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NEW HERMITE-HADAMARD TYPE INEQUALITIES FOR
CONVEX FUNCTIONS ON A RECTANGULAR BOX

A. BARANI AND F. MALMIR

ABSTRACT. In this paper some Hermite-Hadamard type inequalities for convex
functions of three variables on a rectangular box in R3 are given.

1. INTRODUCTION

Let I = [a,b], a < b, be an interval in R and f : I — R a convex function.
The following double inequality

f<a+b>< 1 /abf(x)dx<f(a)+f(b).

2 b—a 2

is known in the literature as Hermite-Hadamard inequality for convex functions
(see for example [5]). In resent years there have been many extensions, generaliza-
tions, refinements and similar results of Hetmite-Hadamard inequality, see [1-16]
and references therein.

In [11] Dragomir consider an inequality of Hetmite-Hadamard type for convex
functions on the co-ordinates on a rectangle from the plane R2. A function f :
A :=a,b] x [c,d] CR? - R, a < b and ¢ < d, is called convex on the co-ordinates
if partial mappings, f, : [a,b] — R defined as f,(v) = f(u,y), and f; : [c,d] —
R defined as f,(v) = f(x,v), are convex where defined for every y € [c¢,d] and
x € [a,b]. Clearly every convex function is co-ordinated convex. Furthermore,
there exists co-ordinated convex function which is not convex (see [11]). Since then
several important generalizations introduced on this category, see [14,15,18-20] and
references therein.

On the other hand, M.E. Ozdemir [15] defined convex functions on a rectangular
box Q := [a,b] x [c,d] x [e, f] in R? as follows: A function g :  — R is said to be
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convex on the co-ordinates on € if for every (z,y,2) € Q, the partial mapping,

X [¢,d] — R, 9:(u,v) = g(u,v,2), z€le,f],
gy la, b x e, f] = R, gy(u,w) = g(u,y,w), y€lcd],
9z - [Cvd] X [ev.ﬂ — Ra gx(vaw) :g(CL’,’U,’IU), S [avb]a

are convex. Recall the following inequality of Hermite-Hadamard type for co-
ordinated convex function on a rectangular box in R? from [15].

Theorem 1.1. Suppose that g : Q@ — R is convex function. Then one has the
inequalities:

a+b c+d e+ f
27 2 7 2

;[bia/abg<x’c;d7e;f)dm+dic/cdg<a—2‘rb7y,e—’2_f>dy
+fie/fg(a+b,cgd )dz]
b—a)d—o) _6/// 9(x,y, 2)dadydz
[(b—a(d—c// gz, y,€) + g(a,y, )] dydz
b_al(f //A2 (z,¢,2) + g(z,d, z)|dzdx
i 1(f //A 9(a,y,2) + g(b,y, 2 )}dzdy}

1
: (g<a, )+ gla,d,) + (b, €) + 900, )

IN

Fglae, )+ glad, )+ glb,e, )+ g(b,d, f>),

where Q := [a,b] x [¢,d] x [e, f] € R3, Ay = [a,b] x [e,d], Ay = [a,b] x [e, f] and
Az = [Cad] x [e7f]'

The main purpose of this paper is to establish new Hermite-Hadamard type
inequalities of convex functions of 3-variables on the co-ordinates.

2. MAIN RESULT

Throughout this section T is a rectangular box in R3 defined by T': I x I x I3
where I := [a1,b1], I := [c1,d1] and I35 := [e1, f1] are intervals in R with a1 < by,
¢y < dy and e; < f;. Moreover, Q := [a,b] X [¢,d] X [e, f] is a rectangular box
contained in I'° where, a,b € I{ (the interior of I1), ¢,d € I§ and e, f € I such that
a<bc<d e<f.

To reach our goal, we need the following new lemma.
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Lemma 2.1. Let g : I' — R be a mapping on I'. Suppose that g is third partial
3
differentiable on Q. If % € L1(R2), then the following equality holds:

1
§ (ota.c.0) + 0.0+ g(0.c.6) + 0.0

(2.1) Fgae, )+ glad, )+ glbe )+ 9(b,d, f))

- (bfa)(dic)(f,e) ///Qg(:ay,z)dxdydz

(b_al_c//A l9(x.y,€) + g(a,y, )] dxdy
1(f //A2 (z,¢,2) + g(x,d, z) | dxdz
1
) (f

( — //A gla,y,z) + g(b,y, )]dydz
_ﬂ(bl/ [9(z,c,e) + gz, ¢, f) + g(x,d, ) + g(x,d, f)]dx

L1
2

70’) a

d
/ [9(a,y,e) +g(a,y, )+ g(b,y.e) + g(by, f)]dy

Ta=o .

