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Abstract
Let H be a Hilbert space. In this paper we show among others that, if the selfadjoint operators A and B satisfy
the condition 0 < m <A, B < M, for some constants m, M, then

A’®1+1QB?
0< —v(l-v) <f—A®3)

<(1-v)A®1+vI®B—A"V®BY
A2®1+1®B?

for all v € [0,1]. We also have the inequalities for Hadamard product

A%+ B?
2V(l—V)( i ol—AoB>
<[(1-v)A+VBJol1—-A""VoB"

v(1—v) (A2+32

ol —AoB>

forall v e[0,1].
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1. Introduction
The famous Young inequality for scalars says that if a, b > 0 and v € [0, 1], then
a Vb < (1—-Vv)a+vb (1.1)

with equality if and only if a = b. The inequality (1.1) is also called v-weighted arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [1]

1
hh—

T~ ifh € (0,1)U(1,)
S(h) == ”“(’“’") (12)
lifh=1.

It is well known that limy,_,; S (k) = 1, S(h) = S(7) > 1 for h > 0, h # 1. The function is decreasing on (0, 1) and increasing

n
on (1,e0).
The following inequality provides a refinement and a multiplicative reverse for Young’s inequality

S((g)) avhY < (17v)a+vb§5(g) a Vb, (1.3)

where a, b >0, v €[0,1], r=min{1 — v, v}.
The second inequality in (1.3) is due to Tominaga [2] while the first one is due to Furuichi [3].
Kittaneh and Manasrah [4, 5] provided a refinement and an additive reverse for Young inequality as follows:

r(\[*\/l;)zﬁ(1*V)G+beal_va§R(\f*\fb)2 14

where a, b >0, v €[0,1],r=min{1 —v,v} and R=max {l —v,v}.
We also consider the Kantorovich’s ratio defined by

(h+1)?
4h

K (h):= , h>0. (1.5)
The function K is decreasing on (0, 1) and increasing on [1,0), K (h) > 1 for any 7 > 0 and K (h) = K () for any h > 0.
The following multiplicative refinement and reverse of Young inequality in terms of Kantorovich’s ratio holds

K’(g) a"vbY < (1-v)a+vb< KR (%) a'vpY (1.6)

where a,b >0, v € [0,1], r=min{l —v,v} and R = max {1 — v, v}.

The first inequality in (1.6) was obtained by Zou et al. in [6] while the second by Liao et al. [7].

In [6] the authors also showed that K" (h) > S (h") for h > 0 and r € [0, }] implying that the lower bound in (1.6) is better
than the lower bound from (1.3).

In the recent paper [8] we obtained the following reverses of Young’s inequality as well:

0<(1—=v)a+vb—a'""Vb¥ <v(1—V)(a—b)(Ina—Inb) (1.7)
and
(1—V)a+Vb a
1< <exp [4v(17v) (K(Z)fl)}, (1.8)

where a,b >0, v € [0,1].
In [9], we obtained the following Young related inequalities:

Theorem 1.1. Forany a,b > 0 and v € [0,1] we have

1—-v)a+vb—a'='p" (1.9)

—~

1
SV(L=v) (Ina —Inb)* min {a,b} <

< =v(1—vV)(Ina—Inb)*max {a,b}

S
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and

1
exp Ev(lf (1.10)

(b—a)? (1—v)a+vb
) max? {a,b}] T

(b—a)’

1
< —v(l-V)———]|.
< exp [2 ( )minz{a,b}

For an equivalent form and a different approach in proving the results (1.9) and (1.10) see [10].

The second inequalities in (1.9) and (1.10) are better than the corresponding results obtained by Furuichi and Minculete in
[11] where instead of constant % they had the constant 1. Let Iy, ..., [; be intervals from R and let f: I} X ... x [, — R be an
essentially bounded real function defined on the product of the intervals. Let A = (Ay,...,A,) be a k-tuple of bounded selfadjoint
operators on Hilbert spaces Hy, ..., Hy such that the spectrum of A; is contained in /; for i = 1,...,k. We say that such a k-tuple is
in the domain of f. If

A,'Z/I.)L,'dE,' (QL,)
is the spectral resolution of A; for i = 1,...,k; by following [12], we define
F(AL AL ::/I o | 2 B (20) .0 dE () (1.11)
1 k

as a bounded selfadjoint operator on the tensorial product H ® ... ® H.

