”) (t—u)+ aF;i’V) (s—). 3.13)
Now, if we take F : (0,00) x (0,00) — R given by
P =30+ 1017 (5
and observe that
L Lro-r ()]
and
e Lro-r (%)
and since F is convex on (0,e0) x (0,00) , then by (3.13) we get
slro-r (55| ez |ro-r (57)| -0
> 5@+ re0-1(55) - sU@roner (45) 6.1
> slrw-r (50 e-w+ 3 [ro-r (5w
If we take u = v =1 in (3.14), then we have
slro-r (5 e+ 3 lro-r (57) 6=z jrose-s (5 20 615

and s = <( ) in (3.15) then we obtain

s (5) - (™) (5 M (£55) (55 (25 1)
23 (n) o ()| - (M) =0

By multiplying this inequality with w (x) > 0 we get

oo () i (2] i (5)
() (v (2 (258 -
forall x € X. O

Corollary 3.6. With the assumptions of Theorem 3.2 and if f' is Lipschitzian with the constant K > 0, then

0< 75 (P0.W) < 3 [ 1p0—a0l[| 205 < 1) [ 205 1 au o). (.16)

w(x) w(x)
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Proof. We have that

¥, (P,O,W) < /X

(28) (19220 1y - iy
)4
,

(

(x)  qx)+px)
<K/ CRT) |p (x) —w(x)|dp (x)
_ (x) —q(x)
=K/ () Ip (x) —w(x)|du (x)

and similarly

1 q(x)
Yo (PQ,W)< =K - —1|d .
(oW < 3 [ 19 =gl £ < 1]au
Finally, by the use of (3.12) we get the desired result. O

Remark 3.7. If there exist 0 < r < 1 < R < oo such that the following condition (r,R) holds and if f is twice differentiable and (3.10) is
valid, then

0 F1(POW) < 1"y f 100 =al || 205 =1 | £ <1 | auco. 61
Since

'58—1 , z((’;) —1’§max{R—1,1—r}
and

= I

'poc) 4| _

w(x)  w(x)
hence by (3.17) we get the simpler bound
1
0< 77 (POW) < 5 Hf”H[rA,R],oo (R—r)max{R—1,1—r}. (3.18)
We also have:

Theorem 3.8. With the assumptions of Theorem 3.2 and if f' is Lipschitzian with the constant K > 0, then

0< 7R < ¢ [ 1p()-a(o) || 205 <1+ |20 1

Proof. Let (x,y), (u,v) € (0,00) x (0,00). If we take F : (0,00) X (0,00) — R given by

} du (x). (3.19)

Flt,s) = M—/{)lf((l—r)t—krs)d‘r

then
L) _ 0= [ =07 (- ayar
:/01(1—17) [f ()= (1=1)t+71s)]dT

and

p J .1 /
a7}):?0 (s)—/ Tf (1-1)t+715)d7

= 1ﬂc[f’(s)—f/((l—1:)14—1's)]d17

0
and since F is convex on (0,c0) X (0,00), then by (3.1) we get
1 1
(tfu)/o (=) [f' ()~ £/ (1 - )1+ 15)] d‘c+(s7v)/0 t[f' (5)— £ (1 - 0)t+ 15)] dt
S T YA A AU (PP (320

1

> (t—u)/ol(l—r) [f’(u)—f’(u—r)u+w)}dr+(s—v)/o t[f () = £ (1= D) u+ )] de
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forall (z,s), (u,v) € (0,00) X (0,00).
If we take u = v = 1 in (3.20), then we have

(t—l)/ol(l =) [ (1) = f (1 —=7)t+75)] dT—l—(s—l)./OlT[f/(s)—f’((l—T)t-i—’rs)}d’r

zﬂ)%f /f (I1-1)t+715)dT>0
for all (u,v) € (0,00) x (0,00).
If we take r = v[:Ex)) and s = ( in (3.21) then we get

()0 w2 022
232) ([ (20) (00238
, T) w<x>>_/Olf((l_f)ig’gﬂi((i)))drzo.

Since f’ is Lipschitzian with the constant K > 0, hence

B @)
<f(5<x));f(i<x>) [ (002 1),

- w(x)  w(x)

e Lo (o) (oot
el () - (0 i et ) e

SK’fvg 1"58 Z@?) /O*u_f)fm,( fv(?fl‘i(i;—q((?) /O'ul_f)m
k|25 - 2 |25 1]« | 2B 1]

If we multiply this inequality by w (x) > 0 and integrate, then we get the desired result (3.19).