1 f
+ F-e /e [9(a,c,z) + g(a,d, 2) + g(b,c, 2) + g(b,d, z)]dz]

—a@=aU =) [
_ . /0/0/0(1 2r)(1 — 25)(1 — 21)

3
g
X 51050 (ta+ (1 —t)b,sc+ (1 —s)d,re + (1 —r) f)dtdsdr,

where Ay = [a,b] X [¢,d], As = [a,b] X [e, f] and Az = [¢,d] X [e, f].
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Proof. By integration by parts, we have

/// (1—2r)(1—2s)(1—2t)

315838 (ta+ (1 —t)b,sc+ (1 —s)d,re + (1 —r)f)dtdsdr

:// (1—2r)(1 - 2s)

x{ 161——2;)8638 (ta+ (1= t)b,sc+ (1= s)d,re+ (1 —r)f)

1

0

+a7b858r

(ta+ (1 —=t)b,sc+ (1 —s)d,re+ (1 — r)f)dt}dsdr

= /0 /0 (1-2r)(1 _28){a_1baigr(a7sc+ (1—s)d,re+ (1 —7r)f)

L Py —(b,sc+ (1 —s)d,re+ (1 —1r)f)
~ a—Dbasor ’

2% (ta+ (1 —t)b,sc+ (1 —s)d,re+ (1 —r)f)dt}dsdr
a—bdsor ’ ’

= bia/ (1—27"){/0 (1—23)<aaag (a,sc+ (1 —s)d,re+ (1 —1r)f)

88 (b,sc+ (1 — s)d, 7‘6+(17”)f))d82/ / (1—2s)

8567’ (ta+ (1 —t)b,sc+ (1 —s)d,re+ (1 — r)f)dtds) }dr.
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If we denote the right hand side of (2.2) by I; and again by integrating by parts,
we have

= ' — ar (1_28) @GSC — S re -Tr
n=[a 2){ 2 (Pwwse+ (= s)dure + (1= 1))

1
+ %(bjsc{— (]_ — S)d,T€+ (]- _T)f)>

0

1
+Cid/0 {(;z(a,sc+(1s)d,re+(lr)f)
9

+6r

(b,sc+ (1 —s)d,re+ (1 — T)f)] ds

1

1 —2s
_2/0 [(lc_il)gi(ta—k(l—t)b,sc+(1—S)d,T€+(1—7")f)

0

: /01 %(ta + (1 —t)b,sc+ (1 —s)d,re + (1 — r)f)ds} dt}dr
1

2
4
c—

(23) = dic/o (1—2r){(;g(a7c,re+(l—r)f)+gﬁ(b,cme—&-(l—r)f)

99

ar(a,d,re—k(l—T)f)—l-@(b,d,re—l-(l—r)f)

+ or

1 1
+4/ / %(tcﬂ—(l—t)b,sc+(1—$)d77"6+(1—7”)f)d5dt
0 0

_Ql/ol (gi(a,sc—i-(l—s)d,re+(1—7")f)

99
or

1 ag
+/0 <8r(m+ (1—t)b,c,re+ (1 —r)f)

+ (b,sc+(ls)d,re+(1r)f))ds

+ %(ta + (1 —t)b,d,re+ (1 — r)f)) dt] }dr.
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Similarly, we denote the right hand side of (2.3) by I, it follows that

(2.4)
B= S22 (glacret (0= n) + et (1= )

+g(a,dyre+ (1 —7)f) +g(b,d,re + (1 — r)f))

2
e—f
+g(a,d,re—|—(1—7")f)—&—g(b,d,re—i—(l—r)f)]dr

1

0

+

/0 [g(a,c,re—i— (1=r)f)+g(bc,re+ (1 —1r)f)

4 1

e—f

+ 2/1 g(ta+ (1 —t)b,sc+ (1 — s)d,re + (1 — T)f)dr] dsdt
0

=1

+g(b,sc+ (1 —s)d,re+ (1 — r)f))

+

/o1 /01 {(1 —2r)g(ta+ (1 —1)b,sc+ (1= s)d,re+ (1 —7)f)

0

(1—2r) <g(a,sc+ (1-s)d,re+ (L —1)f)

1

0
+2/0 (g(a,sc—i— (I1=9)d,re+ (1 —1r)f)
+g(b,sc+ (1 —s)d,re+ (1 — r)f))dr] ds

2

e —

; /0 [(1 o) <g(m (L= Db ere+ (1—1)f)