If the Hilbert spaces are of finite dimension, then the above integrals become finite sums, and we may consider the functional
calculus for arbitrary real functions. This construction [12] extends the definition of Koranyi [13] for functions of two variables
and have the property that

f(AL . A) = f1(A1) ® ... ® fi(Ak),

whenever f can be separated as a product f(¢1,...,%) = fi(t1)...fx(t) of k functions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0,0), namely

fst) > (<) f(s) f(r) forall s,z € [0,00)
and if f is continuous on [0,c0), then [14, p. 173]
f(A®B) > (<) f(A)®f(B) forall A, B > 0. (1.12)

This follows by observing that, if

A= [ tdE(r) and B= / sdF (s)
0:) 0:)

are the spectral resolutions of A and B, then
f(A®B)=/[O )/[0 ) dE ()@ dF (3 (1.13)

for the continuous function f on [0, ).
Recall the geometric operator mean for the positive operators A, B > 0

A#B = A2(A712BAT1/2)1A1 2,
where ¢ € [0,1] and

A#B = AV2(A12BA1/2)1 /24172,
By the definitions of # and ® we have

A#B = B#A and (A#B) ® (B#A) = (AQ B)#(B®A).
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In 2007, Wada [15] obtained the following Callebaut type inequalities for tensorial product
(A#B) ® (A#B) < — [(A#¢B) ® (A#|_oB) + (A#,_oB) ® (A#4B)] (1.14)

<-(A®B+B®A)

N = N =

forA,B>0and o € [0,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the operator A o B € B(H) satisfying

((4oB)eje;) = (Aej.ej) (Bejre;)
for all j € N, where {e j}j c 18 an orthonormal basis for the separable Hilbert space H.
It is known that, see [16], we have the representation

AoB=U"(A®B)% (1.15)

where % : H — H ® H is the isometry defined by % ¢; = ¢;®e; for all j € N.
If f is super-multiplicative (sub-multiplicative) on [0,0) , then also [14, p. 173]

f(AoB) > (<)f(A)of(B) forall A, B> 0. (1.16)

We recall the following elementary inequalities for the Hadamard product
Al2oB2 < (A;FB> olforA, B>0

and Fiedler inequality

AoA™' > 1forA>0. (1.17)
As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [17] showed that

AoB< (A2 1) (B201)" fora, B>0
and Aujla and Vasudeva [18] gave an alternative upper bound

AoB < (4%0B%)"* for A, B>0.

It has been shown in [19] that (A% o 1)1/ 2 (B*o1) 2 and (A?0B?) 12 are incomparable for 2-square positive definite matrices
A and B.
Motivated by these results, in this paper we provide among others some upper and lower bounds for the Young differences

(1-v)AR1+vieB—-A"V®BY
and

[(1-V)A+vBJol —A'""VoBY
forve0,1]and A, B> 0.

2. Main Results

The first main result is as follows:

Theorem 2.1. Assume that the selfadjoint operators A and B satisfy the condition 0 <m < A, B < M, then

0< %mv(l —v)[(In*A) © 1+ 1® (In°B) —2InA®InB] (2.1)
<(1-v)A®l+vieB-A"V®B"
< %Mv(l ~v)[(In*A) ® 1+ 1® (I B) —2InA®InB|
< %v(lfV)M(lanlnm)z



Refinements and Reverses of Tensorial and Hadamard Product Inequalities for Selfadjoint Operators in Hilbert
Spaces Related to Young’s Result — 60/70

forallv e[0,1].
In particular,

0< %m [(In*A) ©141& (I’ B) —2InA®InB] (2.2)
§A®1+1®B—A1/2®B‘/2
[
< M[(n*A)©1+1@ (In*B) —2InA@InB]
% (InM —Inm)*.

Proof. If t, s € [m,M] C (0,0), then by (1.9) we get

0

IN

mv(1—v)(Int—Ins)> < (1—=v)i4vs—t'Vs" (2.3)

IN

Mv (1 —v) (Inf —Ins)?
M

IN
N = N =N =

v(1—v)(InM —Inm)*.

If

M M

tdE (t) and B = / sdF (s)

m m

A

are the spectral resolutions of A and B, then by taking in (2.3) the double integral [* [M over dE (1) @ dF (s), we get

0

IN
l\)\'—

l—v// (Inz —Ins)*dE (1) © dF (s) (2.4)

M

IN

/.M [(1=v)t+vs—t'"Vs"] dE (t) @ dF (s)

IN
3

oo\—‘l\)\

v(l—v // (Int —1Ins)? dE (t) @ dF (s)
M (InM — Inm) / / dE (1) © dF (s).