(3.21)

(3.22)

O

Corollary 3.9. If there exist 0 < r < 1 < R < oo such that the condition (r,R) holds and if f is twice differentiable and (3.10) is valid, then

0<.9;(P.QW)< —]|f”||rR] —r)max{R—1,1—r}.
Finally, we also have:
Theorem 3.10. With the assumptions of Theorem 3.2 and if f' is Lipschitzian with the constant K > 0, then

q(x) }du(x).

wx)
o) — R given by

p(x)
w(x)
Proof. Let (t,s), (u,v) € (0,00) x (0,00). If we take F : (0,00) x (0,

(z,5) /f (I-7)t+71s)dt— f<t+s)

0<.4;(P.0W) < g [ 1p() (o)

l‘+

then
3Fa()tc’s) :/0‘1(1—7:)]‘ ((1—1:)[4_“)‘11_7]( (f;rs)
:/04(14) [f’((lff)tﬂs)ff,(%ﬂdn
aFa(;S) - ((1—T)t+rs)df_,f (I;s)

\\

f
[ (1—7)t+71s)— f(?)}dr
o,

and since F is convex on (0,c) X (0,00), then by (3.1) we get

(t—u) {/01(171) {f/((I*T)IJrTs) 1 ( ;S)}dr}ﬂsﬂ)) {/Olf{f’((lfr)mrs)ff’ (%)}M}
/f (I=7)r+1s)dr— f<t+s) /f (1=T)ut1v dr+f(u+v>

Z(tfu){/01(1717)[f’((lfr)u+rv)ff'< )} } / { (1—T)utv)— f’(”;”ﬂdc.

(3.23)

(3.24)

(3.25)
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If we take u = v = 1 in (3.25), then we have

(t—1) {/01(1—1) {f’((l—r)t—l—rs)—f’(HTs)}dT}+(s_1) er{f,((l_r)lﬂs)_f/ (HTS)}M}

/ F(1 = 1)t +15)dT — f(tH) >0 o2
for all (z,s5) € (0,00) x (0,00).
If we take £ = 2% and s = £ in (3.26) then we get
ozfps(n-atg i) ("5
<(iig )b e-alr (oot enies) - (5]
(20 (102 e28) (58
ety (£ 0 (00 esi) (o« i
X [9/((); ' ((117 (;)T) iqu(()(%; TE]V((?)> N (j(;)v;g(x:)(ﬂdf} px) g !
k| 251|565 - 63| 4 - sleme S [ 56 - S5 L -]
Since
/01(1717) rf% dr:%,
hence
o folo-ogt o) <y
E) szzlmxuelti)[()iy this inequality by w (x) > 0 and integrate, then we get the desired result (3.19). O

Corollary 3.11. [f there exist 0 < r < 1 < R < oo such that the condition (r,R) holds and if f is twice differentiable and (3.10) is valid, then
0<.4;(POW)< 7||f”H[1R R—r)max{R—1,1—r}. (3.28)

4. Some Examples

The Dichotomy class of f-divergences are generated by the functions fy : [0,00) — R defined as

u—1—Inu for a =0;
fa(u) = ﬁ[abﬂrlf(xfua] for o € R\ {0,1};
1—u+ulnu for a =1.
Observe that
u% for o0 =0;
fa) =14 u*?% for a € R\{0,1};
% for ¢ =1.

In this family of functions only the functions fi with o € [1,2) are both convex and with % concave on (0,).
We have

(x @@ W' ™ @) p* () dp ()~ 1], a e (1,2),
Iy, (PaW)=/XW(X)fa (p(

Jep()in (23 ) du(x), a=1,
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and

ey [ [£522] w2 e () 1], @ e (1,2)
My (@.PW) = |

X

7|2 i ) -

B 428 . 1.

We also have

/(;1[(1—t)a+tb]ln[(1—t)a+tb]dl:%(b—o—a)lnl(az,bz):%A(a,b)lnl(az,bz).
Therefore
An@EW)= [ < s “")‘3(8)“”(” dt)w(x)dli(x)
aary [ ke (2. 2 ) w@dp () - 1], ae (1,2)
| (2 2w () (2)° e
We have

S (P.QW) = 3 17, (PIW) +15, (Q.W)] ~ My, (Q.2W),

Ty (P.OW) = % (1, (BW) +1r, (Q.W)] = A, (Q.P,W)

and
My, (P,QW)=As, (Q,P,W)—My, (Q,P,W).

According to Theorem 3.1, for all a € [1,2), the mappings
PxP>(PQ)— Jr, (P.OW), My, (P.OW), 7, (P.Q,W)

are convex for all W € 2.
If0<r<1<R,then

1
H ZH[r,R],w = S‘f[}’qf& ()= T a for a € [1,2).
telr,

If there exists 0 < r < 1 < R < oo such that the following condition holds

() p()
()" w(x)

then by (3.18), (3.23) and (3.28) we get

<
<

r<

<Rfor u-ae xeX, ((tR))

=
S

l 7
0< 74, (P,Q,W)gEHf k1.0 (R—r)max{R—1,1—r}, 4.1
1(R—r)
OSZ-‘Z(P,Q,W)Sg o max{R—1,1—r} “4.2)
and
1 (R—r)
0< A, (P,OW)< 1 7a max{R—1,1—r}, 4.3)

forall @ € [1,2) and W € £.
The interested reader may apply the above general results for other particular divergences of interest generated by the convex functions
provided in the introduction. We omit the details.
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