+g(ta+ (1 —t)b,d,re + (1 — r)f))

0

4 2/0 ((g(ta + (1 —t)b,e,re+ (1—1)f)

+g(ta+ (1 —t)b,d,re + (1 — r)f))dr] dt,

writing (2.3) and (2.4) in (2.2), we have

1
(b—a)d=c)(f —e)

x {g(a, c,e) +9(ac f)+gbee)+gbc f)

I3 =

+ g(a,d,e) + g(a,d, f) + g(b,d,e) + g(b,d, f)
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—2/01 [g(a,c,re+(1—r)f)+g(b,c,re+(1—r)f)

tglardire + (1—)f) + g(b,dyre+ (1 - r)f)}dr
+4/01/01 [g(ta+ (1= )b, sc+ (1 — s)d, )

4g(ta+ (1= )b, s+ (1— s)d, f)} dsdt
- 8/01/01/019[ta+ (1= )b, sc+ (1 — 8)d, re + (1 — r) f)dtdsdr
_ 2/01 [g(a,sc+ (1= 8)d,e) + g(a, sc+ (1 — s)d, f)

4 g(b,se+ (1— 5)d, ¢) + g(b, sc+ (1 — )d, f)} ds
+4/01/01 [g(a,sc—i— (1— s)d,re + (1 - 1)f)

4 g(b, s+ (1— s)d,re + (1 — r)f)} dsdr
- 2/01 [g(ta L (1= t)bese) +gltat (1—t)be, f)

+g(ta+ (1 —t)b,d,e) + g(ta+ (1 —t)b,d, f)} dt
+4/01/01 [g(ta+(1—t)b,c,re+(1—r)f)

+g(ta+ (1 —1)b,d,re + (1 — r)f)} dtdr}.

Using the change of variable z = ta+ (1 —1)b, y = sc+(1—s)d and z = re+(1—7) f
for t,s,r € [0, 1], and multiplying the both side by %7 we obtain (2.1),
which completes the proof. ([

Theorem 2.1. Let g : I' — R be a mapping on I'. Suppose that g is third partial

differentiable on Q. If ‘%| s a convez function on the co-ordinates on 2, then
the following inequality holds:

1
(b—a)(d—c)(f —e) ///Qg(x;y>z)d$dydz—A+B_C
(2.6) _ b—a)d=o)(f—e) <1{ 93 o)
128 4 |0tdsor
3

g &g g
d
‘ aigsor @ 6)‘ i ‘ aigsor 4T )' - ‘ diasor ¢ 6)’

&g
aigsor w7 )‘

+

3
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3¢ ) &g . 8
+‘8t658r( ’c’f)‘+ Stsor ’e)‘+)3ta ar ’f)‘
where A and B and C are defined, respectively with
1
A= // 9(z,y,€) + g(z,y, f)]dzdy
2 —a)(d—c) JJa,

)

b—al(f //A2 (z,¢,2) + g(x,d, )| dzdz
1
(d=c)(f—e)

)(f = //A 9(a,y,2) + 9(b,y, )}dydz]

b
b= 411[ : / [9(z,ce) +g(z, ¢, f) + g(x,d,e) + g(x,d, f)]dz

1
(d—c)
1

f
+ F—e) /e l9(a,c,z) + g(a,d, z) + g(b,c, 2) + g(b,d, z)]dz] ,

d
/ [9(a,y,e) +g(a,y, )+ g(b,y,e) + g(by, f)]dy

and

1
C= 8<g(a76,€) +g(a,d,e) +g(b,C76) +g(b7d76)

T glae. )+ glad, f) + g(bse. f) + g(b.d, f)).

Proof. From Lemma 2.1, we have

(b—a)(dic)(f—e) ///Qg(x,y,z)dxdydz—Aq-B_O
. (a—b)(d—c)(f—e) /01/01/01|(1_2,~)<1_zs)<1_2t>\

33
Otdsor

(ta+ (1 —t)b,sc+ (1 —s)d,re + (1 — r)f)’dtdsdr.

3
Since |%| is co-ordinated convex on ), then one has:

(b—a)(dic)(f—e) ///Qg(ﬁﬂ,y,z)dxdydz—A+B_C
csbe=ay=a ' l/o (L 20)(1— 26)(1— 20)

x{t‘ 0 (a,sc—l—(l—s)d,re—l—(l—r)f)’

Otdsor

+(1- t)’ g (b,sc+ (1 — s)d,re + (1 — r)f)‘}dt] dsdr-.