Now, observe that, by (1.11)

/ / (In7 —Ins)2dE (1) @ dF (s) /M/M 1%t —2Intlns +Ins) dE (1) @ dF (s)

m m

/M Y\ tdE () @ dF (5) + / / In? sdE (1) @ dF (s)

m m

M M
—2/ / InzInsdE (1) ® dF (s)
m m
=(In*A)®1+1® (In*B) —2InA®nB,

/M/M [(1= V)14 vs—1"Vs"]dE (1) @ dF (s) = (1~ v )/M/MtdE()®dF() V/M/MsdE(t)®dF(s)

m m m m
/ / VSVAE (1) @ dF (s)
=(1-v)A®1+vieB-A""VoB"

and

/mM/njwdE(t)@dF(S):l@l:l.

By employing (2.4), we then get the desired result (2.1). O
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Corollary 2.2. With the assumptions of Theorem 2.1,

o
IN
| =

mv(1—v)[(In*A+1n*B)o1—2InAolnB] (2.5)
1-Vv)A+VBlol1—A'""VoB’

IN

IN

Mv(1-v)[(In?A+1n*B)o1—2InAcInB|

IN
(ST S

v(1—v)M(InM —Inm)?

forallv e[0,1].

In particular,

0< ém [(In2A+1n*B) o1 —2InAolnB] (2.6)
< #M—AI/%BW

M [(In?A+1n’B) o1 —2InAcInB|

M

< (InM —Inm)*.

Proof. The proof follows from Theorem 2.1 by taking to the left 27 *, to the right %, where % : H — H ® H is the isometry
defined by % ej = ej®e; for all j € N and utilizing the representation (1.15). O

Remark 2.3. Ifwe take B= A in Corollary 2.2, then we get

0

IA A
- X =

v(1—-v)[(In?A)o1—InAolnA] <Aol-A'""VoAY (2.7)
v(1—v)[(In?A) o1 —InAolnA]

[
[

v(1—v)M (InM —Inm)?

IN
N

forallv e[0,1].

In particular,

0<-m[(In®A)ol—InAclnA] <Aol—AY20Al/? (2.8)

Bl— =

< -M[(In*A)o1—InAoclnA] < M (InM —Inm)>.

0| =

Theorem 2.4. With the assumptions of Theorem 2.1, we have
m
2M?
<(1-v)A®1+vieB—-A"V®BY

0< v(l-v)(A*’®1+1®B*—2A®B) (2.9)

M 2 2 M 2
gﬁv(l—v) (A>®14+1®B°—2A®B) §Wv(1—v)(M—m)

forallv e[0,1].
In particular,

m 2 2
OSW(A ®14+1®B*—2A®B) (2.10)
SA®1J£1®B_A1/2®BI/2
M o 2 M 2
<— (A’014+1®@B*—2A®B) < — (M —m)".
_sz( ®1+1Q® ®)_8m2( m)
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Proof. We observe that

1 Ina—1Inb 1
max{a,b} = a—b ~ min{a,b}’

0<

which implies that

- 1 < Ina—1Inb < 1
max?{a,b} — \ a—b ~ min®{a,b}

for all a,b > 0.
By making use of (1.9), we derive

1 » min{a,b}

g% (1—v)(Ina—Inb)*min{a,b} < (1-v)a+vb—a' Vb
l B 2 max{a,b}
=3 v(l=v)( min® {a,b}’

If ¢, s € [m,M] C (0,0), then by (2.11) we get

<— -V (t—s5)?<(1— —vY 2.12

0 3 SV(L=v)(t—s)" < (1=Vv)t+vs—t s (2.12)
M )

<—v(1=v)(t—s)*.

_2m2v( V) (t—s)

If

A— /MtdE (1) and B — /Mde(s)

m m

are the spectral resolutions of A and B, then by taking in (2.12) the double integral fnfl f,,’? over dE (1) @dF (s), we get

0< V(v (/ / (t—$)*E (1) @ dF (s) (2.13)
< Y [(1— V)t+vs—t'"VsV] E (1) @ dF (s)
2ﬁ I—v // (t—$)2E (1) @ dF (s).