0t0sOr



HERMITE-HADAMARD INEQUALITY 9

By calculating the integral in above inequality we have

1 83g
/O = 2t‘{t’8tasar(a, sc+ (1 —s)d,re+(1 —r)f)‘

0%g

+(1- t)latasﬁr

(b,sc+ (1 —s)d,re+ (1 —r)f)‘}dt

- /0;(1 _2t){t’8t883398r(a’80+ (1—3s)d,re+ (1 _T)f)’

&g

- t)‘atasar

(bysc+ (1 —s)d,re+ (1 — r)f)‘}dt

2

1 3
+[ (2t — 1){t‘ at%jar(a,sw (1—s)d,re+ (1 — r)f)‘

8%g
1t
+ )‘(%Bsar

(b,sc+ (1 —s)d,re+ (1 r)f)‘}dt

:1<’ Py (a,sc+(1—s)d,re+(1—r>f)‘

4\ |otosor
L] P (b, sc+ (1 — s)d,re + (1 — 1) f)
050 , SC s)d,re r .

Thus,

1
(b—a)(d—c)(f —e) ///Qg(x,y,z)dxdydz_A+B_C
< (a—=b)(d—c)(f —e)

- 32
X 1 1‘(1—27")(1—23)’ P9 (a,sc+ (1 —s)d,re+ (1 —7)f)
/0 /0 ‘8t8887“
3

0°g
otdsor

+‘ (b, sc+ (1 — s)d, re + (1 r)f)‘}dsdr.

3
A similar way for other integral, since |%’ is co-ordinated convex on 2, we have

1 839
/0 ‘1—23[{‘8tasar(a,sc+(l —s)d,Te—l—(l—T‘)f)’

|2
Otdsor

(b,sc+ (1 —s)d,re + (1 — r)f)’}ds
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3 93
:/0 (1_25){8‘8tasg(’9r(a’c’re+(1_T)f)‘

3

+(1_5)‘atasgar(a,d7re+(1—T)f)‘

+s at%zgar (b,c,re+ (1 — r)f)’ +(1- S)‘ataassgar(b’ dhre+{l- T)f)’}ds
" /;(28 B 1){8 8t883595'r (@eret (1= rm‘
+(1_5)‘6g587ﬂ(a,d,re+(1—7")f)‘
+s‘£j&,(b7cﬂ“e+(l_r)f)’+(1_8)‘(%%3;@@’%4—(1_7“)]0)’}%

1 0g 0%g
= 4{‘M(G7C,T€+(1—T)f)’+‘W(a7dﬂ”€+(1—’“)f)’

+ ﬁ(h c,re+ (1—r)f) + ﬂ(h d,re+(1—r)f)
otdsor otosor ’

and
1
_A _
(b—a)(d—c)(f —e) ///Qg(%y,z)dmdydz +B-C
(@a=bd=o)(f —¢) [
= 123 /0 1= 2r|
(2.7) 5 )
g {‘8755587" (a,¢,re + (1= T)f)‘ * ’3t686r(a’ d,re+ (1~ T)f)‘
o3 9
i ‘atajar(b’”@+ (1= T)f)‘ * ‘6t88%r(b’d’re+ (1 r)f>‘}dr'
Thus,
1 5 .
/0 . 2r’{’8tasgar(a’c’m +a- r)f)’ * ‘8tas!]8r(a’d’re +(1 - r)f)’
(2.8) . ;
i ’3t6598r(b’ eret(1- T)f)‘ - latasg@r(b’ d,re + (1~ ’”)f)’}dr
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: 0%g ?°g
-/ (1—2r>{r\8tasar<a,c,e>]+<1—r>\8tasar<a,c,f>\

+r 8t%3sgar (a,d,e)| + (1 —r) 8158635931" (a4 f)‘
+r %(b@e) +(1=7) &taa?)sgar(b’c’f)’
B afaz%r(”’d’e) a _T)‘at%?’sgar(b,d,f)‘}dr
+ /;(27" - 1){r 81&%3507“ (@ee)| + (1 - T)‘at;‘sgm(a’c, f)‘
+r ag)s%r (be,e)] + (1 =) %(b’ “ f)‘
B 82389871(@(176) a _T)‘atﬁ';sgar(b,d,f)’}dr
A ) T T

63 63 g 3 3

g d°g g
* '3t658r(b’ & e)‘ * ‘Qtasﬁr(b’ ef )’ + ‘8153587’ (b, e)‘ * ’atasar (6.4, )‘}

By the (2.7) and (2.8), we get the inequality (2.6). O

Another similar result may be extended in the following theorem.

Theorem 2.2. Let g : I' — R be a mapping on I'. Suppose that g is third partial

3
differentiable on Q. If | at%s%r 1 q>1, is a convex function on the co-ordinates on

Q, then the following inequality holds:

o ar—a s stz — 45

< (bia)( )(f ) } ‘ 63.9 (a ¢ 8) a
- 8(p+1)» 4 |otosor "

839 q 839 (adf)q 639
OtOsOr otosor" OtOsOr

3

g
aiosor @& 1)
q

"

(2.9)
(a,d,e)

+ ' (b,c,e)

"

q 3

0°g
OtOsOr (6.d, f)

(b, ¢, f)

0%g
otdsor

q 83g
* ‘ aigsor O d-e)

"

where A, B and C' is defined in theorem 2.1, and % + % =1.
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Proof. From Lemma 2.1, we have

(bfa)(dic)(ffe) ///Qg(l”ay,Z)d:cdydz—A+B_C
< (afb)(d;c)(f—e) /01/01/01|(12r)(12s)(12t)|

’ 3

d°g
” o0tosor

(ta+ (1 —=t)b,sc+ (1 —s)d,re+ (1 — r)f)’dtdsdr.

By using the well known Holder inequality for triple integrals, then one has:

1
(b—a)d—c)(f —e) /-//Qg(x’yvz)dxdde_A"i_B—C‘
(@a-v)d—o(f—e [ [* [ [ . ) ) 2
- 8 (/0 /O /O |1 —2r|"[1 - 2s"[1 - 2| dtdsdr>

1,1 1 q a
X / / / dtdsdr | .
o Jo Jo

? ¢ >1is convex function on the co-ordinates on €, for t € [0,1] we

D3g
m(ta + (1 —t)b,sc+ (1 —s)d,re+ (1 —7)f)

. 93 g
Since ‘ dtosor
have

0°%g 4

Otdsor

0%g

Otdsor

‘ i (ta+ (1 —=t)b,sc+ (1 —s)d,re+ (1 —r)f)

q

gt‘ (a,sc+ (1 —s)d,re+ (1 —7)f)

03g

otosor

q

—|—(1—t)‘ (bysc+ (1 —s)d,re+ (1 —7r)f)

Similarly

839 q
‘M(ta—i— (I =t)b,sc+ (1 —s)d,re+ (1 —1)f)

q—|—t(1—s)

3 q

0%g g
atasar(aadare+ (1 - T)f)

otosor

(a,c,re+ (L —1)f)

< ts’

639 q

+(1=1)s 0tdsor

(b,e,re+ (1 —1)f)

8%g

otosor

q

+(1-6)(1—ys) (b, d,re+(1—1)f)

)
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and
839 q
M(m—l— (1—=t)b,sc+ (1 —s)d,re+ (1 —7r)f)
g q 3¢ q
< _
< tsr 8t888r(a7c’ e)| +ts(l—r) 3t858r(a’ ¢ f)
3 q 3
g d°g
+t7"(]._8) m(a,d,e) +t(1—8)(1_'f') m(a,d,f)
839 q 839 q
—|—(1—t)sr m(bvcve) +(1—t)(1—7‘)8 ataSaT(bacmf)
83 q
+ (1 -t)(1=9)r Do ———(b,d,e)
aSg q
F =00 = )1 =) 5L (b, )

Hence, it follows that

(b—a(d o)(f—e) /// 9(z,y,2)dzdydz — A+ B - C

(b—a)(d—c)(f—¢) / / /
<
< 8(p+ 1) tsr 81588 ace)
839 D3g a
+ts(1—r) 510507 ——(a,c, f) —|—tr(1—s) 8t8387“(a d,e)
(:)39 q 839 q
+t(1—8)(1—r) m(a7d,f) +(1 _t)ST' m(b,c7e)
3 339 q
F =005 + 0= 922 (b
LAt —s)(1—7) Py (bdf) dtdsd ’

S T 8 8 8 sar
_(b=a)d=)(f - } g / g /
- 8(p+1 4 8t358r ) F | geasar @)

83 3 q 33g q
+‘8t888 (a.d.e) +‘8t8 ar (@4 ) ’atasar(b’c’e)

83g q Bg q 3 q %
+ ‘Z’%asar(b’ “hl + ‘8t853r<b7 de)| + ‘8t858r<b7 d.f)