Since, by (1.11)

[ [ e-srewsar

12 —2s+5%)E (1) @ dF (s)

=L [
/,;/m 2E (1) @ dF (s +// ) @dF (s //mE 1) @dF (s)

®1+19B*>—2A®B,

then by (2.13) we derive the first part of (2.9).
The last part follows by the fact that

(t=9)* < (M—m)

forallt, s € [m,M]. O
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Corollary 2.5. With the assumptions of Theorem 2.1, we have the following inequalities for the Hadamard product
A%+ B?
0< My (1-v) ( i
M?

<[1-=Vv)A+VvBJol—-A""oB"

ol—AoB) (2.14)

M A2+ B? M 5
<mzv(l—v)( 3 ol—AoB) <mv(1—v)(M—m)

forallv e[0,1].
In particular,

m (A>+B? A+B s w1/
0§4M2(201—A0B>§201—A/0B/ (2.15)
M [A?+B? M )

The proof of this corollary is similar to the one of Corollary 2.2 by utilizing Theorem 2.4 and we omit the details.

Remark 2.6. If we take B= A in Corollary 2.5, then we get
m _
OSWV(I—V)(Azol—AoA)SA—AI YoAY (2.16)

M ) M 2
gﬁv(l—v) (A’01—AocA) gﬂv(l—v)(M—m)

forallv e[0,1].
In particular,

0< o5 (4201 —AoA) Aol —4'onl/? 2.17)

Mo M 2
< m(A ol—AoA) < W(M—m) :
Further, we also have:
Theorem 2.7. Assume that the selfadjoint operators A and B satisfy the condition 0 < A, B < M, then
0<(1-v)A®1+vI®B—A"V®BY (2.18)

A'®B+A®B™! 1)
2

ng(l—v)(

forallv €[0,1].

In particular,

AR1+1®B 1 (A'®@B+A®B™!
O§®—;®—A1/2®BVZS4M( © ; © —1). (2.19)
Proof. Recall that if a, b > 0 and
h, .
lnbfilna ifa 7& b’
L(a,b):=
bifa=b

is the logarithmic mean and G (a,b) := /ab is the geometric mean, then L(a,b) > G (a,b) for all a, b > 0.
Then from (1.9) we have for a # b that

(1—V)a+vb—a'"""b" < —v(1—v)(Ina—Inb)* max {a,b}
Ina—1Inb\>
v (“Z_a“b) max {a, b}

(b—a)’

< v(l—v)Tmax{a,b}

D= R = R = N —

v(l—v) <Z+Zz) max {a,b}
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which implies that

1 b
(1-=v)a+vb—a'"Vb' < Ev(lfv) <+ZZ) max {a,b}
a

foralla, b > 0.
If ¢, s € [m,M] C (0,0), then by (2.20) we get

(1=v)t4vs—117Vs" <

v(l—v) (;+272>max{t,s}
Mv(1—v) (;+£—2).

By taking in (2.21) the double integral frﬁll fn]fl over dE (1) ® dF (s), we get

" M[(1—v)t+Vs—t]*VsV]dE(z)@dF(s)gle(l—v) Y
m Jm 2

m m

Since

/,,,MAM(SJF*—Z)dE ®dF (s // (1) @ dF (s) + /mM/njwts’ldE(t)éédF(s)
—/m/de(t)®dF(s)

=A'®@B+A®B ' -2,
hence by (2.22) we derive (2.18).
Corollary 2.8. With the assumptions of Theorem 2.7, we have the inequalities for the Hadamard product
0<[(1-v)A+VB]Jol—A""VoBY

A 'oB+AoB™!
SMV(I—V)(O;—O—Q

forallv e[0,1].

In particular,
-1 -1
ogA;zLBol—Al/zoBl/zgiM (AOB;AOB —1).

The proof of this corollary is similar to the one of Corollary 2.2 by utilizing Theorem 2.7.
We observe that, if we take B = A in Corollary 2.8, then we get

0<Aol—-A""YoA" <Mv(1-v)(A'oA-1)
forall v € [0,1].
In particular,

0<Aol—A"%0 A1/2<8M( loA—1).