O

Theorem 2.3. Let g : I' — R be a mapping on I'. Suppose that g is third partial
differentiable on Q. If | 8t898r| , q > 1, is a convex function on the co-ordinates on
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Q, then the following inequality holds:

1
(b—a)(d—c)(f —e) ///Qg(x,y,z)dxdydz_AJFB_C
< (b—a)(d—c)(f—e)<1{’ g q

3
+‘ 99_(4,c.f)

Otdsor

q

= 128 1) |Btasar (@ @)

|2
Otdsor

(2.10)

q

639 q 839
(0:0.0) + | 50 ) + | e

q q

0%g
Otdsor

0%g
Otdsor

0%g
Otdsor

(b,e, f) (b,d,e)

(b,d, f)

"

il

d
where A, B and C is defined in theorem 2.1.

Proof. From Lemma 2.1, we have

(b*a)(dic)(ffe) ///Qg(x,y,z)dxdydz—A+B_C

(a=b)d-c)(f—¢ [* [" [
< 2 /0/0/0|(1—2r)(1—23)(1—2t)|

03g
otosor

X ’ (ta—l—(1—t)b,sc+(1—s)d,re—k(l—r)f)’dtdsdr.

By using the well known power mean for triple integrals, then one has:
L /// ( Ydxdydz — A+ B - C
g\, Yy, z)araydaz — -
(b—a)(d—=c)(f—e€) )] Ja

< (b_a)(dgC)(f_E) (/01 /01 /01 = 2020} _%)‘)1;
x </01/01/01 (1 —2r)(1 —2s)(1 = 2¢)|

&3g
otdsor

(ta+ (1 —t)b,sc+ (1 —s)d,re+ (1 —7)f)

q i
dtdsdr) .

3
Otdsor

q
is convex function on the co-ordinates on 2, for ¢ € [0, 1] we have

Since

d°g 4

otdsor
‘ 3

‘ i (ta+ (1 —t)b,sc+ (1 —s)d,re+ (L —1)f)

q

(a,sc+ (1 —s)d,re+ (1 —1)f)

29
Ot0sOr

&g

otosor

q

(bysc+ (1 —s)d,re+ (1—7r)f)| ,

+(1t)‘
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and

q

o

6t388r(ta + (1 —t)b,sc+ (1 —=s)d,re+(1—7)f)

q+t(1—s)

3 q
m(a7d7T€+(1—7‘)f)

0%g
< ts'[)tas@r(a’ ere+ (1—r)f)

3

0tosor

q

+(1- t)‘ (bye,re+ (L—1)f)

0%g

0t0sOr

q

+(1—t)(1—s)

(b,d,re+ (1 —1r)f)

b

and

0°g 4

otosor
3

g
Otdsor

’ ’ (ta+ (1 —t)b,sc+ (1 —s)d,re+ (1 —1)f)

q
+its(l—r)

3

0°g
atosor “ 6 f)

q

< tsr

(a’7 C? 6)

3

0°g
Ot0sor (a,d,e)

0g

Otdsor

q—|—t(1 —s)(1—r)

(9 q
+tr(1—s) e (@)
0%g

atasar )

q

+(1=t)(1—-r)s

q

q

+(1—t)sr (b,c,e)

%9
otdsor

+ (1=t =-9)r (b,d,e)

&g

otosor SR

+(1=-t)(1=s)(1—-1)

hence, it follows that

(b—a)(dic) F—o ///g(wvy,z)dmdydz—A—i-B—C‘
S(“_w(dgc)(f () (///11_% (1—2s)(1 - 2t)]

03g 1 &g

X {tsr W(a,c,e) +ts(l — )ata 5 (a,c, f)

639 q 639 q
+ir(l—s) 6t833r(a’d’e) +t(l—s)(1—1) 5t0s0r (a,d, f)

339 q 83
+( —t)S’I“ INMOsO (b,c,e) +(1_t)(1_ ) IMOs (97"(’ 7f)

asg q
+(1-t)(1—-s)r 51050 (b,d,e)
839 q %

+(1-t)1-98)(1-7) atasar(b’d’f) dtdsdr | .
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By calculating the integral in the above inequality, we get

1 839 q 83
/0 |1 —2t|| tsr m(a,c,e) +ts(1— )8t8 5 (a cf)
639 q 639 q
tr(l — s)‘atasar(a,d,e) +t(1=95)(1—r) atasar(a,d, )
839 q 639 q
+(1—t)87" m(b,c,e) +(1_t)(1 —T)S m(b,c,f)
8 q
+ (1 =81 =9)r 51050 (b,d,e)
639 q
+1=-t)1—-s)(1—1) ﬁtasar(b’d’f) >dt
3 3¢ q 39 q
:/0 (1—2t)| tsr 8t(,asar(a,c,e) +ts(l—r) Btasar(a’c’f)
93g 1 0%g
+itr(l—s) 51550 (a,d,e)| +t(1—s)(1—r) atasﬁr(a7d7f)
839 q 639 q
+ (1 —t)sr 6tasar(b,q el +(1—-t)(1—-r)s m(b,c7 )
aSg q
+ (1 =61 —s9)r atasar(b’d’e)
839 q
1 3¢ q 3¢ q
+A (2t7 ].) tsr m(a, C, 6) +t$(1 77’) m(a,c, f)
339 q 339 q
+tr(l—s) 8t888r(a’d’e) +t(1—s)(1—1) 5tBs0r (a,d, f)
D3g ? _0%g
839 q
+ (1 -1 —s9)r 8t838r(b’d’e)
aSg q
+(1-6)1-=98)(1-7) 8tasar<b’d’f) dt

839 q 839 q
B T‘ dtasar @ eo)| - T)’atasar (a.c.f)
B 24 24
3 q 3 q
g g
N r(l— 8)’&8567" (a,d,e) N 1-s)(1-7) 5t550r (a,d, f)
24 24
93 q 3¢
" gigsar ¢ ©) . 5s(l - )‘Btﬁ ar (b n|
24 24
839 q o g q
N 5r(1 — 8)‘&8337“([)’ d,e) N 5(1-r)(1—y9) 8t856r(b7 d, f)

24 24
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839 q Sg
*"| otosor bs(l - T)‘ aigsor o 7)

24 + 24

839 q 639
5r(1 = 5) g () 300 =) 1)

5

(a,c,e)

+

24 24
0%g 1 0%g
| Grasar ¢ . s(1- )‘8158 ar 0 n
24 24
83 q 83g
Do (b,d,e) N (1—=r)(1—s) 7(9156581"([)’ d, f)
24 24
639 q 839 q
T‘ Biosar s(1 - T)’atasar (a,¢, )
4 4
83 q a g
(1 - >]6ta I (@da)| -0 2L (ad.f)
4 4

r(l—s)

+

a,c,e)

3

" Stgsar ) .
1 1

o L 9
P O U RS Pra R
4 4

o

otosor
_l’_

Thus,

(b—a)( dic F—o ///g($7y,z)dxdydz—A+B_C
(b_a)( —c)(f—e [//“_271 )]( 39

Atdsor 8 (e,
839 q
Otdsor
3

g
Basar 0 6:€)

0%g

0tosor

+r(1—s) (a,d,e)

93

atosor 1)
839 q
giosor @ f )‘ tr

s(1— >]

(2.11) \

+(1-s)(1-1)

3

93g 4
ol )| 5o e s)

q

+7r(1—s) (b,d,e)

+(1—=s5)(1-r)

0%g
8t858

dsdr]

¢.¢)

q
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By a similar way for other integrals, we deduce that

3

g
OtOsOr (a,¢, )

839 q

O0tosOr

q+s(1—7°)

(a,c,e)

1
/ ’1 —25‘ (sr
0

1= 9) g (w0 +0 -8 - |50 wd.p)|
+ sr Gtac?gs%r (b,c,e) ’ +(1=1r)s %(b, e, f) ’
+(1-s)r 8t883sgar(b’ d,e) 4 1-s)(1—7) 8t8635g8r(b’ d, f) q) ds
= /05(1 —2s) <sr aglg(%(OL, c,e) ! +s(1—r) 8t83596r (a,c, f) ’
+r(l— S)’8t63sgﬁr (a,d,e) s (1-s)(1—7) &‘Z%T (a,d, f) '
+sr at%z%r (b, c,e) 4 (1—1)s at?ass%r (b, ¢, f) '
+(1-s)r 8%13 (b, d, e) 4 (1-s)(1-1) ata;%r (b d, ) q) ds
(2.12) + / 1(2s —1) (sr 8t8835%r (a,c,e) 4 s(1—r) 8%23 (a,c, f) '
+r(1 - s)’at;%r (a,d,e) . (1-s)(1—7) 67588339(% (a,d, f) '
T ataagsgar (b,ce) q +(1=r)s 0158835987" (b,¢, ) q
+(1-s)r at%i%r (b, d, e) 4 (1-s)(1-1) 8t8835g87“ (b, d, f) q) ds
_ r’ 61?%1%7‘ (a’ & 6) q + (1 B r)‘(‘%;j(%(a’ & f) q
24 24
57" 829?87‘ (a,d¢) q N (1 =) (’“)t%ds%r (a,d, f) q
24 24
r‘ags%r(b, ce) ! . (1 —r)‘%(b, e f) '
24 24
5T‘ at%?)sgar (b,d,e) q 51 - r)’ataagsgar(b’ d.f) q