We also have the following multiplicative results:

Theorem 2.9. Assume that the selfadjoint operators A and B satisfy the condition 0 <m <A, B <M, then

1-v \ 1 M—m 2] 1-v v
ATV ®BY <exp Ev(l—v) - ATV ®B

<(1-v)A®1+4+VvIQB

g 2]
<exp Ev(l—v) (m> A"V o BY
m

M(;+§_z)dE<t>®dF<s>-

(2.20)

221

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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forallv e[0,1].
In particular,

1-v v (1 (M —m\?] 1/2 1/2
ATV RBY <exp s\ A" ®B (2.28)

<A®1+1®B
- 2
1M —m\?

<exp <) A2 @ B2,
8 m

Proof. Since

(b—a)? (max{a,b}—min{mb})zz (1_ min{a,b}>2

max2{a,b} max {a,b} max {a,b}

and

- (melaomnlatl) (el 1))

hence by (1.10) we derive

1 min{a,b} \?| _ (1—=v)a+vb
~v(l- l—— < — 2.29
xp lZv( V) ( max{a,b}) ] - al=vpy (229)
1 max {a,b} 2
< —v(l-v) | ——=2 .
=P [ZV(l v)<min{a,b} 1) ]
If ¢, s € [m,M] C (0,0), then by (2.29) we get
1 M—m\> 1 M—m\>
- o o I-vv ~ o < - o o 1-v v .
exp[zv(l v)( I ) ]t sV <(1 v)t—ﬁ-wexp[zv(l v)( - >1t s (2.30)
Now, if we take the double integral [ [ over dE (t) @ dF (s) in (2.30), we derive the desired result (2.27). O

Corollary 2.10. With the assumptions of Theorem 2.9, we have the inequalities for Hadamard product
1-v \% -1 M—m 7] 1—-v v
A7V oB " <exp|zv(l—V)(———] |A" 0B (2.31)
<(l-v)A+vVB

1 M—m\?]
<exp 2v(1—v)<m> A'"VoBY

Sforallv e[0,1].
In particular,

1 (M—m\?
A1/20B1/2§exp [8 (M) ]Al/zoBl/z (232)

<ATB

2

2
m



Refinements and Reverses of Tensorial and Hadamard Product Inequalities for Selfadjoint Operators in Hilbert

The proof of this corollary is similar to the one of Corollary 2.2 by utilizing Theorem 2.9.

Spaces Related to Young’s Result — 66/70

If we take B = A in Corollary 2.10, then we get the following inequalities for one operator A satisfying the condition

O<m<A<M,

1 M—m\?]
A7V oAY <exp Ev(l—v) (m) Al7VoaY

M

<Aol

1 M—m\?]
<exp Ev(l—v) <m> Al7VoAY

forall v € [0,1].
In particular,

2
A1/2OA1/2§exp I(I\/I—m) A2 54172

g\ M
<Aol
] N
< exp 1<M—m> A2 o412
8 m

3. Inequalities for Sums
We also have the following inequalities for sums of operators:

Proposition 3.1. Assume that 0 < m < A;, Bj <M and p;, qj > 0 fori € {1,...

Oy = 21;:1 qj. Then

n

1

n k
—V) Ok (Zm&) @14+ VR1® <Z qj
i=1

=1

M 2

and

n k
0<(1-v)0 (ZPiAi> @1+ Vh1® <Zq,~
i=1

=1

<Mv(l—v)x

k
m
0< 5 ( l (Zp-A%>®1+Pn1®<Zq,-
i j=1

™~

—_

q;B} >

Proof. From (2.9) we get
m 2 2
0< Wv(l—v) (A} ®1+1®B;—2A;®B))
<(1-Vv)A®l+vI®B;—A " ®B)
<-—v(1-v) (A ®1+1®B; —2A;®B))

v(1—v)(M—m)?

2

7n}7 j 6 {17"'7

n k
B;) -2 <ZP1‘A1‘> ® (Z qujﬂ
i=1 j=1
Bj> - (im&“) ® (
i=1
M U k n k
< W"(l—v) [Qk <ZP1A12> RNI+FI® (Z CHB?) -2 <ZpiAi> ® (Z quj>
=1 Jj=1 i=1 j=1

B,-> - (iz"%piA;V> ® (j{k:lqﬁo

(T pid ™) @ (Zf148) + (T pid) @ (T2 078 1>Pan

(2.33)

(2.34)

k}, and put P, :==Y" | pi,

3.1)