24 24
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g a 3¢ q
5T‘t9t33197“(a’c’6) 5(1T)‘W(a,c,f)
24 51
0%g a 9 .
r‘ Biosar 4 e) N (1- 7‘)‘ soe(a,d, f)
24 o
»g 1 g q
5T‘ 0tdsor (b, c,€) 5(1=7) Otdsor (b,¢, f)
24 51
»g 1 g q
r‘@t@s@r(b’ die)  (1=7)| 55 (b.d, f)
24 51
0%g q 9 .
_ r’ giosor wee)| (- ’“)’atasar (a,¢,f)
- . 4
0%g q oy .
N | Grgsar @) .\ (1- 7")‘ e L)
4 4
g a 39 q
+7’M(b76,€) (17‘)‘m(b,c,f)
4 4
&g q g .
L iosor el (- T>‘atasar (b, f)
4 4

Thus, we obtain

19

1
(b—a)(d—c)(f—e) ///Qg(x’y»z)dwdydz - A+B-— c’
< b=a)ld=o)(f —¢)

- 128

1 5 . ) q
X /|1—2T| r 0°g (a,c,e)| + (1 —1)|=="(a,c, f)

0 otdsor otdsor

(2.13)

0%g q g .
T OtdsOr (a,d,e)] + (1~ T)’(?tas(“)r (a,d, f)

&g q 9 .
T otdsor (b,ce)] + (A=) m(l)? ¢, f)

839 ! 639 q %
T Otdsor (b.d,e)) +(1—7) Otdsor (6.4, ) >dr]
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A similar way for other integrals, implies that

(2.14)

1 83g 839 q
/O 1 -2r] <T aigsor @) T )| Gags e )
839 q 839 q
7\ Gigsar @40 T A1) g5 (@ )
839 q aSg q
+T6tasar(bvcve) +(1_r)‘6tasar(b’c’f)
839 q 339 q
1\ Gigsar O )|+ (=) 5 g (0 f) )dr
1 &g q 39 q
/0 |12T|<7" m(aaQe) Jr(lr)‘atas(%(a,c’f)
839 q aSg
T gisar @ de)| - r)‘atasar(a’d’ 2
839 q 839 q
7 gisar e+ T)‘atasa (5.¢, f)
83 q
47| g B oe)| (1= )‘8%)8 )
83 3
/ 1] (r| a0 +1- >]8ta _(a.e.f)|
83 q 639 q
7\ Gigsar @40 T A1) g5 (@ )
839 q 39 q
+r m(@@e) +(1—T)‘M(bac7f)
839 q 39 q
T gtsar OB 1) G, 04 ) )dr
639 q 39 q
‘61?85’87‘(@’ 76) 5‘W(G»C,f)
24 24
839 q 839 q
. dasar @ %) 5‘87&8587“ (a,d, f)
24 24
839 q 339 q
. Btasar 06 €) . 5 Stgsar ¢ F)
24 24
839 q 83
. Btasar 0 €) . g 8t358r( . f )
24 24
83 q 839 q
‘315888 (a,¢,¢) . aigsor @ <))
24 24
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839 q 339 q
. 5| gigsor (@ %) . ‘(’%838 (a,d, )
21 24
83_(] q 339 q
. 5 gigsor ¢ ©) ‘atasﬁr (b,e. )
24 24
g q g q
+5ataa(bde) ’ataa(bdf)
24 21
83 q 83g q
‘Btf)sé‘ (a¢,¢) ‘3158587”( ¢f)
1 1
8 g q 839 q
| |91dsor igsor = ®e) ’6t86 (ad, f)
1 4
83 q 839 q
. Btgsor ) ‘atasar (b;¢, )
1 1
83 q 339 q
Btgsor %€ ’825838 (6,4, )
+ 1 + 1
By the (2.11), (2.12), (2.13) and (2.14), we get the inequality (2.10). 4

Remark 2.1. Since =z <

L L < 1,if p > 1, the estimation given in Theorem 2.3

(p+1)?

8

is better than the one given in Theorem 2.2.
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