3.2)
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forall fori € {1,....,n}, j€{l,...,k} and v € [0,1].
If we multiply by p;q; > 0 and sum, then we get

n k
_m 5 ,
0< 7Y ;J;qml (A2@1+10B—24,0B)) (3.3)
n k
SZZ jpl A®1+V1®B Al V®BV]
M n k ,
Sﬁv(l—v);;q,pl@ ©1+1082—24;®B))
M 2 n k
S gV 1=V (M= qjpi-
2m l:le:Zl j
Observe that
n k
Y Y ajpi (A; ®1+1®B5—24,®B;)
i=1 j=1
n k nok -
=LY apaielt Y Yapil 0B =21 Y pidi e,

I
—_

i=1j=1 i=1j=1 i=1j=1

k n k
Ok (Zp,A%) RNI+FP1I® (Z C]jB§> -2 <ZP,’A,’> ® (Z quj>
i=1 j=1 i=1 Jj=1
k

k n k n
Y gipi[(1-V)A@1+vI®B; —A ™Y @B =(1-v) ZqupiAi®l+VZqupil®Bj
j=1 i=1j=1 i=1j=1

and

-

i=1

,qujplAl V®Bv

i=1j=

n k
Y (ZP;A,) @1+ Vh1® (Z quj>
i=1 j=1
n | k
—\ YAV e Y aBY ).
i=1 j=1
By (3.3) we then get the desired result (3.1).

The inequality (3.2) follows in a similar way from (2.18). ]

Corollary 3.2. With the assumptions of Proposition 3.1, we have the Hadamard product inequalities

o o) () <(5)- (o)
[o-vn(goe) o) o) ()
o) ) (8- (o)
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and
n k n k
0< [(1 —V) Ok (ZpiAl) +VP, (Z q;B,-)] ol— (ZpiA}V> o (Z qu,v) (3.5)
i=1 j=1 i=1 i=1
o iA_l ;Z: i
<My (1-v)x ( i=1P ) (): =19j )2(): | pid)o (Z, 19;B >Pan

If we take k = n, p; = g; and B; = A;, then we get the simpler inequalities

0< A’;l (1 —V P, <ZP1 > ol— (ipiAl) © (ipiAi>] 3.6)
=1 i=1
g ) i)
i=1 i=1 i=1
o)) ()
~ 2m2 n o [Z8 Y] l:l 41
< z%v(pv) (M —m)* P
and
0 < B (iPiAi) ol— (i piA}_V> o (i piA,-V> (3.7
i=1 i=1 i=1
) (5
i=1

for all v € [0,1], provided that 0 <m < A; <M and p; > O fori € {1,...,n}.
We also have the multiplicative inequalities:

Proposition 3.3. With the assumptions of Proposition 3.3,

" Al o v L M—m 1-v o v
Zp,Ai ® quBj <exp 2v(l V) Zp,A ® Zq,B] (3.8)
i=1 =1 =1
n k
—V) Ok (Zm&) @1+ VP1® <Zq,~B,~>
i=1 j=1

<exp EV(I_V)<M ’") 1 <ZP1A1 V) ® <jiqufv'>

<ipiA,-1_v> ° (i qJ'B,V-> < exp [;V(lv) (M ) ] (szAl V> ()k: q,-B,V-> (3.9
i=1 Jj=1 j=1
(1-v)Q (Zp, ,)ol—i—anlo(i )
—m 2 n k
<exp [;V(l —V) <Mm) ] (;p#\}v> ° (jZ:lqu}/> :

and

forallv e[0,1].
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If we take k = n, p; = g; and B; = A; in (3.9), then we get the simpler inequalities

3 o= Vo (3 par ) <exp | 2wt —v) (M=) | (3 parv Vo (3 g8
pidi " | o | Y piAl | <exp 2v(1 V) m Y pidi ™ ) o[ Y 4B} (3.10)
i=1 i=1 i=1 j=1

n
<h (Z PiAi> ol
i=1

2 n n
<exp [;v(l —V) (Mn;m> ] (Z{pﬁ}") o (Z{P,'A,y> )

forall v € [0,1], provided that 0 <m < A; <M and p; > 0 fori € {1,...,n}.

4. Conclusion

In this paper, by utilizing some recent refinements and reverses of scalar Young’s inequality, we provided some upper and
lower bounds for the Young differences

(1-v)A®1+vioB—-A"V@BY
and
[(1-v)A+VvBlol—A'""VoBY

for v € [0,1] and A, B > 0. The case of weighted sums for sequences of operators were also investigated.
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